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Abstract. A phenomenological theory of simple hysteresis is constructed with the aid
of certam concepts from the theory of probabilistic metric spaces. The predicted forms of
the dependence of average energy loss per hysteresis cycle on the maximum excursion of
the hysteresis coordinate agree well with experimental results.

1. Introduction

During the last half-century numerous attempts have been made to
devise appropriate measures for sets of curves in ordinary or phase
spaces. Much of this effort has had its roots in the work of N. Wiener on
Brownian motion [1, 2] and, in common with Wiener’s work, is motivated
by problems derived from physics. Indeed, two of the better-known
methods are due principally to physicists: these are the methods of lattice
enumerations [3], and Feynman path-integrals [4]. In the first, the
formidable convergence difficulties that inevitably arise were averted
by replacing continuous paths by finite sequences of lattice points;
in the second, convergence problems were essentially brushed aside,
and results obtained formally under the guidance of physical intuition.

Many of these convergence and general measure-theoretic difficulties
arise from the necessity of taking into account paths whose behavior
may be indecorous in various ways: nonrectifiable paths; paths that
backtrack and retrace themselves, perhaps infinitely often; self-inter-
secting paths; paths without tangents;etc. Such paths do in fact correspond
to current idealizations of the behavior of physical systems in certain
situations, e.g., Brownian motion, Zitterbewegung, and turbulence.
However, there are non-trivial physical systems in which such mathe-
matical intricacies are ruled out. Specifically, in systems undergoing
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hysteresis, the paths of the points representing the systems in appropriate
phase spaces will never backtrack, will cross themselves rarely, if at all,
and will be piecewise smooth. In such cases we can on physical grounds
approximate each admissible path by a rectifiable arc. A set of such
arcs will fill out some region in the enveloping space, and it seems
entirely reasonable to adopt the measure of this region as a crude but
serviceable measure for the set of arcs. In fact we will show in Section 4
that the quantitative conclusions which are implicit in this choice of
measure are in general agreement with experimental results from a wide
variety of hysteresis systems.

Specifically, we shall construct a theory which is motivated by the
following model: In a metric space with a suitable measure, consider
a “‘test particle” exploring various paths, each a rectifiable arc, from a
point p to another point ¢g. For any real number x, the set of paths from
p to g of length not greater than x will cover a certain region, say R,
of the metric space. Assuming R to be measurable, we then consider the
ratio of the measure of R to the measure of some fixed set — perhaps
the set covered by all rectifiable arcs joining p to g — to be the probability
that the distance between p and q is not greater than x for the test particle.

In this way, we are led to define a particular kind of probabilistic
metric space [ 5, 6] which we call an ellipse m-metric. The theory of these
spaces is developed in Sections 2 and 3. The specific connection with
hysteresis systems is discussed in Section 4, and illustrated by a number
of cases of practical interest.

2. Preliminaries

For the purpose of facilitating comparison with the later definition
of probabilistic metric space we begin with:

Definition 1. A metric space is a pair (M, d), where M is a set whose
elements are the points of the space, and the distance functiond isa mapping
from M x M into R (the set of non-negative real numbers) satisfying:

d(p, p)=0 forall p in M; (2.1)
d(p,q)>0 forall p,gin M if p%g; (2.2)
d(p,q)=4d(q, p) forall p,g in M; (2.3)
d(p, »=d(p,q)+d(q,¥) forall p,q,rin M. (2.4)

In any metric space the notions of arc, rectifiable arc, and length
of a (rectifiable) arc are well-defined (for details, see [7], p. 59). A segment
joining points p, g of a metric space is a rectifiable arc with endpoints
p, g whose length is exactly d(p, g). Segments, when they exist (they may
not!) need not be unique.
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Definition 2. Let p, g be two points of a metric space with distance
function d, and let x be any real number. The (closed) metric ellipse
E(p, q; x) with foci p, q and major axis x is the set of points r of the metric
space such that

dp,r)+d(r,qg)<x. (2.5)

Clearly, E(p,q;x) is empty if x<d(p,q), while if x=d(p,q) then
E(p, q; x) contains at least the points p and ¢. In the Euclidean plane,
metric ellipses coincide with ordinary ellipses, in Euclidean 3-space
with prolate spheroids. If we metrize a 2-sphere by the usual great-circle
distance, then certain metric ellipses stand out by virtue of their simplicity.
In particular, if p and ¢ are distinct non-antipodal points on a sphere of
radius g, then E(p, ¢; 7o) is a hemisphere whose pole is the midpoint of
the segment (great circular arc) joining p and g, while E(p, g; 2o —d(p, q))
is the entire sphere. If p and ¢ are antipodal points, then the only non-
empty metric ellipse with foci p, ¢ is the entire sphere.

Lemma 1. Let (M, d) be a metric space admitting segments joining
any two of its points. For p, q in M and any real number x, let A(p, q; x)
denote the set of all points r in M such that r lies on some arc with endpoints
p, q whose length does not exceed x. Then

A(p, q; x)=E(p, q; x) . (2.6)

Proof. If x<d(p, q), then A(p, q; x) is empty, since no arc with end-
points p, g can have a length less than d(p, g). Hence (2.6) holds trivially
in this case. If x>d(p, q), then both E(p, q;x) and A(p, q; x) are non-
empty, the latter because it now contains all points on any segment
joining p and q. Now let r be any point in A(p, ¢; x). Then r lies on some
arc o with endpoints p, g such that [(«) < x, where [(«) is the length of .
But by the definition of arc length ([7], p. 59) l(e)=d(p, )+ d(r, q).
Hence (2.5) holds, so r is in E(p, g; x). Conversely, if r is in E(p, q; x),
let s(p, r) denote a segment joining p and r, and s(r, ¢) a segment joining
rand g. Then s(p, r) and s(r, g) together form a (polygonal) arc with end-
points p, g whose length is

[(s(p, )+ 1(s(r, @) =d(p, 1) +d(r,g) = x.

Hence r is in A(p, ¢; x) and the lemma is proved.
Now it is clear that we want metric ellipses to have proper “areas”
or “volumes”. In this spirit, we make the following:

Definition 3. A metric space (M, d) is admissible if it (a) admits segments
joining any two of its points, and (b) admits a measure u such that: (i) every
metric ellipse is u-measurable; (ii) for p, ¢ in M and x > d(p, q) we have

O<u(E(p, g;x))<+00. (2.7)
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In a probabilistic metric space the set of non-negative real numbers R
of Definition 1 is replaced by a set of probability distribution functions
A", We introduce this set via:

Definition 4. 4™ is the set of all real functions F which are defined on
the entire real line, are non-decreasing, right-continuous, and satisfy
the conditions

F(x)=0 for x<0; XEIPwF(X):l‘

N.B. Right-continuity could, without loss, be replaced by some other
normalizing condition, e.g. left-continuity.

Among the elements of A" are the functions e, defined, for any a
in R, by:

0
1, x<a, 2.8)

) = {

, X=a.

If Fisin 47, then various “truncations” of F are also in 4", In particular,
for Fin A" and x in R™, it is useful to define F™ by:

0 t<0,
FON={FO)—F(x)+1 0<t<x, (2.9)
1 t=x.

Notice that F& differs from the usual truncated distributions in that the
“mass” removed from the “tail” of the distribution is concentrated at 0
instead of being redistributed over the entire interval [0, x].

By using some basic properties of Stieltjes integrals, in particular
integration by parts, we obtain:

Lemma 2. Let F be in A" and x in R*. Then we have:
[ tdF90) =] tdFO0)=[ tdF(t)=xF(x)— | Ft)dt. (2.10)
0 0 0 0

Definition 5. A probabilistic metric space (briefly, a PM-space)
is a pair (M, %), where M is a set whose elements are the points of the
space, and the probabilistic distance function F is a mapping from M x M
into 4" such that, if we denote the function Z (p, q) by F,, for p, q in M,
then we have:

F(p,p)=F,,=¢, forallpin M. (2.11)
F(p,q)=F,, ¢, forallp,qin M whenever p+gq. (2.12)
F(p,q=F,,=F,=%(q,p) foralp,qinM. (2.13)

If qu(x) = qu()’) =1, then Fpr(x +y)=1

2.14
for all p,g,r in M and all x, y in R". (2.14)
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Comparing this with Definition 1, we see that any metric space gives
rise to a PM-space via
F, =¢

rq d(p.q)

(2.15)

Conversely, ifa P M-space (M, &) satisfies (2.15), where d is some mapping
from M x M into R", then we readily see that d is a distance function,
and hence (M, d) is a metric space. In this way we can regard metric spaces
as special cases of PM-spaces.

Of the many types of PM-spaces that have been studied (a survey
is given in [5]), one particularly elementary type will be relevant in this
paper. We introduce it via:

Definition 6. Let (M, d) be a metric space, and G any function in 4™
other than ¢,. The simple space over (M, d) generated by G is the P M-space
(M, #) in which & is given by

F

pq

()= {so(X) P=q, (2.16)

G(x/d(p,q) p#q.

It is shown in [6] that triangle inequalities stronger than (2.14)
hold in any simple space. In particular, we have

Fp(x + y) 2 Min(F,,(x), F, () (2.17)

for all x, y in R* whenever p and g are points of a simple space. Clearly,
(2.17) implies (2.14).

3. Ellipse m-Metrics

Let (M, d) be an admissible metric space (Def. 3) in which the measure
w is such that u(M) exists and is finite. Then one of the first things which
suggests itself is to introduce a PM-space on M by defining

H(E(p, g; %))
Fuo={ g PO (3.)
£o(x) p=q.

Of course this procedure is unavailable if 4(M) is infinite. Furthermore, it
may lead to unwanted side effects even when u(M) is finite. This is
illustrated by the following example: Let M be a sphere of radius g, d the
usual great-circle distance, and u the standard Lebesgue measure, so that
w(M)=4mng? Let p be an arbitrary point of M and {p,} a sequence of
points of M distinct from p and converging to p. Then E(p, p,; x) converges
to a circular disk of radius x/2 and area 4ng? sin®(x/4¢), whence by (3.1)
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we have:
0 x<0,
I}niIPprpn(x): sin?(x/49) 0<x<2mp,
1 x=2mg.

But F,,=¢g, so J}%Fwn*Fw‘ In other words, the probabilistic dis-

tance function & is not continuous. This will be the typical situation
whenever & is defined via (3.1).

An alternative procedure, which works whether w(M) is finite or
infinite, and leads to continuous Z s, is suggested by the following
considerations: Going back to our original picture of a test particle
exploring various paths from p to ¢, it seems not unreasonable to suppose
that as soon as the path length exceeds some fixed — and perhaps very
large — multiple of the underlying distance d(p, gq) between p and g,
then the particle is certain to arrive at g after having started from p.
More formally, we make the ansatz that there is a number m > 1 such
that for all p, ¢ in M we have F,,(x)=1 whenever x> md(p, q). (This
is a mathematical counterpart of the obvious physical requirement that
the phase space trajectories of a system going through successive
hysteresis cycles are of bounded length.) These considerations lead to:

Definition 7. Let (M, d) be an admissible metric space with measure p,
and let m > 1 be fixed. Then the ellipse m-metric on (M, d, p) is the P M-
space on M in which F,, is given by

u(E(p. g; X))

=md(p, q)
WEp. a:mdp, )
Fpa¥)= 1, xzmdpqf PF Y
£o(x) p=a-

It is easy to verify from (3.2) that F,,=¢, if p—q and that F, ;= ¢y, o
ifweallowmtoapproach 1 from above. Here = indicates weak convergence,
ie., convergence at all points of continuity of the limit function.

In many admissible metric spaces, the measure of a metric ellipse
depends only on the length of the major axis and the distance between

the foci, i.e. there exists a 2-place real function H such that
1(E(p, q:x))=H(x,d(p, q)). (33)

It may further happen that the function H factors in the sense that there
exist non-negative one-place functions g and h such that

H(x. d(p. ) =g (ﬁ) h(d(p. ). (3.4
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If (3.4) holds, then it is easy to see that g must be nondecreasing, and
g(t)> 0 for t > 1. We can therefore define a function G in 4™ via:

0 x<0,
G(x)= 19(x)/gim) 0=x=m, 3.5)
1 xX=m.

Upon combining (3.2), (3.3), (3.4), and (3.5) we then obtain
Fpy(x)=G(x/d(p, 9))
for all pairs of distinct points p, g in M. Thus we have established

Lemma 3. Let (M,d) be an admissible metric space in which (3.3)
and (3.4) hold. Then the ellipse m-metric on (M, d, p) is a simple space, for
which the function G of Definition 6 has the representation given by (3.5).

Of course the Euclidean plane is the prototype of the set of metric
spaces to which Lemma 3 applies. Upon taking u to be the ordinary
Lebesgue measure in the Euclidean plane, we immediately obtain

W(E(p, 45 %) = - x(* = d(p, @)}
X x \? *q
=" |———| —1| —d(p,q)?
d(p, q) (d(p,q)> L

whenever x = d(p, q). Hence (3.3) and (3.4) hold, with H, ¢, and h given
explicitly by:

0 yz0, x=sy,
HENZE o) xzy20 (G0
0 x<1,
g(x)= {x(xz Ly =1 (3.7
s
h(y)= Zyz y=0. (3.8)

By virtue of Lemma 3 we immediately obtain:

Theorem 1. Let (M, d) be the Euclidean plane and u planar Lebesgue
measure. Then for any m > 1 the ellipse m-metric on (M, d, u) is the simple
space over (M, d) generated by the function G given by:

0 x<1,
2__1 3
G(x)= _x_(x2 ) 1<x<m, (3.9)
m\m*—1
1 xX=m.
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Hence the functions F,, have the following form for p=+q:

0 x=dp,q),
_ X x> —d(p, q)*\*
P = oo (S dpugsxsmdpea. (310)
1 xzmd(p.q).

Lemma 2 and some straightforward calculation now yield the
following:

Corollary. With F,, as given by (3.10), we have, for any x = 0:
0 x=d(p,q),

L ) X +d(p, q)?) (x> —d(p, 9)*)

g tdF5(t) = 3.9 m® —1); d(p, ) < x<md(p. q).
2m? + 1 3.11
—_";J d(p, 9) xzmd(p.q). G40

Similar considerations apply in other Euclidean spaces and lead to:

Theorem 2. Let (M, d) be Euclidean n-space (n= 1) and p n-dimensional
Lebesgue measure. Then for any m> 1, the ellipse m-metric on (M, d, 1)
is the simple space over (M, d) generated by G,, where

0 x<l1,
n—1
x [x2—1)\ 72
Gy(x)= W(mz—1> 1£x<m, (3.12)
1 xX=m.

Thus Gy, has a jump of height 1/m at 1 and is otherwise piecewise
linear, while G5, is given in the interval [1, m] by

x> —x

G(3)(X)= m3 —m .

Our final examples are somewhat more complicated. Let M be a
coordinatized affine plane with coordinates &, #, and for 1 <A< o0,
let d; be the Minkowski distance defined by

A& Eama)) = (& =Gl + Iy —mu DY, 1<A<oo,
Ao, ((E1,m0)5(E25m2)) = max(I&; — &, Ing —n,l)

For each value of A, there is a “natural” measure u,; of area (see [&],
pp. 9—-10). In particular, d, is the usual Euclidean distance and u, the
standard planar Lebesgue measure, while for any A there exists a pro-
portionality factor k,, depending only on A, such that w,=k,  u,.

(3.13)
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Hence in any Minkowski plane relative areas are the same as in the
Euclidean plane.

In a non-Euclidean Minkowski plane, the shape of a metric ellipse
with foci p,q will generally depend on the direction of the segment
joining p and q. It follows that (3.3) will not hold in general. However
(3.3) and (3.4) will hold in a restricted sense, and in particular for all
point-pairs p, g that lie on lines parallel to a fixed line.

7 (hysteresis coordinate)
(-3,%) ¢ (5 50
X=c
/&;/\ ¢ configuration
(-% \ 0) p=(-‘% 0) q:(% 0) (%'0) coordinate
%, -%) (2:7%)

Fig. 1. Metric ellipses in “standard position™ in the Minkowski plane with A =1

Figure 1 shows metric ellipses in “standard position™ for A=1,
x=>d,(p,q)=c. The Euclidean area of the ellipse is readily seen to be
1(x* —d,(p, 9)%). Hence we have

w(E(pP,q:x)  (E@,q;x)
i (E(p, q;md;(p,q)  u2(E(p, ¢ md; (p, 9)))

x2 - dl (p7 51)2
dy(p, ¢)* (m* — 1)

for x = d(p, q), which yields

Theorem 3. Let M be a coordinatized affine plane, d, the Minkowski
distance function defined in (3.13) with A=1, and p, the corresponding
“natural” area measure. Let p, q be distinct points of M such that the line
through p and q is parallel to one of the coordinate axes. Then the func-
tion F,, in the ellipse m-metric is given by:

F,,(x)=G,(x/d(p, 9)) (3.14)
where
0 x<1,
x?—1
G (x)= 13— 1£x<m, (3.15)
m-—1
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Again, a direct computation yields the following

Corollary. With F,, as given by (3.14) and (3.15), for any x = 0 we have:
0 x=di(p.q),

1 X3 - dl (p’ 4)3

3 di(p, g (m*—1)

2 m*4+m+1
JR >
3 Ml di(p.q) xzmd(p,q).

[tdF5 @)= dy(p, ) = x=md(p, q) (3.16)
0

Fig. 2. Metric ellipses in “‘standard position” in the Minkowski plane with 2 = 0. Although
the figure is symmetric, in physical applications # is associated with the hysteresis coordinate
and ¢ with the configuration coordinate

The other value of 2 which lends itself to simple illustration is 4 = co.
Fig. 2 shows two metric ellipses in standard position for the case A = 0,
xzd,(p,q)=c. As in the previous case, simple calculation leads to:

Theorem 4. Let M be a coordinatized affine plane, d,, the Minkowski
distance function defined in (3.13), and p, the cooresponding area measure.
Let p, q be distinct points of M such that the line through p and q is parallel
to one of the coordinate axes. Then in the ellipse m-metric on (M, d,, i)
we have :

Fp ()= G, (x/d (P, 9) (3.17)
where
0 x<1,
2x%—1
Go(¥)= 55—y 1=x=m, (3.18)






