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Abstract. Explicit formulas are obtained by a simple algebraic method for the
representations of the finite group transformations of 0(2,1) in a continuous basis
when a non-compact generator is diagonalized. Compact and non-compact cases are
treated in a unified form and the nature of analytic continuation is determined.
The transformation function between the discrete and the continuous bases is also
given. These explicit formulas have not been obtained in the literature before.

I. Introduction

The use of the unitary infinite-dimensional representations of non-
compact groups to describe the properties of bound states of quantum-
mechanical systems is by now well understood. However, not much has
been done to deal with the scattering states. There is a need for explicite
forms of unitary representations when a continuous spectrum is used to
label the states (i.e. diagonalized). There arise here some peculiar and
unfamiliar (at least to physicists) problems that must be solved.

There has been a number of recent discussions on the unified repre-
sentation theory of compact and non-compact groups having the same
complex extention [1—3]. A number of recent papers deal with the
specific cases of the representations of O(3,1) with respect to the non-
compact group O(2,1) and the analytic continuation problem between
0(2,1) and O(3) [1—3, 8—10]. In none of the previous work there appears
the explicite form of the representation in a continuous basis and the
relation of the continuous basis to the discrete one. The purpose of this
work is to fill this gap. The simple algebraic method that we give in this
paper as an extension of the previous work [3] not only determines the
representations in a continuous basis | 1), but also gives explicite formulae
for the transformation function (m | 1) between the discrete basis |m)
and the continuous basis | 1), and the matrix elements (A |U| '), where
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U is any group element. These are the quantitites of prime interest in
physical applications. We confine ourselves to the simple prototype case,
namely the group 0(2,1), but the results can easily ge generalized to
higher groups.

In Section II we derive as a preliminary the unitary representations
of 0(2,1) from those of O(3) by analytic continuation. This is a corre-
spondence between two unitary representations, and of course, is different
than the usual correspondence of finite dimensional unitary representa-
tion of O(3) and the finite dimensional non-unitary representation of
0(2,1). In Section III, the main part of the paper, we introduce the
continuous basis by a suitable redefinition of the creation and annihila-
tion operators and derive the above mentioned quantities {m|1) and
{4 |U| 2. The nature of analytic continuation from the discrete basis to
the continuous basis is of course not unique and straightforward as one
might think, and special attention is given to this problem.

IL. Collection of Formulas. Derivation of Unitary O (2,1) - Representations
by Analytic Continuation

(1) Lie Algebras
The elements of the Lie algebras of O(3) — O(2,1) system satisfy [3]
[Lygs Lys]l =1Ly,
[Lys, Lys] = tgss Ly, (2.1)
[(Los, Lyp]=1lys
g33=—1 for O0(@3), g;5=+1 for 0(2,1),

or, in canonical form, with L* = L (Lys & ©Lyg),

V2
[Lyg, LE] = 4 L*
[L*, L] = — g33 Ly, -

Thus, starting with the O(3) algebra, L;, L5, Ly,, the 0(2,1) algebra can
be obtained by the new elements

Ew = le’ En = ":Lls’ Zza = iLza . (2'3)

2.2)

(2) Fundamental Representation of the Groups
The spinor representations of the group O(3) and 0 (2,1) (not algebras!)

are given by [3]

(= 8 B fg3s=—1 for 0(3)
W= (gssﬁ &)’detW_l ’{gs3=~|—l for 02,1) °’ 4)
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or, we can introduce real Euler angles parameters such that

¢ihi3 cos (¢ &/2) sin (¢ &/2)\ [ei*?
W= ( e“#“) (— sin(e £/2) cos (e 5/2)) ( e""’"“) » o (2.5)
o = etWtM)/2 cos (¢ £[2); [ =etW-"2sin (e &£2), e=+)—0s5-

This decomposition of W corresponds to the decomposition of the group

element
W = e’“‘le e’iéLn e":"Lu s (2-6)
and to the representation of the algebra
€

1 ’
L12=?0‘3, L13=’2—O'1, L23=‘2'8_0'2) 8=+V_g33‘ (2‘6)

(3) The General Linear Representation

From (2.5) or (2.6) the matrix elements of a general representations
are of the form

9 (1“ & V' m = etm's d(g)m’m etm”., (27)
Thus it is sufficient to find d(&),, ., corresponding to the group element

cos (¢ £/2) sin (£ §/2)\ o« B
U=(— sin (¢ £/2) cos(e£/2>)_<g335 &)

_ (2.8)
U-l= ( cf N ﬂ) .
— G338 &,
We determine the representations induced on the basis functions [3]
|D, m) =A,, X0+m YP-—m (2.9)

where @ and m are for the moment arbitrary complex numbers, and A4,,
suitable normalization constants. Then

D(W)|D,my = 4, [a X — f Y1247 [~ gy f X + 2 Y]P-m.  (2.10)

For 0 < |f| < |a|, ie. |£/2] < n/2, we can expand the bracket by the
binomial theorem :

D(W) |6, m)— Améo *x"™)

(= /3 Y)N (&X)‘D'Hn—N 2 (@1;' m) (—9ss IgX)N, ( Y)d’—m‘N' .
N=o0
The series converges absolutely; thus we can rearrange terms:

D(W) | D, m) = AmN,NSv:O (¢1—Vi~ m) (qu;'m)

. (__ ﬂ)N (_ J33 B)N FzP+m—N y@—m—N XP+m—-N+N yP—-m-N'+N
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Now let m’ = m — N 4+ N’, then for m > m’:

A4, R o o
Q(WH@’ m>=2;‘—z,;— 2 (_ﬂ)m—‘m*ﬂN(—gas)N IgN gP+m' =N

, D+ m b —m ,
(237 5 0

g g, 05

-(‘D m)(gsaw'( B\, my.

Or, introducing the hypergeometric function, we get for the matrix
elements

A, aP+m g@—m(— fym—m' (P + m)!
OWwm= 4~ =) @+ m)!

(2.11)

ac}“) sm>m'; | Bl <lef .

(di m,—P+m, L +m—m; gsall

For m' >m, |B| < ||, we sum on N rather than N’ in the original
expression

Q(W !@ m} 2 '” 2 (— ﬂ N (—gs3 3)m’—m+N (a)‘IH-m—N aP—-m'—N

-Fimﬂwf;ﬁNM@mv

—ZA @)2+™ a®=™ (—ggq )= mZ(gas I‘gll:)N

("3 ") 2 ) 12

Thus, for m' = m, |f] < |«|
An (E)P+m (2) 2= (= ggy fym'—m (D — m)!
@(W)m’m = ’A—m, (m” — m)! 2 (® = m)!

2
F(—€D+m’,—q§_m,1+m — M, g3 }5}2) '

=

2.12)

In all the above equations we have actually
m - HEy+m
m' — Ey+m',

where E, is the fractional part of m, and is fixed.
Let

2 2
2z — 1 =033 i,ﬁ}z ’z=_g33]ﬁlz’

and use
(1—2)F (a,b,c;2)=F (a,¢c — b, ¢;2/(z— 1))
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then
Ay (D)) ammem (— fm—m
OWwm =4 @+ m) (m — m')! (2.13)
cF(—D—m, 1+®—m',m—m'+1, —gss |B2); m = m'
A (D —m)t Fmtm (— ggq Bynm
DW)pem = A,, (@ — m)! (m’ —37;)! (2.13")

F(~DP4+m, D+m' +1;m' —m+1; —gs5|f]2);m =m.

(4) Irreducible Representations
Up to now @ and m were arbitrary complex numbers. Now we find the
ranges of @ and m for irreducible representations.
To find irreducible subspaces we find a subset M of the m’s such that
for m¢ M, D,,, =0, if m’ ¢ M, for every B. Because 4,, & 0 in any
irreducible subspace, the only way D,,,, can vanish is for

(D + m)!

@ mr = em=m
(@-—-m)! ’
m=0;m =m.

(A) If (@ + m) and (@ — m) are not integers, then D,,.,, + 0 for
all m and the representation is irreducible. We can require —1/2
= Re B, < 1/2 and the corresponding representations are denoted by
P(Q, Ep), Q=2 (P +1).

(B) If (D + m) is integer, (@ — m not), then the subspace m = — @
is invariant, since for any m' < —® < m, @ + m' is a negative integer.
The representation is 2+(®P), By= — ®,m = — .

(C) If @ — m = integer (D + m not), similarly @ = misan invariant
subspace: 2~ (D), Eyg= D, m < .

(D) @ + m, ® — m both integers:

(i) @ <0, we again get Z* or 2.

(ii) @ = 0 the irreducible subspace is finite dimensional, —® <m < ®.

(5) Unitary Representations
The fundamental representation preserves the form

[ X% — g33 | Y]2. (2.14)
Hence

(D) {|X]? — gss | Y]?}2?
= [2D{|aX — BY[* — gos| —gss fX + a Y[}}2?
(the factor [(2 @)!]-! is for convenience only). Expanding both sides of

(2.15)
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this equation we get

Zoo' _(__M__[X[LN!le(zdi—N)
2o V120 — M)
. (2.16)
- B it B - PYPY |- g X ¥,

We wish to identify these expansions with the sum of squares of (2.9)
3 M2 X[ @+ 720
m

2.17

X Ay 3 X — BYR@M | gy fX 4 a¥pE-m D
m

In the case of 9" (®) representations this can be done, if we change the
indices N in (2.16) to @ + m (actually to @ + E, + m) and sum over m
from — @ to co. Thus, we have

(— gs5)2t™
0= 4l =G mu@ —m:

I—A-»H-l!2
0="T4p

or,

(2.18)

D—m
=93 g mr1’

which agrees with Eq. (1.30) of Ref. 3. The ranges of @ and m are

determined by Eq. (2.19) and agree with the known results [8,10] which
are now determined by an analytical continuation.

III. Continuous Basis

The representation of the Lie algebra corresponding to (2.9) is in
terms of the boson creation and annihilation operators

1
L12=-?:-(ai"a1 — a 3ay)

I’13=%(“’1'= “2"‘“?“1)

(3.1)
. €
L23=—1,7(ai"a2—a;‘a1),
or,
LI'="Sqg*q
V§ 1 “2
_ € %
L ——Vgaz 4y

This representation is suitable for the diagonalization of L, ,. Suppose we
want to diagonalize L,; which has a continuous spectrum for the non-

compact case: gg3 = 1. For this purpose we define a new set of boson

57
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operators
1 . 1 .
of = T/;(a’f +1ia3), o = i (a3 + iaf)
or,
1 , 1 .
1 =’ﬁ("1+“2); az=‘ﬁ(cz+“31) .

So that ¢; = 9/d¢¥ and [¢; , ¢f] = d;;. In terms of these we have

?
Ly, = > (cf ca—cF )

P
L13=—2—(cf o+ €3 €y)

€ % *
L23=_2“(01 0 — C3 Cg) +

Thus we have an automorphism of the Lie algebra

(3.2)

(3.4)

Thus, for compact case, e =1, Ly3 and L,, have obviously the same
spectrum, but for the non-compact case, the representation with L,
having real continuous spectrum is the same as the representation with

L,, diagonal and having a purely imaginary spectrum.

In the representation (3.3), L,s is diagonal, and we use the same

method as in Section IT now to the states
Log |2y =212y .
The states | 1) are given by
Il) — A?. Cf¢+sl C%tdi—sl
or by
¥ iaF\P+ed [qF & jat\D—sh
-4 4 et ( s Tt )
|2y = 4, (—~——V2 ) (T

Indeed, under U [Eq. (2.8)] applied to (Zi) we find
2

. . & . & .
e’bEL“ lﬂ,> _ e—ls—g(¢+el) e@s—2—-(¢—el) l},> _ e—'b(—gaa)El l),)

ie.

Lyg |2y = — (—9g33) 2|4

%
or, under Lj,-rotation applied on (zf,,)
2

. Ny LB
e’LIALu Il> _ e—zg(¢+ €d) ezE-(tb-—s A) l]»)

ie.

L |2y = — e 1|4

(3.5)

(3.6)

(3.7)

(3.8)
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(1) Transformation between Discrete and Continuous Basis
We first expand the L,s-states in terms of the L,,-states. The latter
are l¢’ m> — Am aig¢+m a%@_'" .
From (3. 7) we obtain by expansion

D= 2 (P57 (O5 ) @y @pomrr ger ey

let N+ N =D+ m,

PS5 (qb P (O s ageem agoon

—sz P mlm>2(®®;’€im)( —sl)( e

£=i, CONTINUOUS PURE
MAGINARY SPECTRUM

¢=1, DISCRETE REAL SPECTRUM
Fig. 1. Spectrum of L,; in the compact and non-compact cases

If we introduce the hypergeometric function, we get

4; . (P + 64 + 1)
— 9=0 (eA—m)
(m[2y=2 g IeAi—m+)I@+m+1 (310

F(—®D—m,— D+ eheA—m+1;-1).
In particular, in the compact case, ¢ = 1, A = [ = integer,

) A, @ +1+1)
(m|ly=2-°2 T@+m+)Il—m+1) (3.11)

(~Q§—m,—¢+l,l—m+ 1;-1)
which must be equal to the matrix element of a rotation by 7/2:
1 2/ 2
=0=—=, — =-—1.
a=p 1z B3
Indeed we find from (2.11) that (3.11) reduces to

@my=D(e5"),,. (3.12)
In the A-plane the discrete and the continuous spectra are shown in Fig. 1.

pl—m
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(2) Matrixz Elements of Finite Transformation in the Continuous Basis

We consider again the L,s-basis (3.5). It is sufficient to determine the
matrix elements of an L,-rotation, ¢!#), In the fundamental repres-
entation, from (2.5)

i 0/2
_ 0Ly, _ (€ — (%
W=e u—( e‘””“)_( &)

_ (3.13)
W-1=(°‘a),|ag=1.
Thus from (3.7)

D(W)|2) = 52 (Gad + io a)P+ (waf + i% af)?=2

= A)(acF — bc)?+er (bef + ac)?—2*,
where we have put

(3.14)

0
a=Reoc=cos—2—

ib=Tmo—isino

S e

e=1

Fig. 2. Contours of integrations and poles of the integrand for the general binomial
expansion (3.15), for z<<0, y >0

We must expand now (3.14) in terms of the continuous basis states
| w). In the case of the continuous basis we use the integral representation

of the binomial expansion [11]
3

(A + Byi=[2ni [(—2)]! 7 I(—z+ es) I'(—es) (B)** A=*¢d(es) (3.15)

——=
8

valid for |B| < 4], |arg (— B/4)| <.

Here I'(—z + €8) (z =z + ty) haspolesat:s =y + i(n — 2),n=0,1,2, ...,
i.e. in the upper half plane, for < 0, ¥ >0 for non compact case and
ats=—n+x+1y,n=0,1,2,...,along the real axis for compact case.
I'(—es) has poles also at s = —4n and s = n, respectively (Fig.2).
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As sum of residues, equation (3.15) reduces to
(4 + By = T(l_—z) S(I(N — 2"V + 1) BY 45 (3.16)
i

i.e. the usual binomial expansion. We now apply (3.15) to (3.14):

1 1

D)) =425 T 6 —eh) 2aT(— & F ol

L f?fwd(es) d(es)'(—D — A+ es) ' (—es)

e

I'(—D 4 eA+ es') I'(—es') (—b)®

. C;“s a®+ei—es cik‘p"‘sl'“ pes cik“' a®—ei—ss’ cgdb—sl-sc' .

The last line can be rewritten to give
(_ b)es bes’ azqs_e,_ss/ cigdh-si.—-euecf c;gd)-s).a-e;—sa' .
Thus, letting
ep=¢cl—es+es
or
'=p—A+s
so that ds’ = dpu, and integrating over dsdyu instead of dsds’, we
obtain:

A
8 43 1) e i
D(W)|2) = f‘ EdMA_” Sl (= @ —ed) I (= @ Fea) Q@D a??7e¢=h
T +%oo
1
" 2mi f‘ d(es) I'(—D — A+ &s) I'(—es) (3.17)
o — b2 \¢s
(=D +eu+es)I'(ed —eu— 8,3)( p ) )

The value of the second integral is —2 s¢ J) (Residues) of poles (in the
lower half plane, non-compact case) at (Fig. 3).

es=N, and es=N-+el—ey, N=0,1,2,3,...
For the first set of poles we get for the second integral

S I'(—®—eA+N)T'(—DP+eu-+N) I'eh—eu— N) [ —b2\N
P T () =

_ 1 I'(— @D —ed) I'(D+ eu)
" sinm(sd — ep) I'l — el ep)

— b2
F(-0 - eh—®+ el 12k + op, =7

N=0
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Similarly, for the second set of poles we obtain

& [(— D —eu+ N)T'ep — e — N) '(— D + A+ N)
o2 T+ 1
7 (— bfa?)sr-st I'(— @ —gp) I'(— @ + )

. (_ ]_)N (_bZ/aZ)N+s},—e,u —

sin w(ep — ed) I'l —eu+ed)

_bz
-F(——@—e,u, ~Q5—|~sl,1—e,u+sl;——5§—).

« % Is s
X X
X %
X X
X x - (X-,U-)i HX-#)T
‘ [
o
o
o
o &=+

e=i

Fig. 3. Contours of integrations for Eq. (3.17). @ poles of I'(—es); O poles of

I'(eA—eu—es); X poles of I'(— D —el + ¢s) and I'(— D + e¢u + €s). For

e = 1, the contour has to avoid the poles X, and the contributions of the poles of
type @ and O, that coincide, exactly cancel

In the compact case, the poles lie on the real axis and the contribution. of
the poles coinciding (see Fig. 2) exactly cancel so that we obtain only a
finite sum as it should be. Thus inserting these into (3.17) we get

+%oo
D(W)|A) = f %IM) du 2‘;@. bE(—2) g2@—c(u—1)
i
I'(— D+ ep) I'(eA — eu) . —b?
{ (=& 7 eh) F(——@—sl,-—@—i—e,u,l—sl+e,u, — )
+ (-—b2 )sl«e# I'(—D —cu) 'ep —el) (3.18)
at T(—® =&l

'F(-—¢—s,u,~¢—l—el,l—s,u—l—al;—:agi)}.

Note: The phase of (—b) is chosen to be e¢* thoughout.
In the non-compact case we can then write the matrix elements in the
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symmetric form
A 2 1 —i n Su—sl d

D(W)M—-A 2n 2 g2®
— B2 1’(—(15+e,u) I'(eA — ep)
{( a ) T(=®+ep) (3.18)
.F(— ——sl — D+ eu, L — e+ eu; —bz)
su

—pe (=D —ep) I'(ep —eh)
+( s ) I'(—®—¢h)
F(—tp—l—el,— —eu, 1 —eu+ el; _bz)}.

In the compact case, the integral in (3.18) has to reduce to a finite sum.
This indeed is the case: We get contributions from the poles of

I'—®+p) and I'(—D—pu).

For —® + u = negative integer, for example, we have from (3.18)
(writing A = m, y = m'), for m < m'

D(W) |y = 2 bw'=m a20= /=) | ")

(=1)2—m  I'(m — m’)
"T@®—m +1) T(—® +m)

F(—(D—m, D+m', 1 —m+m; _bz)

or,
Am wem LA+ P—m) (—1o—mw
(m” [D(W)| m) = e AR T e ) T —m)

__sin n(tp m) F
sin w(m’ — m)
which agrees with (2.12).
The second term in the parenthesis is obtained from the first by
u—> — p, A— — A. Thus we have the relation

A_; A,
D—ﬂ»—vz" 4, 4, (7Y

— b2
( (D+m’,—¢—m,1+m'——m;—a—ab—)

(3.19)
Normalization of States. The states | 1) must be correctly normalized to

Wiy=6(u—12), or b. (3.20)

D,;0)=06(m—A), or &, (3.20")

as b — 0, a — 1. The discrete case is easy to see.
Letting —bja =9, 4 — A =z, we have for y - 4

This means

Dy (b 0) = lim oo [I'(— 62) 4 7722 I'(62)]
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The limit gives the desired result because of the identity
lim0 [pte I'(ix) — p~t* I'(—iz)] = 276 (x) . (3.21)
n—>

(3) Calculation of the Normalization Constants
We have the requirement of unitarity so that

[ hdd=[(DW)f* (DW) ) da. (3.22)

In the case of {(m | 1) we use
2 fo b = 2 (Dfu)* (Df) = [ 2 <m |D*| 2) A |D|mydd. (3.22))
m m
Consider the expression
{laf + iaf]* + |af + iaf?}*® = {Ja}|* + |af[?}*® . (3.23)
The right hand side gives

Ireo+1) % * _
mZ:'o T@—mt DI@ FmiD @l jaz[*®=m

=2 | Ap? laf 2@+ [aF |2 @=m) = SR fr
m m
Hence |4,,]? can be chosen to be

[Amlz =

reo+1)
' —m4+-1)0r@4+m+41) °
Both I'(2® + 1), I'(—m + @ + 1) have poles, these cancel to give
4 o= N2rmI(m — D)
nl* = F@ om0 r(—20)
The left hand side of (3.23) gives

(3.24)

+ oo
__:—l_ f F(—¢+8l) P(_@ - 81) 2@ |CT12(¢+62) lc;‘z(@_sl) da

2n I'(—29)
= [ 42 ct[2 oD |ef2@=eh d2 (3.25)
2“j Ir'—o+ el) I'(—® —¢el)
and [4,|2= ~50)
We see that 14 |2 correctly reduces to [lj Il” for the compact case

¢ =+ 1. Note that only this ratio is uniquely determined.
From (3.19) and (3.25) we have finally

D_yz=—Dy;- (3.26)

IV. Conclusions

It is well-known that in the case of the continuous basis (the set of
eigenvectors of a non-compact generator), the Lie algebra operators L*
transform the state |1) into states |4 4 ¢) that are not among the basis
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states and must be expanded in terms of the basis states. We have used
the algebraic forms of these states in terms of creation and annihilation
operators with complex exponents to make these required expansions
from the beginning. We have arrived thus at general formulas, Eq.(3.10)
and Eq. (3.18), valid for both compact and non-compact cases, which
reduce correctly to finite sums in the compact case.

1.

2.
3.
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