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Abstract. It is shown that, given any set of initial data for Einstein’s equations which
satisfy the constraint conditions, there exists a development of that data which is maxi-
mal in the sense that it is an extension of every other development. These maximal develop-
ments form a well-defined class of solutions of Einstein’s equations. Any solution of Ein-
stein’s equations which has a Cauchy surface may be embedded in exactly one such maximal
development.

1. Introduction

It is a well-known (1) property of Einstein’s equations that an appro-
priate set of initial data given on a spacelike 3-surface may be integrated
a finite distance into the future, and that the resulting solution is unique,
up to isometry, in a neighborhood of the original 3-surface. A priori,
it might appear to be possible that, once the solution has been integrated
beyond a certain point in some region, the option, previously available,
of further evolution in some quite different region has been destroyed’.
We would thus obtain two distinct developments of the initial data such
that neither could be further extended to include the other. Our main
result (Theorem 3) asserts that such a circumstance cannot arise: any
given set of initial data has a unique “maximal” development. Thus,
without loss of generality, one may always deal exclusively with such
maximal developments rather than with the initial data itself.

Our proof of the existence of a maximal development does not
involve the particular form of the source-free Einstein equations: it is
valid for any system of equations the solutions of which define a hyper-
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! Qur arguments will involve in an essential way the fact that we are working with
equations for which the manifold is not given a priori, but rather is built up as the solution
evolves.
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bolic manifold and for which the local Cauchy problem has a unique
solution.

We show, furthermore, that a solution of Einstein’s equations which
arises from two distinct sets of initial data and which is the maximal
development of one set is necessarily maximal for the other. Thus, the
maximal developments form a well-defined class of solutions of Ein-
stein’s equations, independently of any description in terms of initial
data.

2. The Cauchy Problem

By a spacetime M we understand a 4-dimensional manifold with a
smooth metric g,, of signature (—, +, +, +)?. We shall also assume that
M is time-oriented, that is, that the light cones of M are divided into two
systems, past and future®.

Let S be a smooth spacelike 3-surface in M. The intrinsic geometry
of § is given by the induced metric h,; on S, while the embedding of S
in M is described by a symmetric tensor field C,; on S, the extrinsic
curvature*. (For example, the cylinder and plane, embedded in Euclidean
3-space, have the same (flat) induced metric, but different extrinsic
curvatures.) Suppose now that M is a solution of the source-free Ein-
stein equations,-i.e., that R,, =0. It then follows (1, 2, 3) that the tensors
h,p and C,, satisfy the constraint equations:

R+ C5Cl—(CY)? =0,

1
7,(Cj— 53.C) =0, M
where # denotes the curvature scalar of S.

Roughly speaking, the existence and uniqueness theorems for the

Cauchy problem in general relativity assert that (i) the constraint Egs. (1)

2 Latin and Greek indices label tensor fields on four and three-dimensional manifolds,
respectively. The operations of covariant differentiation are denoted by ¥, and V. “Smooth”
will mean C" (n=2), where n is the order of differentiability required for the validity of
Theorems 1 and 2.

3 All of the considerations of this paper are easily generalized to the non time-orientable
case. The only essential change is to replace the extrinsic curvature, defined below, by a
double-valued tensor field whose two values differ only in sign.

4 The extrinsic curvature is defined as follows. Through each point of S, draw the
(unique) timelike geodesic orthogonal to S. The field & of future-directed unit tangent
vectors to this geodesic congruence is regular in a neighborhood of S. By construction,
& satisfies the equations

Vafb = V(uéb) 5
&' V& =0

in a neighborhood of S. Consequently, the tensor field V,¢,, defined in a neighborhood
of S, induces a symmetric tensor field C,; on S.
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are not only necessary, but also sufficient conditions that a 3-surface S
can be embedded in some spacetime which is a solution of Einstein’s
equation, and (ii) all such solutions agree, at least in a sufficiently small
neighborhood of S.

Define an initial data set as a smooth 3-dimensional manifold 2 endow-
ed with a positive-definite metric h,, and a symmetric tensor field C,,
subject to (1). A development of such an initial data set is a spacetime M,
a solution of Einstein’s equations, along with a diffeomorphism of X
onto a spacelike 3-dimensional submanifold S of M such that the metric
and extrinsic curvature of S, as induced from M, coincide with the
images of h,; and C,; given as intitial data on X, and such that S is a
Cauchy surface® for M. (To simplify notation, we shall sometimes iden-
tify 2 with its image S.) The condition that S be a Cauchy surface will be
required later to insure that the metric of M be uniquely determined by
the initial data on S.

As an illustration of these definitions, we may state the local existence
theorem for the Cauchy problem in general relativity as follows:

Theorem 1. Every initial data set has a development.

Definition. Let M and M’ be developments of the initial data set S. We
say that M is an extension of M" if there is an isometry from M’ onto a sub-
set of M which leaves invariant each point of S.° Thus, if M is an extension
of M’, then we may regard M’ as embedded in M. The local uniqueness
theorem for the Cauchy problem in general relativity may now be
expressed in the following form:

Theorem 2. Any two developments of S are extensions of a common
development.

This common development represents a “neighborhood” of S in which
the two developments must agree.

Our main result is a global statement of these existence and uniqueness
theorems: we show that, in a certain well-defined sense, there is a unique
“maximal” development of any initial data set. In fact, the only properties
of the usual Cauchy problem that we shall require are those given in
Theorems 1 and 2. Thus, our theorem is applicable to any system of
equations whose solutions define a spacetime and which satisfy 1 and 2,
e.g., to Einstein’s equations with sources such as perfect fluids, electro-
magnetic fields, etc.

5 That is to say, every timelike curve in M, without endpoint, must intersect S once
and only once. It then follows that M is globally hyperbolic [4, 5, 8]. For a detailed discussion
of Cauchy surfaces, see [8].

© More precisely, if 4 and A’ are the diffeomorphisms from X onto subsets of M and
M, respectively, and if ¢ is the isometry from M’ to a subset of M then A~'¢ A’ must be
the identity mapping on X.
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Theorem 3.7 Let S be an initial data set. Then there exists a development
M of S which is an extension of every other development of S.® This
development is unique (up to isometry).

Proof. Let .# denote the collection of all developments of S. By
Theorem 1, .# is not empty.

Let N and N’ be elements of .Z. By Theorem 2, there exists an open
subset U of N and an isometry y of U onto a subset of N’ such that U
is a development of S and such that i leaves invariant each point of S. The
collection of all such pairs (U, y) will be denoted by C(N, N'). Let (U, p)
and (U, ) be elements of C(N, N'),and let pe Un U. Choose any timelike
geodesic y C Un U which begins at p and meets S at some point g. The
point p is uniquely determined given the point g, the projection #* into S
of the unit tangent vector to y at g, and the proper length 4 of this geodesic.
The points p(p) and P(p) in N’ are thus characterized by (y(g, 1), 4) and
(P(g, "), 2). But w(q,n*) =®(g, "), and so p(p)=P(p). That is to say,
w and P coincide wherever they are both defined. Consequently, there
exists an isometry from Uu U into N’, defined by the property that it
agrees with 1 on U and with { on U.

It follows from the above discussion that C(N, N') is partially ordered
by inclusion of the U’s, and that every totally ordered subset of C(N, N')
has an upper bond. That is, the conditions of Zorn’s lemma [10] are
satisfied. Let (U, y) be a maximal element of C(N, N'). It follows from
the argument above that (U, y') is unique, given N and N'.

Write NN if U=N, ie, if N'is an extension of N. Because of
the uniqueness of (U, ), the relation < is a partial ordering on ./Z. Let N,
be any totally ordered subset of .#. For N, < N;, we have an isometry into

Ypy i Ny;— Ny

7 An earlier, somewhat weaker, result along these lines has been obtained by Choquet-
Bruhat (9).

8 In fact, the development M defined by the theorem is “maximal” in a much stronger
sense: M cannot be extended at all, not necessarily as a solution of Einstein’s equations,
in such a way that S remains a Cauchy surface. Intuitively speaking, this means that near
its “edge”, M is either null (in which region no further extension is possible which leaves S
a Cauchy surface), or singular (in which region no further extension at all is possible).
A precise statement is as follows: any spacetime M’ (not necessarily a solution of Einstein’s
equations) for which there exists an isometry ¢ of M onto a subset of M’ such that ¢(S)
is a Cauchy surface for M’ is necessarily isometric to M.

Note, however, that a maximal development may, nontheless, be a proper subset of
some other spacetime. For example, the proper subset of Minkowski space given, in the
usual coordinates by

{tx . 2|t =12 > X2+ 2+ 22, 4+ 12> 2+ y2 4+ 22, 0>t> —1})

is a maximal development.
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which leaves invariant each point of S. By uniqueness,
Wvﬂwﬂazwyzx (2)

whenevgr N“ SNy = N,. Given two points, p,€ N, and pge N;, we set
p, = p; if either

NaéNﬂawﬂa(pa)=pﬂ or NﬂéNd’ wlﬁ(pﬁ)zp“'

Considering p, and p; as points of the disjoint union K = (J N,,

it follows from (2) that & is an equivalence relation on K. Let K denote
the collection of equivalence classes, and let g e K. We define a neigh-
borhood of g as follows: if g, € N, is an element of the equivalence class g,
a neighborhood of g is the collection of equivalence classes corresponding
to the points of N, in a neighborhood of g,. We thus define a topology on
K. In a similar way, K is endowed with a natural differentiable structure
and metric. Since each of the N, is a development of S, so is K. Thus,
K e ., and N, < K for each o. That is to say, each totally ordered subset
of ./ has an upper bound. By Zorn’s lemma, there is a maximal element M
of 4. Thus, the only extension of M is M itself. It remains to be shown
that M is an extension of every development of S.

Let M’ be another development of S, and let (U, ) be the corre-
sponding maximal element of C(M’, M). Let M denote the disjoint
union of M" and M where each point ¢’ € U is identified with p(q') € M.
If we can show that M e .4, M will obviously be an extension of M and
M'. But since, by construction, the only extension of M is M itself,
M =M and M will be an extension of M'. To prove that M € 4, we have
only to prove that it is Hausdorff (the other properties being immediate
consequences of its definition).

Suppose that M were not Hausdorff. Then there exists points
pedUCM and pedyp(U)CM such that every neighborhood 0 of p’
has the property that y(0n U) contains p. Consider a timelike curve 7y
in U with future endpoint p’. Then y(y) must have an accumulation
point at p. But M is a development of S, and so p is an endpoint of y(y).
Thus, the point p is unique, given p’. Let H denote the collection of all
points of 0 U which are “non-Hausdorff” in the sense above. The assump-
tion that H is nonempty will lead to a contradiction. Now H is certainly
open in dU. Furthermore, given any null geodesic in H, its endpoint
in 0U must also be in H, for the corresponding null geodesic in d(p(U))
must have an endpoint in M. It follows from these two properties of H
that we may find a point p’ € H and a spacelike 3-surface T’ through p’
such that T"—p'Cc U. But now T=y(T' —p)u{p} is a spacelike 3-
surface in M. Neighborhoods of Tin M and T" in M’ are developments
of T which, by Theorem 2, must be extensions of some common develop-
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ment D C M'. It now follows that U may be enlarged to UuD. Thus,
(U, ) was not a maximal element of C(M’, M), as we have assumed.
This contradiction establishes that H is empty, and hence that M is
Hausdorff.

The uniqueness of M follows immediately from the uniqueness of
the maximal element of each C(M', M).

We shall henceforth use the term “maximal” in the sence of Theorem 3,
i.e., a development M of S is maximal if M is an extension of every other
development of S. According to Theorem 3, every initial data set defines a
unique maximal development: we may therefore always refer to such
maximal developments rather than to the initial data sets themselves.
Furthermore, it follows from the theorem that maximality is a property
only of the solution M, not of the particular choice of initial data from
which M has arisen:

Corollary 1. Let M be the maximal development of S, and let S’ be a
Cauchy surface in M. Then M is the maximal development of S'.

Thus, by Corollary 1, there exists a well-defined class of solutions of
Finstein’s equations which we call “maximal developments”. For
example, Minkowski space, the Schwarzschild solution, the Robertson-
Walker metrics, DeSitter space, and Taub space are all maximal develop-
ments, while Anti-DeSitter space, the Reissner-Nordstrom solution,
the Godel solution and Taub-NUT space are not.

Our final corollary asserts that two Cauchy surfaces in the same
spacetime, considered as initial data sets, have essentially the same
maximal developments. Thus, every solution of Einstein’s equations
which has a Cauchy surface defines a unique element of the class of
maximal developments.

Corollary 2. Let S and S’ be Cauchy surfaces in a spacetime. Then,
considered as initial data sets, S and S’ have isometric maximal develop-
ments.

Evidently, the maximal developments in Corollary 2 are extensions
of the original spacetime.
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