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Abstract. We extend to arbitrary dimension the proof by Guenin that the time-
evolution is an automorphism group of the local algebras, if the interaction Hamiltonian
is a space-integral of a bounded local density with finite range.

It has been suggested [1, 2] that, in order to avoid the divergences
of quantum field theory, the time-evolution might be regarded as an
automorphism group of some C*-algebra U; if there is a non-trivial
interaction, these automorphisms will not be implemented by unitary
transformations in the “free” representation of 2L.

These ideas have been illustrated in a linear model [1], and in two-
dimensional relativistic theories with bounded interaction densities [3].
A similar result has been demonstrated for the Heisenberg ferromagnet
and certain fermion systems [4, S5, 8, 9]. In the present paper we offer a
generalisation of some of the results of [3] and [5].

We work in the algebraic approach to quantum field theory [2].
More precisely, we make the following assumptions:

1. We are given a B*-algebra 2 of observables, and to each bounded
open subset ¢ of IR*, we are given a sub-B*-algebra A(0); we assume
that the various (0) generate 2.

2. Causality: if ¢; and @, are space-like separated, then A(0,)
commutes with 2(0,).

3. Free field dynamics: we are given a continuous homomorphism,
7o, from R* into the automorphism group of U, such that t,(a) 2A(0)
=A(O,), where 0, = {x eR*; x —ae O}. By continuity we mean that
to(@ A — Al =0, for any A€ A, as a—0 in R*. For example, A(0)
could be the C*-algebra generated by a free scalar field ¢, smeared with

test-functions in Z(0), or that generated by even powers of a free Dirac
field in 0.

* Supported by the Science Research Council.
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Let Ve A(0,) be any hermitian local observable, and let V, = 7,(0,a)V.
Then [ V,d*a=V, may be defined (see [6]) by a Riemann-Bochner

a|sr

integrlllt_and so defined, lies in 2.

We also have that 7' (1, )V, = V,(t) = [ V,()d’a.

al<r

We shall regard V, as an interaction [I)(Iﬁential; it perturbs the free
dynamics 7,(t) and defines a new time-evolution t,(t) (Theorem 1). The
limit r— o0 exists (Theorem 2), defining a theory with space-translation
symmetry (Theorem 3).

Let A €U, and consider the following infinite sum,

DO A=A+i[ At [V, A1+ 2] dty [ dey [V, Vit AT] 4 ()
0 0 0

Now, 15'(,0) is an automorphism and so ||V,(t)| = ||V,|, for every ¢,
hence

4
WV ol=1vl= | da|Vl= §nr3 i,
lal <r
since |V, | = [[V], t0(0, @) being an automorphism.
The (n + 1) term of the sum is a multiple commutator which can be
expanded to give 2" various permutations of V,(t;) ... V,(t,)A. The norm
is therefore less than or equal to

[t]"
n! -

It} th-1
2V 1Al 6‘ dt ... g dt, =2"|V,|" [|A]

It follows that the sum converges in U in norm, for all t. (V,, A € A and
A is norm complete.) We can, therefore, define t/(f) on 2 by (x). This
describes the approximate dynamics in the interaction picture.

We shall now give some properties of 7/(z).

(1) ©1(t) (A4 + B) = A(zl(t) A) + <L(t) B, for all 4, Be A, and all AeC.

(i) (c1(t)A*) = (cL(t) A)*, for all 4 € A. These are obvious.

(iii) If A and B are in 2, then (z}(t) AB) = (¢}(t) A) (z.(¢) B).

t

Proof. By definition, t}()A = A+i{ dt,[V,(t,), A]+ --- which con-
0

verges uniformly in ¢, for t € [ — T, T], say. Let s,,, ; denote the sum of the
first n+1 terms. Then we can differentiate s, ; term by term, with the
result

dSy+1

i, ilV,(0), s,(0)] .

The r.h.s. converges uniformly in 6, for 6 e[~ T, T}, as n—oco, which
implies the existence of the limit of the Lh.s. (all limits being norm limits
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in A). The two facts: s, converges uniformly in [ — T, T']; and s, converges
uniformly in [— T, T], are sufficient to imply that the lims, is differen-
tiable, with derivative equal to the limit of s,, as n— o0, for te [—T, T].
Hence

(@0 A)lg = 11,0, 6 4], )
Similarly,
@O B)\y = iLV,(0) Z0)B]. e

Now (1) satisfies the initial condition t!(t)A4],-,= A4, a similar one
holding for (2).
Moreover, (t(t)AB) satisfies the differential equation

(G40 4B, == 1V,(0) €(0) AB) ®

with the initial condition
T/ (t)AB|,—o = AB. 4)

Now

(G0 4) (0O B) = ilV,0, 20 A1 <10 B
+it (A [V, @), 7(0)B],
where we have used Egs. (1) and (2),
=iV, (£04) (£0B) ©
with the initial condition
(#04) (20B), o = AB. ©
However, given the differential equation

df (@)
dt

=i[V.(), /@],

together with a given initial condition, we can obtain the unique solution
by iteration. Comparing Egs. (5) and (6) with (3) and (4) (or by direct
iteration of (5) with (6)) we obtain the required result.
The above remark concerning the uniqueness of the solution of the
D.E. with given initial condition, further implies that t(t) is one-one.
We can summarise the above by simply saying that /(¢) is a one-one,
continuous, algebraic *-homomorphism of U into itself.
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Theorem 1. If t,(t) is the given automorphism of U (Postulate 3),
with a = (t,0,0,0), then for Ae ¥,

To(8) 7/(5) o () IO A =Tols + D) T (s + ) A,

i.e. 14(s) tl(s) form a 1-parameter group of homomorphisms of W into itself.

Proof. Let A be an observable in the algebra 2. We consider the first
k+1 terms of t4(s) ti(s) 7o()S,+,, where S,.; denotes the first n+1
terms of t/(t)4, and show that, for sufficiently large n and k, this is
arbitrarily close, in norm, to the sum of the first n+1 terms of
To(s + t) ti(s + ) A. The result follows in the limit k, n—co.

By definition,

S,e1=A4 +i£tdtl[V,(z1), A]
+ i? g dt, z dt,[V,(t), [V,(ty), A]] + - (n +1 terms) .

The first k + 1 terms of ty(s) T/ (s) 74(¢)S, +; are just
o9 {20001 1 5[V 501 (05,

+i? 5 ds, 3 dsy [V, (s1), [V, (s2), To(0) Sy e 1]+ - (k+1 terms)}
= 26700 {8,014 A5 L5570 405 501

+i? gs ds, sof ds, [to (1) V,(sy), [151(8) V,(52), Sps i ]+ - (k+ 11 terms)}.
But t,1(t) V,(s;) = V,(s, + 1), etc., and so we obtain

tols 41 {A Fi{ A6V, AT+ ] dty | [V, TV, AT]
0 0 0

+ -+ (n+1 terms)

+i fs dsl[l/,(s1 +1), {4+ iftdtl[V,(tl), Al+ - (n+1 terms)}}
0 0

+i2 fdsl 5 dSz[Vr(& +1), [V,(s2 +0,{A+i f de, [V,(t,), Al + }”
0 0 0
~-uptod*fds ... kj‘ldsk[Vr(Sl+t)a [ V(s +0), {4+ ...}]...]]}.
0 0
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The total number of terms (not expanding the commutators) is
(n+1)(k+1). Suppose that both n and k are greater than, say, m. Then
the term in “V™ inside the large curly bracket is

tm—-1

fdty ... | de,[V.(@t), [V,.(t,), [...[V, (). A]...]

0

tm-2

+ fds [, ... [ dt,  [V,(sg+0, [V, (), [..[V,(tp—1) AL ]+ -
0 0 0

Iy

[V 0. [ [V 0. [V (0),

s Sy-1 t
+ [ds; ... | ds;fdt ...
0 0 0 0

Sm -1

Vil ) AL ]+ + jsals1 o [ dsy[ V(s + ),
0 0

[ [V.(sm+1), AT...].

There are m+1 terms (not expanding the commutators).
If we now change the variables of integration so that, for example,
(s;+t) becomes the new s;, and then relabel each integral so that the

variables become u;, ..., u,, rather than s,, ..., s;, t;, ... t,_;, we arrive at

[, é diy . | dup [V (), [V [ooos AT ]+ -

s+t Uy Uy -1 Um-—1

+ | duy, §du,... | dujjldujﬂ... [ du, [V, (), [V, (uy), [..., A]...]

s+t Um-1

Gt T duy | duy s | dun [V [Vo(us) Lo AT ]

Adding term by term, from right to left, leads us to

s+t Um-—1

(j)dulujlduz... I du, [, .. A ]

which corresponds to the (m + 1)'* term in t/(s + ) A. So we see that the
sum of the first k +1 terms of 74(s) T2(s) 70(£) S, + is equal to the sum of
the first n + 1 terms of 7o(s + t) t/(s + t) A, (provided k = n) plus a remain-
der consisting of a sum of certain terms in V, of “degree” n+1,...,n+k.

(There are, in fact, ~;l—(n+1)+(k—n) (n+1) such terms.) Denote this
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remainder by R,. Then by direct estimation of this remainder, we obtain

n 1 n 3 n—2 n—1 n
RS {2+ 2 (L ) S (s e T

(n—1)! n—2) " (-1
n 2 n
X y y
Tt (”?ﬁ“*ﬁ

N xn+l N xn+2 N N xk 1+ N yZ L + yn
n+)! | (n+2) k! YT

where we have replaced —;lnr3 Is| |Vl by x, and %nﬁ [t |V] by y. The
last term, viz.

xn+1 xk y2 yn
('(;+—I)T+"'+k—!>(1+y+—‘+"'+“‘j‘)

can be made arbitrarily small (say < ¢) for sufficiently large n and k. The
other terms are

n 2 n—1 n 2
y x y V" X y V'
A T A A 2 =X
xn!+2!<(n—1)!+n!>+ +n!<y+ T ) ,

say.
Let ¢> 0 be given. Choose m such that

ey xm+1 + xm+2 + -
m+1)!  (m+2)! ’

and choose n so large that n>m and

yn x2 yn -1 yn xm yn -m+1 yn
_ —_— [ _ e —_ < .
SETIRY ((n—l)! * n!>+ m!((n—m+l)! LAY

Then the first m terms of 2 are less than ¢, and the remaining n — m terms
are less than or equal to

xm+1 xn .
Y
((m+1)! + o+ n!)e <g le. X2<2¢.

So we have proved that ||R,|| <3¢, for arbitrary ¢ > 0, provided k, n are
sufficiently large. Letting k — o0, and n— oo gives the result.
Corollary. The homomorphisms t(t) are automorphisms of 9.

Proof. We need only show that the t(t) are onto 2. Let Be . Put
A=1y(—1) r{(.— t) To(t)B. Then A e A, and 7,(t) t/(1)4 = 7,(t)B, which
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implies that t(f)4 = B, since 1,(t) is an automorphism. The t/(t) are
therefore onto.

We can use the group property of 74(t) t/(t) to give an alternative
proof that /() is one-one, as follows: suppose t/(t)4 = t!(t)B. Applying
To(—1) TH(—1) 74(t) to both sides of this equation then gives the result
A=B.

We shall now investigate t!(¢) in the limit as r—oco. Let 4 € A(O) be
a local observable.

Definition 1. Let r, be the smallest real number such that
[V,(@), Vy(s)] =0 for |a — b| >r,, where |t| < T, and |s| < T.

Definition 2. Let r, be the smallest real number such that
[V,(t), A] =0 for |a|>r,, where |t| < T.

Both r, and r, are well-defined positive numbers. This follows from
the fact that 4 and V are local, and Postulate 2.

Theorem 2. There exists 8 > 0, such that for all |t| < 6, the limit t/(t)4
exists as r— o0, for all local A. If we denote the limit by A’ (t), then the
map A— A% (t) is continuous in A, and can be extended to the whole of %,
for all t, and defines an automorphism of U which is strongly continuous in t.

Proof. Let A be a local observable, and let |t| < T. Then, according
to Definitions 1 and 2, if |t} <|t], and |t <|t], then

Ve, (), Ve, ()] =0 if |a;—ay>r,
and
[Va,(t), A1 =0 if laj|>r,.

Consider the general term in the series for t/(f)A4, namely

t tn t
Plde (d,_, .. [dt, | &ay...
0 0 0 lan| s

(*)
f d3a1 [Van(tn)’ [> [Va‘(tl)a A]]

lay|=r

Working from the inside bracket, we see that [V, (t;), A] is zero if
|a;| > r; similarly for the double commutator,

[Va, (82), Vi, (6) A] = [V, (85), Vo, (1)1 A+ Vo, (1) [V, (1), 4]

vanishes unless |a, —a,| < r, or |a,| <r,. The same goes for the other
term — [V, (t;), AV, (t;)]. Thus, in general, the j-fold commutator is
zero unless ay, ..., a; lies in a set |aj| <r,, or |a;—a;|<ry, or ... or
la;—a;_i| <ro. We note here that r, is independent of 4.
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Now, the norm of () is bounded by

t

jdtn...(fdtl [ day... | d3a1||[Van(t,,),[...,[Vm(tl),A]...]H]

0 lan| =1 lai|=r

< gdtn...(fdtl | d3a,,...jd3a1(|[Van(t,,),[.‘,,A]...](|~

S(n)

where the integrand vanishes outside S(n) and its positivity means that
we certainly have not decreased the value of the integral. S(n) is the
3n-dimensional region () S;, where

JjEn
Sy = {ae]R3";|a1| sS4,

Sy ={aslay| <rjuiasla, —a| S},

Si=laslaj = rguiala;—a; o Sroju-uiala;—af s o}
Expanding the commutator, we obtain as a bound for (x)
t
1 o wirAl | da,...[da.

n! St

The integral over S(n) can be split up into n! parts (not all disjoint), each
of the form of a polysphere in suitable coordinates, namely

laj| =ry,, l|ay =const, a5 <const,...
where a; is either a;, when the constant is r4, or is one of a;—a,_,,
(2 £k £), when the constant is r,.
For each je(l, ..., n) let us put

D

.= [ da= %nri

lajl<ra

say, and

_ 3 _ 45
oy = | d (aj-ak_l)—?nro—d
la,—ax-1]=r

say, for k=2, ...,].
Then the typical term in the integral over S(n) is

Uy 10 g, - O Where [e{l,....j}.

The integral over S(n) is therefore bounded above by the sum

2oy 0y, .. O

n,in
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(where the sum is over all possible values of iy, i3, ..., i,)
=D(D+d)(D+2d)...(D+(n—1)d).

It follows, then, that () is bounded in norm by
[t
n!

V" |4l D(D+d) ... (D+(n+1)d).

Let r and 1 be so large that the first N terms of t/(t)4 and t/.(t) 4 are the
same. This is possible since each S(n) is a bounded region, and con-
sequently, as r increases, each term of t/(f)4 becomes independent of r.
Then

104 ramu<2z'"

2V AL D ... (D +(n—1)d).

H"

The series Z 2\VII"D(D+d) ... (D+ (n—1)d) converges, uniformly

in [t| <6, by the ratio test, for 6 <1/2|V|d. Hence, given ¢>0, for
sufficiently large N, (i.e. sufficiently large r, ")

I7h0) A — L) Al <e.

The t!(t)A therefore form a Cauchy net, and hence converge in 2.

The 6 defined above depends only on V and r(, not on 4. It follows
that, for |t| < 8, ©/(t) A converges uniformly as r — oo, for all local A. Since
each t/(t)A is continuous in A, it follows that t’ (1)4 = A’ () is also
continuous in A, for 4 local, and |t| £ §. We can therefore extend 77 (¢),
for |t| £ 8, by continuity, to the whole of 2.

Now, t% (t) is the strong limit of automorphisms, and is therefore
certainly a *-homomorphism. We shall show that 7/, (t) is one-one and
onto, for |t| £ 6. The relation

To(5) TH(s) To () Th(t) = To(s + 1) (s + 1), for |s|<9,

|t| < &, implies that t(s) t(t) = t(s + t), where 1(t) denotes t(t) T’ (t). We
deduce that t/,(t) is an automorphism, as in the corollary to Theorem 1.
So far we have defined a family of automorphisms, 7(¢), with |t| < J.
We can extend these to all t.
Define, for |0] <20,

©(0) = 1(x) t(y),
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where |x| £ 6, [y| £ 0, and x + y = 0. The right hand side is well-defined,
and is an automorphism of 2. If |f] < §, this definition is no more than
an identity. Suppose d<|0] <26, x +y=0=x"+y, |x], x|, [yl, |y <9,
and x % x". Then
T(x) T(y) = 1(x) T(x — x') T(y)

=t(x)t(y’ =y t(y), using x—x'=y' -y,

= () <),
which simply means that t(6) is independent of how we write 6 = x + y,
ie. is well-defined. We have therefore extended the range of ¢, from
[t]| <0, to |t| £26. In this way we can define t(¢) for any t.

That 7! (¢) is strongly continuous in ¢ follows from the obvious fact
that t(¢) is strongly continuous for each r, and the following estimate:

It (A =1, () Al S 1T (0 A — () A

+ |t A — () Al + [Ief () A — 5 (1) Al -

The first and third terms on the r.h.s. can be made arbitrarily small, for
sufficiently large r (convergence is uniform in t), and the second for
|t —t'| sufficiently small. This proves the theorem.

Remark. The family 7,(s) t/,(s) = t(s) is a one-parameter group of
automorphisms of 2, strongly continuous in s, for all s.

Theorem 3. t (t) commutes with space translations, i.e. T’ (t) 7,(0, a)
= 1,(0, a) 7%, (1), for all a.

Proof. Let A be local, and |t| < §; then we have
t
To(a) L () A = 14(a) (A +ifdt [ d*a [V, (1), Al + )
0

=To(@)A+i jt dt, dedx [Va1+a(t1)’ To(a)A]+ -
0

=t to(@)A4.

Continuity of the automorphisms gives the result for all A € . It remains
to remove the restriction |¢| < 6. This is easily done as follows; let s be
given. Then there exists ¢, with |t| <J, and a positive integer m such
that mt =s. Let A€ 2.
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70(0, @) Tl () A = 16(—5) 76(0, @) 7o (5) 7L, (5) 4
= To(—35) 70(0, @) (z(8))" 4 = 1o(—5) (z(t))" 75(0, a) 4
=10(5) 70(0, @) 4,  (where t(1) = 7,(t) 7%, (1)) .

This completes the proof of the theorem.

Clearly, both Theorem 2 and Theorem 3 hold in any number of
dimensions.

If, in addition to the assumptions 1,2,3, we have a continuous
representation of 0(3) in Aut 2, and if we choose V to be invariant under
this action of 0(3), the theory will be Euclidean invariant.

Suppose that instead of a general B*-algebra U, we consider the
algebra constructed as follows. Define #Z(0) to be the W*-algebra
generated by o(f), n(g) as f,g run over Z(0), where (¢, n) is the usual
relativistic scalar free field at time t = 0 and where now ¢ CIR?; let U,
be the C*-algebra generated by the #(0). Then results worded as our
Theorems 2 and 3, with U, replacing 2, can be proved by similar methods
(using weak integrals instead of Riemann-Bochner integrals). (But in
this case, 7,(¢) will not be continuous in ¢ in the sense of assumption 3,
so that the continuity of the time evolution, t4(t) t’, (¢), will be a represen-
tation-dependent concept.)

If Ae Z(0) and fe 2(0), it is easy to prove from our estimates that
the norm limit, t(t)4, of 7,()4 = 1,(t) ' ()4 as r— o0, is uniform in
|A] £1. Since 7,(t) is implemented, it follows that t,(f)e’**Y) and
7,(t)e"*™V) are strongly continuous in «, and since the limits r—oo are
uniform in «, we see that t(t)e’**VY) and t(t)e’*"") are strongly con-
tinuous in «. This means that the sharptime Heisenberg fields ¢(f, ),
n(f,t) can be defined as the self-adjoint generators

Bf0 = T
the limit being strong on the domain D, of ¢(f, ). In general, D, will
depend on t.

The resulting theory fails to be satisfactory because

(1) time-evolution is not implemented,

(2) locality and relativity do not hold.

The first would be remedied by changing to a new representation,
as required by Haag’s theorem [7]. The second is due to the non-local
nature of the interaction.

Note added in proof. Bounded interactions without a space cut-off have been considered
by Heegh-Krohn as weak limits of cut-off theories (see Boson Fields under a General
Class of Local Relativistic Invariant Interactions); and by Efimov, and others in perturba-
tion theory. (See A. Salam, R. Delbourgo and J. Strathdee, Phys. Rev. 187, 1999 (1969)
and references therein.)
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