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Abstract. We study equilibrium states of a quantum Bose gas using Kubo-Martin-
Schwinger boundary conditions, for a special class of time evolutions, namely the quasi-free
evolutions. Under suitable restrictions, in particular positivity of the elementary excitation
spectrum, we are able to describe the states fulfilling the Kubo-Martin-Schwinger conditions.
In contrast to the Fermi case the solution is, in general, not unique; this is related to a
possible Bose condensation.

§ 1. Introduction

In a previous paper [1], we looked for the solutions of the Kubo-
Martin-Schwinger boundary condition for Fermi systems and for a
special class of evolutions. It is our goal to do a similar study for the
Bose systems.

We shall not discuss the importance of the K.M.S. boundary condition
within the framework of the algebraic description of equilibrium states
of statistical mechanics but only refer to the fundamental papers [2-4],
where one can find the formulation of the K.M.S. boundary conditions
we shall use.

Definition 1.1. Let o/ be a C*-algebra, t—a,, a homomorphism of
the additive group of reals into x-automorphisms of o/ :a state w of o
is said to be a K.M.S. state with respect to t—a,, if, VA, Be of

te R—-w(Awo,B)

can be extended to an analytic function in the strip 0 < Imt < 5, continuous
on the boundary and such that

w(A0,B)|,-;p=w(BA).
We notice incidentally that a K.M.S. state is automatically an in-
variant state [3, 5].
Equilibrium states of Bose systems have been extensively studied,
especially in the fundamental papers of Araki [6] and Robinson [7];
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their interest lies in the well-known fact that Bose systems can exhibit
Bose-condensation. We shall come back to this point in the last section.

The second section is devoted to notation and definitions, in particular
to those connected with the C*-algebra we shall use and its quasi-free
states.

In a third section we define the quasi-free evolutions and exhibit
necessary and sufficient conditions for the existence of a state fulfilling
K.M.S. boundary conditions (we shall call this the K.M.S. problem).

In the fourth section, we solve the K.M.S. problem completely for
the previous class of evolutions.

In the next section, we look at the limiting cases, i.e. the limits, when
the temperature goes to zero or to infinity, of the states that we have
defined.

§ 2. The C*-Algebra of a Bose System

For Fermi systems, one has a natural choice of C*-algebra, namely
the Clifford algebra built on the one particle states. The situation here
is quite different and for convenience we shall choose as C*-algebra the
one which is described in [8]. For the sake of brevity, we shall only sketch
the construction of this algebra.

# i. The One Particle Space

The one particle space (H, o) is a real symplectic space, i..
1) H is a real linear space
ii) o is a real bilinear, antisymmetric, non-degenerated form, i.c.

c:HxH-R,
O'(QD, oY, + ﬂwZ) = O‘U((P7 lpl) + ,80'(40, lp?,) s
Vo,p,,p,e H Vo, feR, (2.1)

oo, p)=—oa(w, ),
o(p,p)=0, VoeHeyp=0.

A real linear operator T from H onto H will be said to be symplectic iff

o(To, Ty)=0(p,yp) Ve,peH. (2.2)

As a special case, we can define a complex structure J of H as a symplectic
operator such that
JE=—1, (2.3)

a(p,J9)=z0 VeeH. 24
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# ii. The Algebra A(H, o)

One considers the set 4(H, o) of functions with complex values defined
on H which are zero, except on a finite number of points. Equipped
with its natural structure as a complex linear space, with the product

(@by(p)= Y al@) by —p)e ¥ (2.5)
peH
Va,be A(H,0)Ype H
and with the involution

a*(py=a(—vw) Vaed(H,0) VyeH, (2.6)

A(H, o) is a x-algebra.
A(H, 6) can be generated by the set of §,, p € H defined by:

O,()=0 if @=*vy,

2.7
8,(p)=1
and satisfying the following canonical commutation relations
d,.0,=exp(—io(p,9)d,., Yy, peH. (2.8)
d, is the identity of 4(H, o) and the §,’s are unitary elements in 4(H, o),
namel
y 5,8, =5, . (2.9)

Let #,(H, o) the set of non-degenerated representations n of A(H, o)

such that the map
}LEIR“’H(&;HP) (2.10)

is weakly (or strongly) continuous; all these representations are faithfull
and consequently induce the same norm on 4(H, o). The closure 4(H, o)
of A(H, g), with respect to this norm is a C*-algebra, we choose it as the
C*-algebra of a Bose system.

Let us mention two types of *-automorphisms of A(H, g) which will
be important in the sequel. Firstly the one particle s-automorphisms:
for every symplectic operator T of H (see definition (2.2)) there exists

a unique automorphism o of 4(H, o) such that
OtT5w=5Tw leEH (211)

As a special choice, the group of s-automorphisms induced by the group
of symplectic transformations T,:

T,=cosal +sinad ael0,2n] (2.12)

where J is a complex structure of H, corresponds, as we shall see later,
to gauge transformations of the first kind, otherwise oy corresponds to
generalized homogeneous Bogoliubov transformations.
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Finally, consider y, a character of H considered as an additive group;
then there exists a unique *-automorphism of A(H, g), such that:
o, =xw o, VyeH. (2.13)

Such x-automorphisms occur in inhomogeneous Bogoliubov trans-
formations; e.g. if ¢ is a linear form on H, one can define

2 (w)=explio(y)) VweH. (2.14)

In that case, the x-automorphism (2.13) can be extended to 4(H, o).

3 iii. Some Special Representations of A(H, o)

We had chosen 4(H, 0) as the C*-algebra of Bose systems in order
to take account of the canonical commutation relations (C.C.R.); let us
sketch the link of this algebra to the (C.C.R) (see [9]). Let us define
A ., (H, o) the set of states of 4(H, o) such that

AeR-w(d;,+,) Yy, peH (2.15)

is infinitely differentiable.
Let w,, the corresponding representation constructed a la G.N.S. in
the Hilbert space H,,; continuity of the map

i eR-m,(S;,) YypeH (2.16)

ensures the existence of the unbounded operator B, (y), Vy € H, which
is real linear with respect to € H, densely defined and such that,

n,(0,)=exp(iB,(y) VyeH. (2.17)
Moreover one has

B, () B,(¢) — B,(¢) B,(y) C2ia(p, @) Iy, (2.18)

and if £, is the cyclic vector corresponding to w then all the correlation
N
functions <§wl [1Ba.(e) fa,), @, € H, exist.
i=1

(2.18) is not the usual form of C.C.R. Actually let J be a complex
structure of H defined in (2.3) and (2.4), then H can be turned into a
complex Hilbert space H® if one defines

@+ py=@+p)yy VyeH' Va+ifeC (2.19)
for the multiplication by complex numbers and
hyGp, @) =0a(w, Jo)+ia(y,9) Vi, peH (2.20)

for scalar (hermitian) product.
Moreover, one defines creation and annihilation operators

B (¢)=B,(¢)TiB,J9) VeeH 2.21)
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which are respectively linear and antilinear in ¢ € H® and satisfy:
B, (¢) BS () — BS () B, (9) 0, (2.22)

B,, () By (@) = B (@) B, (w) € hyl, 9) Iy, - (2.23)
We shall not detail any longer the correspondance with the usual for-
malism, especially with regard to the action of the x-automorphisms we
have defined, but we shall come back to the states.
Let w be a state over A(H, o), it necessarily satisfies the positivity
condition

o5 f (£ o)

v (2.24)
= Y cieetitvewo@, 120
Vy;€ H and ¢;e C. bt
Moreover, if the map
R3/i-w(d;,+,) VYw,0eH (2.25)

is continuous, @ can be extended to a state of A(H, o).

We consider now the quasi-free states of A(H, o), let S be the set
of real symmetric positive scalar products S on H, such that

lo(y, )P =S, ) S(@,9) Yy, peH. (2.26)

The non-degeneracy of o shows that S € € is strictly positive. Completion
of H with respect to the norm deduced from S will be denoted by HS. Let
o' be the continuous extension of ¢ to HS, it still satisfies (2.26) for every
pair of vectors of HS, and so, by Riesz’s representation theorem, there
exists in H® an operator Dy such that

a'(p, 9)=SDsp, @) Yy, peH®, (227)
and which satisfies, for the Hilbert structure of HS,
D¥= — Dy, (2.28)
Dl =1. (2.29)
The polar decomposition of Dg (which holds in the real case):
Dg=J|Dy| (2.30)

furnishes a complex structure J of (1— E) HS, where E is the projection
over the kernel of Dg. Notice that

o'(Ey, ) =S(DsEw, p)=0,Yy, p c H® (2.31)

and the operator Dy restricted to (1 — E) HS has an inverse — A5 which
is not necessarily bounded.
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Quasi-free states are defined out of elements of S by
w(d,)=exp(—3Sy,y) weH SeC. (2.32)
As a special case Fock states are defined by those elements of & such
that Dg is a complex structure.
Later on, we shall be faced with the problem of construction of quasi-

free states out of an operator Dg. An important case will be the one

where:
D¢HCH. (2.33)

Conversely, we shall need the following result.
Proposition (2.34). Let D be a real linear operator in H such that:
D1 o(p,Dyp)=—aDy, ) Ye,peH.
D2 —oDy,p)=20 VyeH.
D 3 D is injective.
D4 Let —A be the mapping of DH — H, the inverse of D, then
o(p,(A—D)y)=20 VyeDH.
DS The bilinear form S:DH x H—R defined by
S(Dy, ) =0y, @)

can be extended to a symmetric positive bilinear non-degenerated form S’
firom H x H—-R.
Then S’ is in ©.

Proof. D 4 shows that the extension D to DH" of D exists, indeed if
pweDH

S'(w, ) =S, p) =0y, Ap)Za(p, Dy)=S'(Dy,Dy).

D 1 shows that D is antisymmetric.
Let D’ the operator defined on HS by

D'=DP (2.35)
where P is the projection on DHS. One has

S'(D'y, Do)=S'(DPy, Do)
Vo,peH
= —S'(Py, D*¢)

due to the antisymmetry of D and the fact that
D IDH =D |DH
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which implies that

S'(D'p,Dg)= —S'(p,D*¢)= — S'(D*¢, )

since D*p e DH.
Moreover, by D 5,

S'(D'y,Dp)=—0a(Do,p)=0(p, Do)
=SDy, Do)
so that D=D' on H, since (D—D)ype DH" is orthogonal to DH for
v in H. Therefore the bilinear form ¢’ on HY,
a'(p, 9)=S'(D'yp, ¢) (2.36)
coincides with ¢ on H.

Moreover |D'||g <1 since |D|sg <1 on DH®, and S’ fulfills the
relation (2.26), hence the result follows.

§ 3. Quasi-free Evolutions and Special Solution of the K.M.S. Problem
We define the class of evolutions that we shall deal with.

Definition (3.1). 4 quasi-free evolution of A(H, o) is an homomorphic
mapping of the additive group of reals into the group of one-particle
s-automorphisms of A(H, o) defined in (2.11).

We denote by
teR-T, (3.2)

the corresponding homomorphism into the symplectic group of opera-
tors of H.

We shall restrict ourselves however to evolutions which satisfy the
following condition;

E 1 the mapping:
teR-oalp, Ty) Vy,peH
is continuous and bounded.

The necessity of these requirements rests on the following remarks.
Remark (3.3). If t—oa(p, T,p) is not continuous, there exists no
invariant state o of R, (H, g) such that

; . teRR-w(d,0,0,
is continuous. (0,2,6.,)

The proof is obvious and quite similar to that of the:
Remark (3.4). If the mapping

teR-a(p, Ty)
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is not bounded, then there exists no R (H, o) invariant state and, conse-
quently, no K.M.S. state.

Proof. Suppose that w € R, (H, 0) and w is a,-invariant.

Let n,, H,, 2, be the representation in the Hilbert space H, with
cyclic vector Q, constructed a la G.N.S. Let B, be the associated field
operator, then

S, 9) =3 (Qu| B,(y) Bu(@) + B, (@) B,(y)| 2,) 35

is a symmetric bilinear form. 7, is orthogonal with respect to this form.
Moreover, due to the positivity condition, S satisfies

lo(p, To)* = S(w, v) S(@, @) (3.6)

hence we get a contradiction.
Another condition will be necessary:

E2 thesethin H
h={peH;VteR, Ty=y} 3.7
is reduced to {0}.

Indeed direct application of the K.M.S. boundary condition implies
that for yeh and p e H,p+0

(6,6,0_,)=w(d,) (3.8)
so using (2.8)
w(d,) (V9 —1)=0 VeeH. (3.9)
If w +0, choose a ¢ € H, ¢>0 such that 0 <|4| <& implies
O<io(p,p)<m
and so
@ (5),(;)) = 0 )

that is, w is not a Weyl state.

The next assumption is a little more difficult to justify within our
general framework; nevertheless, its physical meaning is clear in the
important case of a translation invariant evolution (see Section 6).

E3 For every y and ¢ in H and every real function f whose Fourier
transform is in 9, there exists an element T(f)y in H such that

o0, TN w)= | fWolp, Ty)di.

We assume, moreover, that H is the linear closure of the vectors T( f ).

Notice that E 3 is fulfilled if H is o(H) — quasi-complete (cf. [9],
p. 295 and [10] Prop. 21, Corr. 1).
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With the help of the previous hypothesis, we have the following
well-known lemma (compare e.g. to [4]):

Lemma 3.10 For every ¢ and v in H the function
teR—a(op, Ty)

can be extended to an analytic function. Furthermore, if v is of the form
T(f)¢ EeH, [ a real function whose Fourier transform is in 9, then
the function

+ 0

2= | dio(p. T fe.l0),

with e,(w)=exp(—27 izw), realizes the extension.
The next lemma is close to some results obtained in [1].

Lemma 3.11. There exist operators, Uy, Vy, Dy and Z in H, such that
for f>0
N ~ N PN
Uﬂ Z T(f) wi= Z T(fivﬁ) Yi»

Vo Y TR wi= ZNVWm
T(f) w; = Z TPy,

"MZ I!Mz ﬂle

T(f) w,= Zl (9 i

Yy, € H and f, real functions whose Fourier transforms f; are in 9. Where

fU(w)=ch2nfo) f(w),

[ (@)= —ishQrpow) f(w),

PP (@)= —ith(n o) f(w),
flw)==2inof(w).

Notice that fUs, fV5 fP¢ and f% are still real functions with Fourier
transform in 2.

Proof. Let us consider Z T(f) f =0 then

i=1

ueR—o ((p, T, ﬁ T($) wi) =0 VYoeH (3.12)

i=1

is the restriction, to u € IR, of an entire function, which is consequently
zero everywhere in the complex plane. If for u=1if, one looks at the real
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and imaginary parts of this function:

N
0((/), Y T(J/””\”)wi)=0 VoeH,
i=1

N
olo. X T w) =0 voen

then the result follows from the non-degeneracy of o.

For Z we consider the derivative at u=0 of (3.12). This is zero.
The result then follows from the fact that the f,2’s are in .

In order to prove the existence of D, we shall need the following
lemma:

Lemma 3.13. Let Uy and V) be defined as previously;

) Uy=yp=Vp=0syp=0 vyeH,

i) o(Upp,w)=0(e,Upy) v,0€H,

i) o(Vzo,p)=—0(p, V) w,peH.

Proof. ii and iii are obvious from Lemma 3.11.

Assume now that V;y =0, then for any real function f with Fourier
transform in &

o(T(f) o, Vp)=0 VoeH
from iii):

ifwdthV”(t)o(T;go, ¥=0.

The previous equality extends by linearity to every f in 9.

Using the fact that ¢ (T, ¢, ) is continuous, it is the Fourier transform
of a distribution whose support is reduced to zero. Its Fourier transform
is at most a polynomial in ¢; the boundedness of ¢(T, ¢, ) shows that it
is actually a constant

o(Ty, 9)=0o(p,9) VteR.
Finally, from the regularity of o, Ty =1y and p=0.
Now, conversely if Uyy =y one has from Uj + V7 =1 that
Viw=0

and so since Vj is injective, yp =0.
In order to complete the proof of the Lemma 3.11, it suffices to remark

that:
(Us—1)HCV;H

and so one can see that:
Dy=Vy 1(Uﬁ— I). (3.14)
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The next lemma reveals some interesting properties of D,:

Lemma 3.15. The operator Dy satisfies:
) a(Dgyp, p)= —a(y, Dgo),

ii) Dy is injective,

iii) Dy;T,—T,Dyj=0 VteR.

The proof of these properties is rather obvious.

We shall need the operator Dj in order to define an invariant quasi-
free state, but the conditions of Proposition 2.34 are not necessarily
satisfied and we shall make the following restriction on the evolution,

E4 D, satisfies D, for at least one value B,>0 of f.

We shall come back in Section 6 to the physical meaning of this
assumption, but we now give an equivalent condition whose physical
meaning is evident.

E 4" The evolution T, satisfies

d
EG(W, 7;1P)|:=o§0-

The Condition E 4 can be extended immediately to the:
Lemma 3.16. Under the hypothesis E 4

i) Dy satisfies D, for every >0,

ii) Dy satisfies D, for every > 0.

Indeed E 4 can be written for every finite family ¢, k=1,2,..., N in
H and every finite family f, of real functions whose Fourier transforms

are in 9. N _—
iy T dteon To) Jfth 020 (3.17)

i,j=1 —oo
One obtains 3.16 i) if one chooses:
B ] / th(frw)

with §; real and g, still in 9.
In order to prove 3.16ii) one takes

fi®)=gi(w) (ch(x fw))~*

Furthermore, it follows that

and the injectivity of D, implies that D; ' D, is everywhere defined in H.
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We shall need another restriction on the evolution, namely:
ES There exists a Bo>0 such that Dy satisfies D 5.

We shall come back in Section 6 to the physical meaning of this
property. As previously, we can extend to every § Condition E 5.

Lemma 3.18. If D, satisfies E S for a B, then it satisfies E'S for every
S>0.

We shall denote by #; the extension to H x H of the bilinear form
¥} defined on DyH x H by:

S(Dpp, 0)=0a(p,9) Vo,peH.

The next proposition is quite important:
Proposition 3.19. If t — T, satisfies E1, E2, E3,E4, and E 5, D, and
Sy satisfy:
1) Sy Is invariant, i.e.
(T, To)y=F5(p,0) Vo, peH.
ity The mapping
teR->F(Ty,¢) VYoeH?" YypeH

can be extended to an entire function such that

>0 STy, 0)i=iy= LUy, @)+ iS5 (V,p, @) .

iii) The mean (in the sense of Godement [11]) of the continuous
and bounded function

teR->5(Ty, ) Vo,peH”
is 93((I— Py) y, @) where Py is the projection on DyH”# C H?.
1v)  The bilinear form on H x H
S50, )= S;5(Ps0, Pyp)

isin ©; and it is the only extension of ¥y such that the continuous extension
a of a to H”* is regular.
Proof. Let us define T;" through:
T'=TP,+(1—Py) VieR (3.20)
where T, is the continuous extension to DyH”? of T, restricted to Dy H.
It is an orthogonal operator and

teR->T/
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is a homomorphism of the additive group of reals into the orthogonal
operators of H”#, so in order to prove i) it suffices to prove that

I/IH:’I; tE]R.

First notice that since teR—(exp(2inwt)— 1) cth(nfw) is infinitely
differentiable, one has: (T, —1)pe D;H if e H and

F3(T, Py — Pyy, Dyp)
= %(TP/;IP, Dﬁ‘P) - %(P,;w, D/;(P)
=S5 (Pyp, T_ Dyp) — S5 (P, Dyop)
=S5, T- Dyp) — F4(w, Dyop)
=S3(Ty — ., Do) =S (T, — 1) v, Dyop).

Hence the result follows.
In order to prove ii) one has for o =D,e Dy;H

STy, 9)= —a(Typ, &)
thus the analyticity is a consequence of 3.10. Similarly if ¢ € (1— P,) H#:

I5(Tp, (1 =Py) &) = F(T, =D p, (1= Py) {)
+ 5w, (1= Py &)
=I(T=Dp, (1=Py) &)+ S (w, 1 =Py &)
=5y, (1=Fp) §)

since (T, — 1)y e DyH. We get the analyticity and the desired expression

if we notice that

F(L=P)EV, Ty)=0 Yy, eH >0
for p e D;H®(1— Py) HS.

In the general case, if ¢ € H”? and if ¢, is a sequence in
D;H@® (1 — Py) H”# converging to ¢, the functions

(t,p) e R x R—F(@,, U, Ty) +i5(e,, V, T,y)

converge uniformly on every compact to the same expression with ¢,
replaced by ¢.
Indeed using i) and the fact that

y>0— U, pl? =yl + IV, wll?
is increasing, its derivative
Y€ R 255, U, V1) =250, U,V;)
is positive, hence ii) follows ([12], 9.12.1).
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