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Abstract. We consider a boson field φ(x) under an interaction of the form
J V(φ(x)) dx, where K(α) is a bounded continuous real function of a real variable α. If
F(α) has a uniformly continuous and bounded first derivative, we prove that the Heisenberg
picture field exists as weak limits of the Heisenberg picture fields corresponding to the
cut-off interaction.

1. Introduction

The object of this paper is to study a general class of quantum fields
with a local relativistic invariant interaction in four space time dimensions.
The fields will be self interacting boson fields, with energy operator of
the form

H = H0 +

Sj(φ(x))dx.

H0 is the free energy operator of a free boson field φ(x) of strictly
positive mass m. F(α) is a real function of a real variable α, such that F(α)
is bounded, continuous and with a bounded and uniformly continuous
first derivative.
In two space time dimensions Glimm [1] has investigated the case
where F(α) is a polynomial containing only terms of even degree and a
positive leading coefficient. For this case he proves that, after renormalization of the interaction by introducing the Wick product, the total energy
with a space cut off interaction becomes a semi bounded symmetric
4
operator on the Fock space. The case F(oc) = /lα and still in two space
time dimensions, can be treated more thoroughly, as shown by Glimm
and Jaffe [4]. Glimm was also able to treat the case K(α) = /lα 4 in three
space time dimensions [2]. The author's reason for studying interactions
given by bounded continuous functions instead of polynomials, is
strictly that of mathematical convenience, and he hopes that may be
in this way enough experience can be gained, so that later on one may
be able to treat more realistic models.
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The advantage from a mathematical point of view in studying interactions coming from bounded functions 7(α), was also to some extent
demonstrated in a previous paper [6], where the author was able to
prove existence of the asymptotic fields for the cut-off interactions.
The idea behind this paper is first to introduce the cut-off interactions, and to study the Heisenberg picture fields for the cut-off interactions. Then we use compactness arguments to prove that the weak
limits of these fields exists as the cut-off is removed. The idea of studying
the weak limits of Heisenberg picture fields was also used by Glimm to
remove the space cut-off for the Yukawa interaction with a momentum
cut-off [3].
2. The Heisenberg Picture Fields
We shall use the Fock space representation. The Fock space 3F is
a Hubert space where the elements are sequences of functions
/ = {/o»/ι» •••} witrι fn = fn(Pι>P2>
>Pn) a symmetrical function of n
3
variables pί9 ...,/?„; pt e R . The inner product in 2F is given by

(f,g)= Σ n\

ω

where ω(p) = (p2 + m2)1 and m>0. The annihilation operator a(p) is
defined by
)n (Pι> •••> Pn) = («+!) ωfoΓVπ + ifo pί9 ...,/?„) .
The creation operator α*(p) is the formal adjoint of a(p\ and we have

The free energy operator H0 is defined by
n

(#θΛ,(Pl,

,P») =

Σ

HQ is obviously self adjoint on its natural domain of definition D0.
For /zeL 2 (# 3 ), it is well known that a(h) = $ a(p)h(p)dp and
fl*(Λ) = ί a*(p) h(p) dp are closed operators with domain_s containing D0,
and that a*(h) is the adjoint oϊa(h). Moreover a*(h) + a(h) is a self adjoint
operator that is essentially self adjoint on D0.
The field operators φ(x) are given in terms of the annihilationcreation operators by
J (eipxa(p) + e~ipx a*(p)}ω(pΓ^ dp .
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φ(x) is of course just as a(p) and α*(p) an improper operator function,
or if we want an operator valued distribution; and only when φ(x) is
integrated against sufficiently smooth test functions, do we get operators.
For real h we set
φ(h)= I φ ( x ) h ( x ) d x .
i?3

From what is said above, about the annihilation-creation operators,
we see that if hω~* is in L 2 , where h is the Fourier transform of /z, then
φ(h) is a self adjoint operator which is essentially self adjoint on D0.
Let g be in Cg>(JR3), such that 0^0, g(x) = g(-x), $g(x)dx=l
and g has support in the open sphere of radius 1 and center at the origin
x\I, then g has support in the sphere of radius ε,
in K 3 . Set g (x) = s 1 g\ f —
ε
ε
\ /
and gε tends to Dirac's ^-distribution as β tends to zero. The cut-off
field operators are defined by

By what is said above about the field operators we see that φε(x) are
self adjoint operators which are all essentially self adjoint on D0.
Let F(α) be a bounded continuous real function. Then V(φe(x)) is a
bounded self adjoint operator, such that ||F(<pε(x))|| ^ |
Since
V(φβ(x))=U(-x)V(φe(0))U(x),
where U(x) is the strongly continuous unitary group defined by
(U(X) f)n(Pl,

» Σ XPJ
...,Pn) = en= l
/„(/>!,...,/>„),

we see that V(φε(x)) is strongly continuous in x.
We now define the cut-off interaction energy by
Vε,r=

ί
\x\Zr

V(φΛ(x))dx

where the integral is a strong integral. We see that VEfr is a bounded self
adjoint operator, and we have the following ε-independent estimate for
its norm
.

The cut-off energy operator is defined by

(2.1)
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Since Vε r is a bounded self adjoint operator we get that Hεr is a self
adjoint operator with the same domain D0 as H0.
Let h be real and in L 2 , we then define

We see that all operators defined above are self adjoint operators with
domain containing D0.
We define also
It is well known that the product φtl(h1)φt2(h2) is defined on the
domain of H0 and that on this domain
|>"(Λι), φt2(h2)-] = Jί dx dyA(x- y, t, - 12) h^x) h2(y)

(2.2)

where

for ί Φ 0 and Δ (x, 0) = 0.
(2.3)
From now on,we shall assume that V(oι) has a bounded uniformly
continuous derivative F'(α).

Lemma 1. Let h be in L2 and assume that V'(<x) is bounded and uniformly continuous. Then Vεtf(s) leaves the domain of φ*(h) invariant, the
commutator of these ίwo operators is a bounded operator given by
1= J

dxttdzdyh(y)gε(x-z)A(y-z,t-s)V'(φl(x)).

Proof. We start with proving that Fε r(s) leaves the domain of φ^h)
l
invariant. Let \p be in the domain of φ (h\ then we shall prove that
lτφt(h)
e
Fε r(s) ψ is strongly differentiable with respect to τ, and hence
VE}r(s)ip is in the domain of φ*(h).
But eiτφt(h)ψ is strongly differentiable with respect to τ, hence it is enough
eiτφt(h) Vε r(s) e~iτφt(h} = J dx V(eiτφt(h} φsε(x) e~iτφt(h)}
\x\Zr

is strongly differentiable with respect to τ.
Using (2.2) we get that this is equal to
s

j V(φ ε(x) + i τ Jί dy dz h(y) gε(x -z)A(y-z,t-s)).
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Since V(v) has a bounded uniformly continuous derivative K'(α), we
have that — (7(α + cτ)— 7(α)) tends to cF'(α) uniformly in α. Hence
τ
1
for any self adjoint operator A, — (V(A + cτ)—V(A)) tends to cV'(A)
in norm, and the convergence is uniform in A where A range over the
set of all self adjoint operators. Hence
V(φε(x) + iτ JJ dy dz h(y) gε(x -z)Δ(y-z,t- s))
is norm differ en tiable in τ and the convergence of the difference to the
derivative is uniform in x. Hence
ί

V(φΛ(x) + iτ Jf dy dz h(y) gε(x -z)A(y-z,t- s))

l*|£r

is norm differentiable with respect to τ, and with derivative given by
i

j dx j] dy dz h(y) gε(x - z) A (y - z, t - s) V'(φsε(xϊ) .
\x\ir

This proves that Vεtf(s)ψ is in the domain of φl(h). By differentiating
the first formula of this proof we see that
+

f

dxttdydzh(y)gε(x-z)A(y-z,t-s)V'(φl(x)).

\x\*r

This gives us the formula for the commutator as given in the lemma.
Using this formula together with the assumption that F'(α) is bounded,
we get that the commutator is bounded. This proves the lemma.
Corollary 1. ||[φf(Λ), Fε>r(s)]|| ^C|ί-s| 2 ||K'|L ||Λ|(ι where C depends
only on the mass m of the free field.
Proof. From Lemma 1 we get that

and the estimate in the corollary follows then from (2.3) and the asymptotic
behaviour of Jt. This proves the corollary.
The Heisenberg picture fields corresponding to the cut-off interaction is given by φε>r,t(h). We intend to use the fact that the estimate of
Corollary 1 is uniform in ε to select a sequence εn tending to zero such
that <p£mM(/z) converge weakly for all t and r, and all h inL 2 nL 1 .The
way we do this is by showing that Corollary 1 implies that φε,r>t(h) is
equicontinuous as functions of r, t and h with respect to ε. Then we
use the Ascoli theorem to pick out the sequence εn.
Let ψ be in D0. Since D0 is the domain of H0 as well as H^r, and
also therefore eίslίε>r leaves D0 invariant, we get that e~i(s~t)H°eisHβ rφ
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is strongly differ en tiable with respect to s, and the strong derivative is
given by
g-ί(s-r)Ho j y

isHε,r

_ιy

e

(5 _ Λ g~ l '( s ~0^o gίsH ε , r

Let h be in L2. Since D0 is contained in the domain of φ(h), we get from
Lemma 1 that the derivative is in the domain of φ(h). Using now that
φ(h) is closed we see that
—- φ(h) e~i(s~t}H° eisH^rψ = φ(h)i Vε r(s -1) e~i(s~t)H° eisHε>r\p.
as

where the derivative is taken in the strong sense. From this we get that if
ιp1 and ψ2 are in D0 then
(ψl9 e~isH^ ei(s~t}H° φ(h) <ri(5-')fl° eisH*>'ip2)
= (g-»(s-OHo eisHε,rψ^^

yy^ e-i(s-t)HQ

isHεtr^^

e

is differentiable with respect to 5 and the derivative is given by
-i(s-t)H0

e

isHf.r

e

By integrating the derivative we then get
(ψι> (φβ.r.t(A) ~ ^(Λ))φ2) = ί ds(ψι, e-isH^^
Since the right hand side is a bounded operator by Lemma 1 and D0
is dense in J^ we get
?W(Ό - ^ W = J ^5 ^ίsH-[^-s(/z), i 7βiΓ] ^ίsH- ,
o

(2.4)

where the integral on the right hand side is a weak integral.
Lemma 2. Let h be in L 1 nL 2 , then
Lφ'(h),iV^(s) ]
is norm equίcontίnuous in t with respect to ε and r.
Proof. Let h be in CQ. Then we get from Lemma 1 that

We see that the right hand side is independent of ε and r. Moreover
as t1 tends to t2 $h(y)A(y — z, tί — s)dy tends uniformly in z to
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$h(y) Δ(y — z, t2 — s)dy, and as the functions are zero outside a fixed
compact we see that the right hand side tends to zero. Hence we have
proved that for h in Q? [φ'(Λ), iVBtr(s}] is norm equicontinuous. But
C£ is dense in L± and by linearity in h and corollary 1 we get norm
equicontinuity for all h in Lj. This proves the lemma.
Lemma 3. Let h be in L 1 nL 2 , then
Φ«.r.r(A) ~ <P'(Λ) = ί ds *-*H« |>'-'(A), i Fε> J eisH^ ,
o
w/zere ί/ze integral is a strong integral, and the integrand is strongly continuous.
Proof. By Lemma 2 [ φ t ~ s ( h ) 9 i V ε t f ' ] is a norm continuous function of 5.
Hence the integrand is strongly continuous and therefore strongly
integrable. But for strongly integrable functions the strong and the weak
integral coinside and the lemma is therefore proved by formula 2.4.
Corollary 2. For h in L 1 nL 2 , we have that

where C depends only on the mass m of the free field.
Proof. We use the norm estimate of Corollary 1 to estimate the integrand of Lemma 3. This gives us the estimate of Corollary 2, and this
proves the corollary.
Lemma 4. Let h be in L 1 nL 2 , then φε>rtt(h) — φ*(h) are norm equicontinuous functions of t with respect to ε and r.
Proof. By Lemma 3 we get for tv ^ t2

o
'

By Corollary 1 the integrand of the first integral is uniformly bounded,
and by Lemma 2 it tends pointwise to zero as ^ tends to t2 or t2 tends
to ί l 5 uniformly in ε and r. Hence by Lebesques lemma on dominated
convergence the first integral tends to zero as ί l s tends to t2, or t2 tends
to ί l 5 and the convergence is uniform in ε and r. By Corollary 1 the second
integral is dominated by C\tl — t2\t\ \\V'\\^ \\h\\± which obviously
tends to zero uniformly in ε and r. This proves the lemma.
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Lemma 5. e ' is norm continuous in r, and the normcontinuity in r
is uniform in ε and on compact intervals in t. We have the estimate

Proof. Since the domain of Hε r is equal to D0 for all r, we have that
isH
, jeaves £)Q invariant for all r, and therefore eί(t~s)Hε'rι eisH^r2 is
e
ε r
strongly differentiable in s on D0 with derivative

Integrating both sides, we get on D0
itfl*,r2

e

_ eitHE,rι

=

J ds ei(t-s)HE,rι

y^ _ y^j

i{

isHε,r2

e

0

Since D0 is dense in 2F the estimate in the lemma follows from a direct
estimate of the norm of the integral above. This proves the lemma.
Lemma 6. Let h be in Llr\L2 then φε,r,t(h) — φ^h) is norm continuous
in r, and the normcontinuity in r is uniform in ε and in t on compact intervals.
Proof. From Lemma 3 we get
?•.„.,(*) - ίW(Λ) = * ί ds e-""^ [_φ<-°(h), F8,π] «"«••".
0

-ί f dsβ- ί s H e " 2[φ f - s (Λ), Vε>rJ eisH^2
o

The first and the last term of the integrand is estimated uniformly
in £ and in t on compact intervals by Lemma 5. The second term in the
integrand is estimated by C |rf — r|| where C is independent on ε and on t
if ί is on a compact interval, by the formula of Lemma 1. This proves
the lemma.
Theorem 1. There exists a sequence εn tending to zero, such that for
all h in L1r\L2 and all t and r, φεmM(/ι) — φ f (fc) converge weakly to a limit
φr(h, t) — φ^h). The convergence is uniform for r and t on compact intervals,
and the limit is normcontinuous in r and t. Relative to the strong Lj topology,
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the limit is also normcontinuous in h and
\\φr(h,t)-φ'(h)\\^C\t\3\\V'\\x \\h\\,,
where C depends only on the mass m of the free field.
Proof. Let ψί and ψ2 be in 2F and h be in L t n L 2 . (ψί9 φε>M(h) — φt(h)ψ2)
is then by Corollary 2 a uniformly bounded family of functions of t
and r, depending on a parameter ε. By Lemma 4 and Lemma 6 it is
also an equicontinuous family of functions of r and t. The Ascoli theorem
then gives the existence of a sequence επ' , tending to zero, such that the
corresponding sequence of functions converge uniformly for t and r
on compact intervals. By passing to a subsequence εn we get uniform convergence for a countable dense set of ψl and ψ29 and a countable set of h
that is dense in LίnL2 in the strong Ll topology. The norm estimate of
Corollary 2 then gives us convergence, uniformly for t and r on compact
intervals, for all ψί and ψ2 in 2F and all h in Ll nL 2 . This proves the weak
convergence. To see that the limit is normcontinuous in ί, we use Lemma 4
which gives us that for all ε > 0 there exists a δ > 0 independent of n
such that
as soon as |τ| < (5. Now we use that the set of operators with norm smaller
or equal to ε is weakly closed to get the same estimate for the limit.
This proves normcontinuity in f, and normcontinuity in r is proved in
the same way by using Lemma 6. Normcontinuity in h follows from the
norm estimate of the theorem. Hence it is enough to prove this estimate.
But using again that a closed ball of operators is weakly closed, we see
that this estimate follows directly from Corollary 2. This proves the
theorem.
Lemma 7. Let HQ and H be two self adjoint operators on a Hilbert
space, such that V = H — H0 is bounded. Let A be a bounded operator
itH
itH
itH
itH
and define At = e~ e ° Ae~ ° e . Then we have for t^Q,
At=Σi»
n=0

J. f

l..\_A,V(tJ]...,V(tn)-\dtl...dtn

ί^ίi^ίz " ^ίn^O

where V(t) = e~ίtH° V(t)eitH°. The integrals are strong integrals and the
sum is norm convergent.
Proof. Since V is bounded, H and H0 have the same domain and
eltH and eltH° leaves this domain invariant. Let ψί and ψ2 be in this
domain, then we see that (φl9 Atιp2) is differentiate with respect to t and
itH

ίtH

itH

itH

(Ψi, Atψ2) = (ψi9 e- le ° Ae~ °, i V} e ιp2) .
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By integration we get that
isH

(Ψi, Atψ2) = (ψl9 Aψ2) + l ds(ψl9 e~
o

islί

isH

isH

e °lA, i V(sf] e ° e ψ2) .

Since the domain of H0 is dense and At, A and V(t) are bounded the
identity above holds for all ιpl and all ψ2. Hence
At = A + i S d s e~isH eisH°[A, F(s)] e~ίsH° eis" ,
where the integral is a weak integral. But we see that the integrand is
bounded and strongly continuous, hence strongly integrable, and therefore the weak integral coincides with the strong integral. By iterating
the formula above we get the formula of Lemma 5. The norm convergence
follows from a direct norm estimate. This proves the lemma.
Lemma 8. Let h be in Llr\L2, then for t ^ 0

pβ.r.t(Λ)-<p'(Λ)= Σ *•" ί ί l..tvt("),vMi '>vMidti...dtn
n=l

ί^ίi

^tn^0

where the integrals are strong integrals and the sum is nor mconver gent
uniformly in ε.
Proof. The formula of Lemma 3 may be written

By Corollary 1 [<p'(Λ), K Eff (s)] is bounded uniformly in ε. Hence we may
apply the formula of Lemma 7 to the integrand, and this gives us the
formula of Lemma 8. To prove that the normconvergence is uniform in ε,
we estimate the norm of the w'th term in the sum by

using Corollary 1. But since

we see that the normconvergence is uniform in ε. This proves the lemma.
Definition. For any subset S of R3 we define St = S + Bt
where Bt = {x; \x\ ^ t}. St is then the set of points in R3 which is causally
dependent on S up to the time ί, or in other words S, is the set of points
that can be reached, in a time less or equal to ί, by a light signal emitted
from S. We shall also use the expression that to sets Sί and S2 are causally
independent up to the time t if Sί >t n S2 — θ.
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Let A be any compact set in R3. Then we define

and
Theorem 2. Let h be in LίπL2, then φr(h, t) — φl(h) converge in norm
in norm to φ(h, t) — φ*(h). The convergence is uniform for t on compact
intervals, and the limit is norm continuous in t. Relative to the strong L±
topology, the limit is also normcontinuous in h and

where C depends only on the mass m of the free field.
Proof. We shall assume first that h is in L2 and have compact support S.
It follows from the expression for the function A that φ (hj and φt(h2)
commute if the support of hv and the support of h2 are causally independent up to the time \t — s\. This gives us for any two bounded
continuous functions Fί and F2 that F^φKx)) and F2(φtε(y)) commute
if |x — y\ ^ \t — s\ + 2ε. From Lemma 1 we get for t ^ ίt ^ 0

ifSt.fl+βCBrandSf_ίl+βCA
Using now that Fx (<pl(x)) and F2 (φ'ε(y)) commute if \x-y\^\t-s\ + 2e,
we get for t ^ t1 ^ t2 ^ 0.

if Sf+3 ε c
In the same way we get for t ^ tί ^ t2 . . . ^ tn ^ 0
(2.5)

if S'f+(2» + i) β CJB r and St+(2n+ί}εcΛ.
But this proves that the n first terms in the sum in Lemma 8 is independent of r as soon as St +(2n+ί)ε C Br. Assume now that St is contained
in the interior of Brι and that rv ^ r 2 . Since the sum in Lemma 8 is normconvergent uniformly in ε we then get that φEn,r2,t(h)- φEn,rίtt(h) tends
to zero in norm as επ tends to zero. This proves that the weak limit
l
φr(h, t) — φ (h) is independent of r as soon as St is contained in the interior
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of Br. This proves the normconvergence uniformly for t on compact
intervals, if h has compact support. But since functions with compact
support is dense in L1nL2 relative to the strong topology in Lί9 the
estimate of Theorem 1 gives us normconvergence uniformly for t on
compact intervals for all h in L t nL 2 . That the limit is normcontinuous
in t follows from uniform convergence. The estimate of the theorem
follows immediately from the estimate of Theorem 1, and this gives
also the normcontinuity in h. This proves the theorem.
Lemma 9. Let h be in L1nL2, then for t ^ 0
φe,A,,(h)-φ'(h)= £ i"
« =1

f^ίl

J-J

[...[^m^^iH-.^W]*!-.*,,

'^ίn^O

where the integrals are strong integrals and the sum is normconvergent
uniformly in ε and uniformly in A, with \Λ\ < C. \A\ is the total volume of A.
Proof. This lemma is proved in the same way as Lemma 8, and
only trivial modifications of the proof of Lemma 8 is needed to prove
Lemma 9.
We will now prove two theorems which express that the interaction
is local.
Theorem 3. Let εn be the sequence of Theorem 1.
Let h be in L2 with compact support S. Let A be any compact such that
St is contained in the interior of A. Then φEn>Λ,t(h) — φ*(h) converge weakly
to φ(h, ί) — φ\h) as n tends to infinity.
Proof. From the proof of Theorem 2 we see that the n first terms in the
sums in Lemma 8 and Lemma 9 is the same if St+(2n +ί)ε C A and St+(2n+ΐ)ε
CB r . Hence φEn,Λ,t(h) — φεn,r,t(h) converge to zero in norm by Lemma 8
and Lemma 9, if St is contained in the interior of A and of Br. But from
l
the proof of Theorem 2 we see that φεntrtt(h) — φ (ti) converge weakly to
φ(h, t) — φ\h). This proves the theorem.
Theorem 4. Let \ ana h2 be in L2 with compact supports Sl and S2.
If Sl and S2 are causally independent up to time £, then φ(h^ t) and φ(h2)
commute.
Proof. Since φ1^) and φ(h2) commute, it is enough to prove that
φty^ή — φ^hi) and φ(h2) commute. But since the set of operators that
commute with φ(h2) is weakly closed it is enough to prove that <pε)l%ί(/iι)
— φ^/ii) commutes with φ(h2) if ε is small and r such that SM is contained
in the interior of Br. Using once more that the commutator is weakly
closed and Lemma 8, we see that it is enough to prove that for t ^ ίx
(2.6)
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commute with φ(h2) for ε small enough. But by (2.5) we have that (2.6)
is equal to
[...[?m^Sl,,-tlJii)]...^,Sl,t-tn +(2n.^O].

(2.7)

Using Lemma 1 we see that φ(h2) commutes with [φ'ί^i), VBfSl t _ t +ε(ίι)]
if S1 and S2 are causally independent up to time t + ε. For j = 2, 3, . . . , n
we see that φ(h2) commutes with Fε>Sl t _ t .+(2j . +1)ε (ί/) if S1 and S2 are
causally independent up to time t + (2/ + l)ε. Therefore (p(/z2) commutes
with (2.7) if Sί and S2 are causally independent up to time t + (2n + l)ε.
But since Sl and S2 are compacts, we see that if they are causally independent up to a time ί, then there exists δ > 0 such that S1 and S2
are causally independent up to time t + δ. Hence for (2n+l)ε<δ we
find that φ(h2) commutes with (2.7). This proves the theorem.
For the free Heisenberg picture fields φf(/ι) we have the following
translation invariance

U(-x)φt(h)U(x) = φt(hx),
where U(x) is the unitary group of space translations introduced in the
beginning of Section 2 and hx(y) = h(y — x). The next theorem states
that the interacting Heisenberg picture fields are also translation invariant.
Theorem 5. Let h be in L1nL2. Then for any x in R3
U(-x)φ(h,t)U(x) =
where U(x) is the unitary group of space translations and hx(y) = h(y — x).
Proof. Since φ\h) is translationin variant, it is enough to prove that
φ(h, t) — φ^h) is translation invariant. Due to the uniform norm estimate
in Theorem 2, it is enough to prove that φ(h, t) — φ*(h) is translation invariant for h with compact support S. By weak convergence and
Theorem 3 it is enough to prove that φεnjΛ,t(hx) — ^(^x) an<3
U( - x) (φεn,Λ,t(h) ~ Ψ'(h)) U(x) = φεn,Λχ,,(hx) ~ φ'(hx)
have the same weak limits when St is contained in A. The identity above
follows from the identity
V(-x)VE,ΛU(x)=Vε,Λχ.
But that φ^M-φ'frJ and φ^Λ^M-φ'fa) have the same limit
follows immediately from Theorem 3. This proves the theorem.
Remark. To get rotational invariance of the Heisenberg picture fields,
we have only to choose g(x) rotational invariant. Since then all the cutoff fields φε>r,t(h) will be rotational invariant.
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Even though the interaction is formally relativistic invariant, we
can not at this stage at least prove that the Heisenberg picture fields
are relativistic invariant or not. Already for the time translation we do
not even know if it is implemented by a group of C*-automorphisms or
not. So probably stronger results then weak convergence of the cut-off
fields would be needed to discuss relativistic invariance.
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