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Abstract. We give conditions for the Bernoullicity of the v-dimensional Markov
processes.

1. Symbols and Definitions

Z" is the v-dimensional lattice of the points with integral coordinates
and K=1?"= [] I, 1={0,1}, is the space of sequences of 0’s and 1’s
&ezZv
labelled with the points ¢ e Z”.
The space K is compact if endowed with the topology obtained as
product of the discrete topologies on the factors I.
Similarly if ® C Z* we define the compact space Kg=1°= [] I

€@

We shall identify the elements X € K, as subsets of @é: so that
X =(x;,x,...x,) € Ko means the sequence X € K, with values 1 in
Xy, Xy, ..., X, and 0 in @\X.

If XeK and ¢(e€Z' we put 1. X=X+&¢=(x;+&x,+&,..) if
X =(xy,X,...). The transformations 7,: K—K form a v-dimensional
group which we denote with the symbol 7; t transforms Borel sets into
Borel sets.

If 1 is a Borel probability measure on K which is t-invariant and
A CZis a finite set (i.e. [4] < c0), then we can define Borel measures

as Pa(X,E),  Qu(E) on Kz,

usa(X,E)=u({Y|YeK; YnA=X; YN(Z'\A)eE}) ECK,,, (L1)
Q4(E)= XZA Ha(X, E)=p({Y|Ye K, YN(Z'\A)€E}). (1.2

The Radon-Nikodym derivative, defined for X C 4 and Y C Z°\4

lu'A(Xa dY)

T0,dY) = f4(X]Y) (1.3)



260 F. di Liberto et al.

is the conditional probability “for finding X in A given that Y is realized
outside A”.

In general 7',t",6,0",... will be v-dimensional groups of trans-
formations on Lebesgue measure spaces (K',u), (K", u”),... which
preserve the measures and are isomorphic to the group Z°.

A t-invariant measure p is called a non-singular Markov process if,
calling 0, A={¢|Ee 2, £¢ A and distance of ¢ from A equals 1},

i) fXIV)>0 0Q,—ae. (1.4)
ii) fXIV)=f(X|Y) if YAd, A=Y, A (1.5)

the last equation being understood Q, x 0, —a.e.
Define, next,

|X| = number of points in X
[X] = number of nearest neighbours in X (1.6)

i(X'| Y) = number of couples of nearest neighbours
(¢,m)such that e X,neY

then the following very remarkable theorem holds [1]:

Theorem 1. A t-invariant probability measure on K is a non singular
Markov process if and only if there are two real parameters z 20, f§ such
that VX CAVY CZ"\A(Q —a.e)

ZX1 g4 BiX[Y) p4BI1X]

faX1Y)= Z X T g#BIXTY) p4BIX] 5 (1.7)

X'cA

because of this theorem we shall refer to a Markov process as to a (z, f§)-
Markov process.

There is a natural two set partition £ of the space K on which the
above Markov processes act:

9’=(P0,P1),
P,={X|XeK, 0¢ X}, (1.8)
P ={X|XeK, 0eX}.

If ACZ" is a finite region the 2 atoms of the partition 2, = \/ 7,2
éed

are of the form A,(X)={Y|YeK, YnA =X}, and their measure will
be denoted
F4X) = w(A,X) = u({Y|YeK, YOA=X}). (1.9)
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2. Description of the Results

It has been recently shown that the non-singular Markov chains
(i.e. 1-dimensional non-singular Markov processes) are uniquely
determined by their conditional probabilities [2] and are Bernoulli
schemes for all values of (z, ) [3].

In two or more dimensions the same questions are more difficult. It
happens that the conditional probabilities do not necessarily determine
the process which generates them [4]. It might even happen that a
measure y with conditional probabilities (1.7) is not necessarily t-invariant
[5].

It is, therefore, particularly interesting to ask whether a t-invariant
Markov process (z, f§) is a Bernoulli scheme.

In this paper we consider two extreme situations and show that the
corresponding Markov processes are actually of Bernoulli type. The two
situations correspond to the cases:

i) p fixed and z< 1;

i) z=e %, B> 1. 1)

These two cases are extreme in the sense that in case i) the conditional
probabilities uniquely determine a measure p which is, furthermore,
known to be t-invariant, ergodic and, better, a K-system [6]; in case ii)
the conditional probabilities do not determine u [4] and it is known that
the corresponding t-invariant ergodic measures are just two [7] (and
furthermore they are both mixing).

The proof will consist in showing that the partition £ is “finitely
determinate” (see next section) in a Markov process (z, f) verifying 1), ii).
It is known that this fact together with the fact that £ is a t-generator for
(z, p) implies that (z, f) is a Bernoulli scheme [8].

The finite determinability of £ relative to (z, f) is deduced from the
strong cluster property

Z Z !fAlqu(X1UX2)_fAl(X1)fAz(Xz)l577(/11’/12)’ (2.2

XicA; XacAz

valid for |4,],|4,| < oo and where # is defined in terms of two suitable
non negative functions A(z, ), z(z, f§) as well as in terms of the geometric
objects d(A,, A,)=(distance of A, from A,) and |0, 4;] = (number of
elements neighbouring A)) as:

n(A,, A) = (epre*WMﬂ(,xpliglalA,-l) ~1); (23)

this result is proven in Section 4, 5 for cases i) or ii) respectively.
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A second type of results will concern the ergodic properties of the
one dimensional dynamical system associated with a Markov process
pon K and a one dimensional subgroup t; of the group t: we shall show
that this dynamical system is a Bernoulli scheme with infinite entropy:
many factors, with finite entropy, of this scheme are exhibited and,
in terms of them, we discuss some conjectures.

This paper contains the proof that (2.2), (2.3) imply that £ is finitely
determined with respect to (z, f) (Section 3). Section 4,5 contain the
proof of (2.3). Section 6 contains some concluding remarks and the study
of some factors of the one dimensional dynamical systems associated
with (z, f).

The proof in Section 3 is very similar to that in Ref. [3] and we give
here only the necessary changes and new definitions: we shall also freely
use, here, the definitions conventions and lemmas of § 2 of Ref. [3].

After completing this work a paper by Dobruschin [17] has appeared
in which an inequality slightly weaker than (2.2) is proven. This inequality
would be as good as (2.2) for the proof of the isomorphism result. The
technique of Ref. [17] is rather different from ours which allows to prove,
besides inequality (2.2), the strong inequality (4.8).

The results in case i) have been obtained also by Ornstein (private
communication).

In the paper by Dobruschin [17] an inequality slightly weaker than
(2.2) is proven also for the case f small and z arbitrary; so using the
results of Section 3 it follows that the process (z, f) is a Bernoulli scheme
also in this case.

3. Finite Determinability of 22

We assume, from now on, that the Markov process (z, ) on K,
denoted by g, verifies (2.2), (2.3) (hence is mixing). For simplicity we shall
also fix v=2.

More generally if (K', 1) is a Lebesgue measure space and 7’ is a group
of measure preserving transformations of K’ and if £’ is a partition of K’
we shall call the couple (#,1) a process on (K, ¢'). Thus a Markov
process could be regarded as a process (2, 1) on (K, p).

Definition. A process (2, 7) will be called a weak Bernoulli process
of exponential type (wbe-process) if there is a function F(x): R* »>R™
such that alil‘(l)’l+ F(x)=0 and, for any two disjoint regions A,, 4, C Z* the

two partitions
25=\V ©?, 2,=\ 2

gedy Sed2



Bernoulli Schemes 263

are such that
Yo Y g1 g2) — u(gy) g <Floy, 4),

q1€ 24, 426324,
where
U a4, = (mm ]81Al) e =it
d(A,, A,) = distance of A, from A,
|0, A| = number of points ¢ in Z? neighbouring A and é¢ A .
If (#,7'),(2", t") are processes on (K', u'), (K", u") respectively we shall

consider couples @, ¥ of isomorphisms of (K', 4') and (K", u”) into the
unit interval with Lebesgue measure (X, m) and then define

(N ))—sup mf Y, D(@(t; ), ¥ (1L 2")),

‘A! sed

where the sup is taken over the finite squares A centered at the origin [9]
and, if 2 and 2 are two partitions each with n sets, of the same measure

space (K, 1), D(?, 2) = Z u(PAQ)).

Let us define a useful famlly of subsets of Z?:

a) A= finite square = {¢|éeZ?a, <&, <by,a, <&, <b,} with a;, b,
integers; i=1,2,

b) Ay ={¢([Ee 22, (& <n,i=1,2},

o A4,={¢eZ?0sE=n—1,i=1,2},

d) if A is the set in a) above we put

“={&|Ee Z? either & <ay or ¢, <b, and &, <a,},
e) A,= A0 {0},
f) if xe Z? and A is as in a) above we put
x+A={£lé€Zz, x,--l-a,-é(figxi-{-bi l=1,2} .

If 2, 2 are partitions of the same measure space and a is a set we define:

E@)=— ) u(p)logu(p),

PEP

_ wpna) wpna)
BZja)= pezg» W @
E@/9=E@v9-E@ =~ T T upralog Ll

=Y uq) E@/q).

qe2
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Definition. If (#,71) is a process on (K, u) we define the entropy
E(#?,7) as
1
E(#,7)= lim —E(\/ zé,@)
n=o |An| Eed,
= lim E(ﬂ/ \/ r,ﬂ)

éE/in

The limit in the r.h.s. is obtained monotonically (by decreasing). We can
now give the following important definition:
Definition. A process (#',1') on (K',y) is finitely determined if,
given ¢ >0, one can find 6, > 0 and a finite square A° such that if a process
(2,7) on (K, fi) has the properties

i) d(\/ %, \/ %éﬁ)«se,
éeAs teA®
ii) |E(#', )~ E@,%)] <9,,
then

d(2,7), (@, 7)) <e.

We shall prove the following theorem:
Theorem 2. A (w.b.e.)-process is finitely determined.

We assume the reader familiar with the paper [3]: from this paper
we take the Lemmas 1, 2, 3,4 and use them here: We only remark that
these lemmas are simple general consequences of the definition of
g-independence.

Lemma 5. Let 2,2 be partitions of a measure space (K, p). Given
&> 0 there is a 6(¢) such that E(?/2) > E(P) — d(¢) implies # 1° 2.

Proof. See [11].
Lemma 6. Let n>0; if (#, 1) is a process on (K', i)
nE@?,v)= lim E( \ w2/ \/ 1;9”) (3.1)
éedy, sedn nAY
and the limit is approached monotonically (by decreasing).
Proof. Call ;= \/ 1;2 and observe that, if L is a multiple of n:

gedn

1
B@. )= Jim 5 E(\/ %),

Eedy,
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where A4, is the set of points in A; with coordinates divisible by n. We
order lexicographically the points ¢ € 4; and we can say that

L2/n? K K—-1
BV %)= ¥ (E(v r;@,:) —E(\/ rz%)) LE®);
tedr, K=1 i=1 i=1

dividing by I* and observing that the bulk terms in the sum tend as
L— oo to the limit in the r.h.s. of (3.1) we obtain the desired result.

Lemma 7. Let 2 be a partition and let ;= \/ 7.2,

CeAL
2= \/ w2, %= \V 2.
e AQn AL EeAL N (AR + m— AY)

Let 1 >¢>0, and let 6(¢) be as in Lemma 5. Suppose
E(@?,/2) S ?E(2, 1)+ £d(s) . (3.2

Then there exist 2, C 2 such that

) ,u(qyglq)>1—s,

i) PlqLRlq if qe2,.

Proof. Lemma 6 implies that

PE@,7)<E@,/2v R ZE2,]2),

Lemma 5, implies that either

o) Pi/qLRq
or

B) E(21/q/%/9) < E(Z1/q) — 6(e) .

If B holds for ge 2, and ,u( U q)@ ¢, then

qe 22
E(#1/q) —E(21/2V Z)

pmgnr) )
= Jg— Y 2L LR,
qgﬂ 1(q) (E(g’ /9) % @ (Z1/qnr)

Y u@) (E(219)— E(Z 19| 219)

qe2

Y. 1(q)d(e)zed(e),

qe 2>

v

which contradicts the assumption.
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Define the function K(g) as

_z K(¢)
Fl16e 2 =g?. (3.3)
Then: ( )

Lemma 8. Assume (2, 1) is a w.b.e.-process on (K, p) and let 1 >¢>0.

Let H= eEK with K = K(5¢?) (see (3.3)). There exist n*,5 >0 such that
if (#',7)is a process on (K', ') and

i) d( \VARRE 2 SV rggﬂ) <9, (3.4)
(edps+ H+ K Sedpx+ H+K
ii) |E(2,7)—E(Z,7)|<n, (3.5

then, if k=(K,K)e Z* and e=(1,1)e Z?,
VAR IOVRX (3.6)

Sek+ An Eed

for all finite subsets AC(Ay,x+e)”.
Identical results and estimates hold if the role of the axis 1 is inter-
changed with the role of axis 2.

Proof. Call
91 = \/ Tée@ 5 gz = \/ Té'@ )
éeet Ag+K ée(k+ Am)
2= \/ P, R= \Vi 2.
¢edln(e+ A+ )™ (e A+ m— AR (et A+ K)™
The choice of K, H implies that 2, 11/°#* 9, Fix n = n* so large that
E(#?,/2) <(K+ H)*E(2,7) +%/9 6(e%/9). (3.7
By (3.7) and (3.4) we can also guarantee, for # small:
E(?,/2)<(K + H)?E(2, 1)+ £%/9 §(%/9),
and this, together with (3.5), implies for # small enough:
E(?;/2)<(K+H)?E(Z?,7)+€%/9 §(¢2/9). (3.8)

Choose # so small that i) and 2, 1/°% 2 imply #; 11/°® 2'; Lemma 7 and
(3.8) imply the existence of 2; C 2 such that

a) #’(U q)>1—ész,

qe2i

b) PlqlEPR')qg  Vqe2.
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Therefore Lemma 4 applied to 2', #', #; implies

P12 v R

and this holds for all m = 0.
If & is a partition refined by 2' v #' we find !

Y Yo —pg@u@Is Y Y Weon-g@em S

peP?y se¥’ pPEPL reQ' v R’

Hence using again the just quoted proposition:
P LT,

and this proves the lemma.

Lemma 9. Assume (2, 7)is a (w.b.e.)-process on (K, u) and let 1>¢>0.
There exist n; >0, ¢/20>n>0 so that if (#',7) is a process on (K', i)
with the properties:

i) d( \ w2, \/ T%W')<17 , (3.9)
Eedny cednt
i) |E(2,7)—-E(Z, 1)<y, (3.10)

then there exist sequences {25}, {P:}, & € Z7% of partitions of (X, m) and a
positive integer ny >0 such that

d(\/r¢9’)=d(\/g’¢), YACZZ ADA,,, (3.11)
éed e
d(\/zm)zd(v%), VACZ:, A>4,,, (3.12)
ged Eed
Y. D(P., Py<en®, nzxn,. (3.13)
gedn

Proof. Let H= e? Fand let K = K(1/9(/20)?) (c.fr. (3.3)) so large that

K .
K+l < 68—4 Let #,n* be the numbers provided by Lemma 8 corre-
sponding to &/20 instead of &. Let ny =n, + H+ K.

! We use _here the following simple consequence of the definition of e-independence:
If # and 2 are partitions of (K, y) and if 21°2, then Y, Y |u(png) — pu(p) ulg)l < 3e.

peP gel

Conversely if Y. Y |u(png) — p(p) u(g)l <& it follows that 2 1°9.

pe? ge2
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The assumptions on (2,7) imply \/ .2 1/*°2 (actually they

tek+ A

. 1 2 . ..
imply ) (%) -independence rather than ¢/20-independence, but this is

not needed). Furthermore Lemma 8 implies

\/ Ly

éek+Am
Let 2,, #, be partitions of (X, m) such that
d(P)=d(2), dF)=dZ).

Because of Lemma 3 we can find partitions 2;, 2, of (X, m) with {e Ay + k
such that

d(?ov \/ %)=d(¥7v \/ téﬂ),

tedgt+k éek+Am
d(,%v \/ g)g):d(gﬂv \/ zjﬂ’),
tek+ Am ek+ Ay
and
& &
D(P., #)<5H? =~ = —H>. 3.14

Define Z;, Z;for (€ Ay, g, EF+0 E¢ k+ Ay so that (3.11), (3.12) hold for
A=Ay, k- Formule (3.14) implies:

Y D PYS4K(K+H)+ — H?

feda+K
H? + 4K
(H+K)?*  K+H

=(K + Hy? (% ) (3.15)

<e(K+H)>?.

Let n, = (K + H). Cover the set Z2 with a sequence {A(j)} of squares
which are translates of Ay, x and label them as in the picture.

The corridor of width K in A(j) will be denoted as I'(j). I'(j) is an
appropriate translate of Ay, x—(Ag+k). We call A()=A()—I()),
A(l)=k+ Az. We now assume, inductively, that 2., 2; have been

N N

constructed for £ () A(K) so that (3.11), (3.12) hold for A= (] A(K)
K=1

K=1
and also

Y D@, P)<H? ¢/4 j=1,2,..,N. (3.16)

ged())
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The definition of (w.b.e.)-process and the choice of K imply that

5 6 9
2 4 8
{ 3 7
K H
\/ 2l N\ 12 (3.17)
Eed(N+1) N
e U AWK

K=1

. . 1/e\*.
(here too the definitions 1mply3(§0—) -mdependence). Lemma 8§ and
translation invariance implies
VIR
EeA(N+1) N
ge U AK)

K=1

TP

(3.18)

Furthermore (3.9) and translation invariance imply

d N w2

eA(N+1) Eed(N+1)

rgﬁ/y) <¢/20. (3.19)

We now use Lemma 3 by choosing %, and & as

V 2 ZK= 7.
N N
e U 40)

Py = (3.20)

¢e U 40)
j=1 J=1
Then Lemma 3 implies the existence of partitions 2, 2; £ A(N + 1)
such that denoting (#, 7) either (£, 1) or (#, 7'):
N EeA(N+1) N EeA(N+1)

(3.21)

se U 40) U 4G)

=1 j=1
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and
Y D@.P)<H?S. (3.22)

Ced(N+1) 4

Hence (3.22) implies that (3.16) holds for N + 1.
Furthermore we define 2, Z; for (e I'(N + 1) so that (3.11), (3.12)

N+1
hold for A= (] A()).
ji=1

Finally we check (3.13): let j(K+ H)<n<(j+ 1) (K + H), j = 1; then

ZD('@&'WC/): Z Z D(‘Wﬁ’y{,)_i_ Z(’Wé’?&)’
tedn s:A(s)cA, Eed(s) EeR
where 4 is a boundary strip (# =0 if n is divided by (K + H)). The sum
over £ €4 can be split in two parts: the part coming from the &€ A(r)
for some r and the part coming from the £ e I'(r) for some r. There are,
at most, 4Kn &’s of the second type while the £’s of the first type can be
collected into groups of &’s belonging to the same A(r): there are at most
2n

K+H

such groups. Hence since (3.22) implies

Y D2 Z)<4K(K +H)+ — H?,
sed(s) 4

> D(Z.P)S —H?;

ged(r) 4

it follows, remembering that

JH+K)=n<(+1)H+K), j=1,

H? € 2n
D@, 7)< |4K(K + H) +&——| >+ 8Kn+ — H?
5 D025 (KK B 4o sk e

4K & H? 8K , & 2H?
— 2(K + H)? £ 2, & 2
F(K+H) (K+H T3 (K+H)2>+ Y K"
nz( 4K € 8K € 2H? )

A

K+H "4 " kvm "7 K+m?

p2fde e 8 e} o
64 4 64 2 '

IIA

A corollary of Lemma 9 is Theorem 2 from which one can deduce the
fact that (£, 1) is a Bernoulli scheme (see [8]): one has to suitably adapt
the rest of the proof of [3] using the generalized versions of the one
dimensional theorems of Rohlin and McMillan [8].
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4. Proof of (2.2), (2.3) when z < 1

In this section we shall consider the space .# of the functions defined
on the set Z; of the sequences of integers X = {n,}, {€ Z"n,=0, 1 such
that |X|= ) n: < co; we think of these sequences as finite subsets of Z"

E -
with multiply occupied sites. We put X!= n n,!and X =set of (e Z”

such that n,> 0. X
If 2(¢) is a function on Z” we set

MX)= T MO, XeZy. (4.1)

éeX

The following Theorems 3 and 4 are known to hold [12]:

Theorem 3. There exists a function ¢ € .# such that for all finite A’s
inZ"

Z AP LX) (X) = exp z % X)), 4.2)

Xca Xca

provided max |ZA(E)| £ zo(B), where zy(p) is a suitable function of .

Furthermore the function ¢ has the following properties:

i) T (X)=T(E+X) VEeZ, (tranmslation invariance) ,

ii) o"(X) is z and } independent
T
X
i) s 0O g gy e (43)
Xnd %0 X!
XnAr%0

A proof of this theorem can be found in [12] (in this paper, however,
there is a combinatorial mistake so that several factors of the form X!
are missing; for convenience of the reader we give in appendix a short
proof of Theorem 3).

Theorem 4. If z < z,(B) e ¥l the functions (1.7) uniquely determine
the measure associated with the process (z, ). Furthermore the measures
Ja(X) of the atoms of P, (see (1.9)) are given by

e4ﬁ[Xu T] ZlXuT{

. TCM\4
faX)= Alllinw S AP . X4, (4.4)
YoM

where M is a square, concentric with A, and with side tending to infinity.
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This theorem is a standard result in statistical Mechanics, see [2].
To prove the inequality (2.2) we write

BT G4 BIXI SIXI LI T g4 Bi(X(T)

[0(X) = T4 N ; (4.5)
YcM
hence, introducing the function
Ix(§) =IO < tobl, (46)

we can apply Theorem 3 to the regions M \A and M and, remarking that
M(&)=1,if E¢ 0, A (ie. if € is not adjacent to A), we find

FOD(X) = ZIXI g 4B1X)

- exp (— Y #zm—i— Y —(p;(!Y) z'Y|(lx(Y)—1)) ,

Yad®0 : Yo A+0
Ycm YcM\4

and, if z<zy(B) e ', in view of (4.3), the limit as M — oo in this ex-
pression does not offer difficulties and one finds:

F(X) =Xl gt 4hLX] 4.7

T T
¢ (Y) @ (Y)
o= 3 SR 8 IR0 -0).

N [’} YnoA+0
A straightforward computation and an application of ii), iii) in Theorem 3

together with (4.6) leads to the final estimate:

F a0 4,(X10 X)) ‘ . _
e -1 é €X (A min |6 Azl e x(md(/lls/lz)) -1 , (48)
fAl(Xl) fAz(Xz) P jet,2' 1

valid for A,nA,+0 X, CA; X,CA,. It is obvious that (4.8) implies
(2.2), (2.3).

5. Proof of (2.2), (2.3) in the Case z=¢" %/, B> 1
Note first of all that the following theorem holds: (cfr. 7)

Theorem 5. If z=e 8% and B is large enough, there exist only two
ergodic and z-invariant measures associated with the process (z, p). They
will be denoted ., and u_ .
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Furthermore the measures f{ (X)(f1 (X)) of the atoms of 2, (see(1.9))
are given by (see (1.6))
Y U1 g4BIXI fIXI ITI g4 5iXIT)
TcM\A

: : Tooi M
fA+(X)=A}1-r»nwa+(M)(X)=A}1§30 > Z ST , (5.1)
YoM
Y20r M

where M is a square box with the same center as A and such that ACM;
01 M is the inner layer along the boundary O M.

Similar relation holds for f; which is calculated on an increasing
sequence of square boxes M; C M, C ecc. using a formula similar to (5.1)
in which the sets T, Y are subject to the restriction that Tno; M =40,
Ynoy M=6.

We give now an alternative way of describing the configurations
X eKg, X ={x;...x,}. For each point xe X we construct a unit square
with center x. The collection of all such squares forms a region; its
boundary is a set of closed connected lines i.e. contours y,, 7, ...y, which
uniquely determine X.? The lines y, ...y, are, by construction mutually
non intersecting or, as we shall say, compatible. Let ©(y) be the set of
lattice points inside the outer boundary of y. Let us write, for a given
configuration X, I'(X) = {y, ...7,} (since we identify X with the collection
of the associated contours {y,...7,}). Among the contours {y;,y,... 7.}
= I'(X) associated with X we call “outer” those which can be connected
to the boundary of ® by a broken line without crossing other contours.

We can now write (5.1) in terms of contours i.e.

e—zmr(xur)l

+ im oD L ISEN

fa (X)=A141£noof/1 (X)=A£1_{Igo IZ o 2B > (52
YcM
Y301 M

where |I'(X)| = z Iy, and |y| = length of the contour j. In order to
yel'(X)

prove (2.2), (2.3), we first give, for this new setting, some technical results

similar to the ones in Section 4.

Let .# be the space of the real valued functions defined on the set %,
of finite collections of contours I' = {n,, y,,n,,7,, ..., 1, 75}, where now
71 -..7s are allowed to be incompatible and n,, is the multiplicity of the
contour ;.

2 From now on we suppose that one of the two “boundary conditions”

TO>07i M, Y20 M or Tnd;M=0, Ynd;M=¢ in(5.1)is fixed.
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Let I be the set composed of all distinct elements of I', each taken only
once. We put |I'= ) n,lyl, N(I= } n,

yel' yell

r''=1[n,!, and j={w]wef, sup |1p(F)|<oo,Vn}.
yel' I:N(I=n

Let now y be a character function on %), i.e. a function on %, such that
x()= [] x(»)™, and define ¢ € .# by:

yel’
=25 5 ol
p(N)=e 7"

for I''=1and I'={y, ...7,} = set of compatible contours ie. Vy;,y;el’
0(7)N0(y) =0;
! (=0
otherwise.
Then the following theorem holds:
Theorem 6. There exists a function ¢T € 9 such that
o) (D) =exp o™(I) x(I), (5.3)
. r T
provided
YloN) y(N) < 0.
T
Furthermore the function @™ has the following properties:
) o"(N)=@"(I'+¢&), VYE&eZ?, (translation invariance) ,
ii) @T(I') is independent of y ,
T
. r
iii) Y |<PF(' ) SAP)e =P for 3”2 <1, (5.4)

Top
0NN A*0

where I' > p means that among the contours in I there is at least one y such
that 6(y) encloses the lattice point p.

A proof of this theorem can be found in [15]. The machinery of
Appendix 1 transposed to the setting and hypotheses of this section may
be taken as a short proof of this result.

We are now able to give the main steps of the proof of the inequalities
(2.2), (2.3). We start by observing that the following useful relation holds:

faX)= 3 PuI) f4(X|T), (5.5

I'eG4
where

G ={T'Vyel 0(y)nA+0 and Vy;,y,€l 0(y)n0(y;) =0} ;
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P,(I') is the probability for finding a configuration such that I is the
set of outer contours intersecting A;

f(X|T) is the conditional probability “for finding X in A given that I
is the set of outer contours intersecting A”.

Using the relation (5.5) the Lh.s. of (2.2) can now be written

Z Z Z PAlqu(F) fA,qu(X1Uler)

X1CA1 X2CA; T'eGyyua,

= Y Py Py(1) f4, (X I1Y) f4,(X1 1)

I‘leG,l,
I';eGa,

(5.6)

Let G* be the collection of sets of outer contours extending not too far
from 0 A, and 0 A4,; more precisely

G*={Iul,|I;eG,; ie(l,2) such that
d(e(r1),/11)§%d(/l1a A;) and d(0(I;), 4,)= 3d(A,, 4,)} .

Then we can split (5.6) in Part I and Part II: the terms which involve
I' € G* yield Part I; those with I' ¢ G* Part II.

Here we give an upper bound to the first one i.e. (I'; U, € G*). In
this case

fAlqu(XIUXZIFIUFZ):fAl(Xllpl)fAz(XZ|F2)7

so we find
m=s Yy Y Y faXI0) f4,(X00)

X1CAy XAy I'yuleG*
Py, o4, V1) _ 1'

APy, o a, (T UTy) =Py (I') Py (1)< sup P, () P,.(T)

I'1uleG*

Notice that by the definition of P,(I") and the relation (5.3) we have

Py o, 0 T) _

1'=ex TF’—I.. 5.7)
PA;(FI)PAZ(FZ) pF’:0(T’)r‘\(9%“1)UA1)¢@ (P ( ) (
(I N (OT2)ud)+0
Then it holds
1] < exp )y le"(I") -1,

I':0Ir'ynQa;3+o
0N (Q2/3a)¢F 0

where Q, = {pe Z*|d(p, A,) £ «}, and Q% = complement of Q, in Z2.
Finally by (5.4) we have

< expB(B)|0A,] e = P44 —1 (5.8)
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Remark. The argument above can of course be used for A, instead
of A;.

For the Part II (to which contribute big contours i.e. small terms)
we find in Appendix 2 the following upper bound:

IS C(B)[0.Ay] e~ P42, (5.9)

The inequalities (5.8), (5.9) together with the previous remark give the
inequalities (2.2), (2.3).

6. Concluding Remarks

Notice that (2.2), (2.3) imply that if @ C Z” is finite and 7, is a one-
dimensional (i.e. with one generator) subgroup of t the process, (on
(K, ), (Ze,1,) is a weak Bernoulli scheme in the sense of [3] and,
therefore, it is a Bernoulli scheme, [3].

In particular, if

9n={£||él|§n i=293s"‘V;€1=0}’

and 7y, ={T:}s-0;i=2.3,.., 15 the subgroup of the translations
in the direction 1, the processes (%, ,1;)) are Bernoulli schemes. Since

+ o

the algebras o/, = \/ 1{;,%, are 1-invariant and increasing to the

algebra .o/ of all tﬂéo 1 measurable sets we deduce that the process

(rg, V %"> is a generalized Bernoulli shift [13]. It is easy to see that if

E(?,Ot) is the entropy of the process (2, 1), then the entropy of (%, , 7))

isnE(2, 1): hence (r o <O/ %n) has infinite entropy (E(2, 7) % 0 in the cases
0

we are considering).

A particularly interesting process is the process (2, 7(;)): it seems very
interesting to study the properties of this process when (2.2), (2.3) are
not valid. It should be noticed that, on physical grounds, it seems to
be possible that (2.2), (2.3) are always valid except for a certain critical
process (z,, B.) (which if v =2 is given by z, = e 8%, sh2 , = 1) correspond-
ing, in the physical language, to an Ising ferromagnet at the critical point.

For the process (z,, f.) it is known, that the measure has very long
range correlations (roughly decaying as d~'/#) [14] and it would not be
surprising if, is this case, the system were not a Bernoulli scheme: this
situation might be general and the non Bernoullicity of a Gibbs’ process
could be associated with the critical points and could be used to give
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an abstract definition of them. If the non Bernoullicity of the Markov
processes at the critical point were true one would also have found a
number of examples of K-systems® which are not Bernoulli schemes
but are isomorphic to their inverses.

Acknowledgements. We are greatly indebted to G. Caldiera and E. Presutti for actively
partecipating in seminars where the ideas of this paper were developed. In particular they
started our study by observing that the 1-dimensional factors of Section 6 might be Ber-
noulli schemes under suitable assumptions.

Appendix 1

Proof of Theorem 3:
1) Zy=space of sequences X = {n;} € Z" of non negative integers
such that Zn¢< o, X € Z} is interpreted as a finite subset of Z* with

multiply occupled sites;
) if XeZy X={¢|ée2, n.z 1} = set of “occupied sites”;

3) X1= [] n.t;
ceZv

4 [XI= Y ng
4

5) . = space of the functions on Z};

6) So={f1feS, f(0)=0};

N S={flfeSd. f@=1}

8) If f,ge# and )  denotes the sum over the ordered pairs
XiuX2=X

(X;, X,) such that X, U X, = X we define
(feg(X)= Y [f(X)g(X).

X1uX2=X
9) The function 1(X)=0 if |X|=1 and 1(@)=1 is the identity for the
product in 8.

1) If yes is of the form y(X)= [] x(&)" (here 0°=0), so that
1(X; 0 X5) = 1(X;) £(X,), then <

¥(X)(fog) (X

Gofogp=y TOVDX _ py gy

- X!

3 It is known thiat the t-invariant Markov processes (z, f§) are K-systems for z= e~

or for z=e 8 B< .. In two dimensions it is also known that they are K-systems if they

are ergodic and > f, (see: R.L.Dobruschin in [5]) the results of this paper obviously

imply that in any dimension the t-invariant ergodic processes (8, e~ %) with B> B, are

K-systems. The situation is unclear in the remaining region (z=e %% > . but not very
large).

8p
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1) If fe4,, we define:

Exp/)(X)= 3 o 100,

(where f°=1,and f"is understood in the sense of product 8))

0 _ )n+1

(Log(t + /) (X) = Z — /"X,

n=1

A+ X = ZO(— 1 f1(X);

12) Dy ) (Y)=f(XVY).
13) Define

0 if X!'>1 (e if X+X)
"’(X)={e+4“x1 it X!1=1

(X)= [T 2 a0,

éeX

where y (&) is the characteristic function of A. It makes sense to consider
Logo and ¢! because p € 4, (ie. o =1+ @', @' € ).
14) Define
=logg (hence Expo” =)
and suppose that

lo" (X5
LA et N P
Y;A X!
15) Then
Y ¥ o(X) =, 0) = expli, 7>
XcAa
= exp Z X
XcA

16) To show the convergence of the series in (14) consider the functions

Ax(Y)=(¢ ™' - Dxo)(Y),

and remark that @T(XU{)=44X) (this follows from the rule
D, Expo” =(D:¢") - Expo”).
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The above functions verify some equations which can be derived as-
follows (remember that ¢(X) =+ 0 only if X ! =1, see 13)): Put XV = X\{x,}
and K(x;, T)= [] (*#*19 - 1);

¢eT
Ax(Y) _ ¢~ (X)) e(XUX,)
Y! T -y Xi! X!

-1
¢ (X)) ixi+ il aptxoxa)
XjuX,=Y Xl'
Xo!=1
-1
P (X0) IO+ Xal g4 BIXD U Xa iK1 X 441X Xa)

|
XiuXo=Y Xl'
X2!i=1

48i(x | XD 40_1(X1) 1 48i(X

=ze Bi(xy] ) Z —'*_(p(X( )UXZ) 1—[ e Bi(X1]8)
XyuX,=Y Xl' teXo
XonX=¢

. X .

—zetpimlix) y @ X(' ) P(XDUX,) [T (#1191 4 1)
XiuXa=Y 1 teXa
XonX=0

-1 X’
i 1
= ze* Pl X() y f & (Xy) Pp(XVUX,) Y K(x,,T)

Xoxe=y  Xi! TCX
XonX=0¢
. X
SR LD Y (O R YR AU
TCY XinXe=y  Xi!
ThnX=0 XonX=0
X,0T
) . RYP.¢
= ze*PialX) S K(x,, T) > (p—(TQq)(X“’uSuT)
TCY Xius=Y\T X1-
TnX=0 sn(XuT)=0
- Ze4/3i(x1|X(1)) Z K(XI’T)<AX“)US(Y\T) _ AXus(Y\TUXl))
TCY (Y\T)! (Y\TuX,;)!
TnX=0
17) Define AAY
I,= sup sup Z —‘ xl )I.

ht+k=n XeZy YeZy Y!
hz1 |X|=h |Y|=k
kz0

Then the Eq. (16) imply, recursively,
Lo SzeB)l, with c(f)=(exp(e™ —1)—1).
1

Ly Sz(ze(f)" and Zo(ﬁ)=Tﬁ)'

Hence

For more details see [6].
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Appendix 2

Here we give an upper bound for

Z PA1UA2(F) fA1uA2(X1UX2|F)

T'eGy, 04, G*

- Z PAl(Fl)PAz(FZ) fAl(X1|F1) fAz(X2|F2) s

(I't,I'2)eGay X GaNG*

)

X1C41 Xacd2

i.e. for the terms which involves contours which do not belong to G*
(Part II of the text of Section 5).

Let us begin with some improvement on the definition of the sets of
contours which contribute to Part II.

We put

Gl={re GAIIG(F)Q(Qd/s)C*ﬂ}; G_zz{Fe GAZIQ(F)G(QZd/S)z':g} >
G={Iul)3ie(1,2):;eG}; G={I,I,)|3ie(,2):T;eG};

It is worthwhile to observe that the first and the second element of the
ordered pair in G are mutually incompatible. Moreover 2" elements of G
correspond to each element in G which contains n contours y,,y,...7,
such that v, 0(y,)n Ay =0 0(y)n A, 0.

Next we note that VI, > f,(X|I)=1; so we can write
Xca

I = Z_PAIUAZ(F)"_ > _ Py (') Py, (1)

I'eG I',I2)eG
(AIL1)
§ZZ_ Py () +2 Z_PAZ(FZ)'
IeG, I'eG,

The first term of the r.h.s. of (AIL.1) is twice the probability for finding an
outer contour y such that

0()nA; %0 and 0(y)N(Qy) +0.

The second term of r.h.s. of (AIL1) can be interpreted similarly.
We put [1(y) = probability for finding the outer contour y.
It is known (cfr. [16]) that

H(y) S e 2P0, (AIL2)

In order to perform an explicit calculation of the right-hand side of (AIL.1)
let p be a point on 84, and r an outward straight line starting at p such
that V g e r the following relation holds:

dg,p)=d(q,04,) ;
let also L be the segment of r enclosed by 0 4, and 0 Q5.
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It is now easy to verify that the following relation holds:

Y P Y Y O+ ) Y ()

IreGy ged Ay yagq geL y3q

2 d d
ylz5d d(g,041)< —  |y|> 3
3 Ve 3 (AIL3)
+ Y Y O+ Yy Y 1.
geL y3q qer bEL
d@oanz d >4 4¢L [1l>2d@.040)

The inequality (AIl.2) together with the fact that the number of contours
of length [ is less then 3', give

rhs. of (AIL3) S (210 A4, + &) e 2293 4 24e~=43  (AIL4)

where = =2f—1log3, d=d(A,,A,) and p, for sake of semplicity, is
chosen such that 3e™2# < 3. In the same way we derive for the second
term of (AIL1)

Y. P (NSQ104,]+16/3d+4)e 223 + 2de™=93 | (AILS)

I';eGy
Collecting together (AIL.4) and (AIL5) we obtain the following upper

bound:
rhs. of (AIL1)ZcloA,| e =%,
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