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Abstraet. The truncated Wightman functions cannot decrease arbitrarily fast
for large space-like separation of the arguments. For certain configurations they
can fall off at most exponentially.

Upper bounds on the decrease of truncated Wightman functions were
established a long time ago [1—5]. For instance, for a relativistic quan-
tum field theory of a self-interacting neutral, scalar field 4 (x) H. ArRAKI
[2] (compare the footnote in [5]) proved the following theorem: Under
the assumptions of a) Lorentz invariance, b) temperedness of the Wight-
man functions, ¢) the existence of a lowest non-zero mass, the truncated
vacuum expectation value (TVEV)

{A(xg) ... A(z,))T
vanishes at least exponentially for z,_, —a, =&+ A& 1=1,...,n
where &, + A& should be a Jost point for sufficiently large A and
A=+ oo, &, & fixed (with at least one &; = 0).

Here we want to point out that a lower bound on the decrease of the
TVEV for similar configurations can be obtained as well. We do not
assume locality or the existence of a lowest non-zero mass.

To begin with, let us consider the 2-point function. Lorentz invari-
ance, temperedness and positive definiteness imply the well-known
Kéllén-Lehmann representation

(A () A ()Y = (A(ag) A () = Ofm o) AF (e — )

o(u) a positive tempered measure

ﬁ_ﬁconst B
. — (@ — 2)*
ym 2
or ~ R Ry (= a) exp{— m]/ (2 — @) 1 in case of the exist-

ence of a lowest non-zero mass m in the theory) .

Next, we turn to the 3-point function. It is analytic in the “extended
tube” I 1., the boundaries of which are explicitly known in terms of
the invariants [6]. Consider

WE (20, 21, ) = (A () A (27) A (25))T
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for w;,_, — ;= & + A& 1 = 1,2 with x,, 2, v, totally space-like in the
order 0, 1,2 for sufficiently large positive 4, &, & 7= 1,2 fixed, not
both & = 0.
Define
wf (A &5, &) = WE (2, 2, @) -

wl (A; &;, &) is real-analytic for sufficiently large positive A and can be
analytically continued in /4 into a wedge-shaped region with the following
angle:

n—arctal/§ OS;‘S: (8 it & & <04, = 1,2, ERER > (& &)
8 g <00 = 1,2 E2E< (5 &)
arc to-l/fﬁé:_‘l“*(,‘;?i)i it &2, E2<0, & -E =0
° (&1 &)r it 570, &7 <0, -8 =

& =0, &2<0, &-8<0

: if
i Yoo £2<0, &=0, &-£<0

Y I
ZarctOVé 52(51 (Eil &) it & =0, &2<0, &85>0

(51“(51) S e, &0 & 50,

In particular, w3 (A; &, &) can be analytically continued in /A into a
half—plane for all ('fla 52, 5],.: gé) 682:
Sy = {(&, &, &1, E)/E1, &5 € a plane that contains a time-like vector,
£-&<0 4,5=12}
‘\J {(51) 527 5{1 éé)/si = 07 E‘_;,z < 0’ 5% < O: E]Eé < 0}
v {(515 527 5{7 Eé)/giz < O’ Eé = O; 5% < 0> Ei : 62 < 0} -
This analyticity domain together with the temperedness implies ac-
cording to theorem 5.1.12 [7] that wf (4; &, &) for (&, &, &1, &) €S,
can decrease at most (linearly) exponentially, i.e.
lim sup = Tog Juf( ; 8l _ My(&;, &) > — oo
A—> 4 0
unless wl (4; &, &) = 0.
It is not difficult now to treat the general truncated n-point function
by the same method. One considers

I’VZ’(CIJO, LR n) - <‘4( >T
for o, —x; =&+ A& i=1,...,n Wlth Xy, « - ., &, totally space-like
in the order 0, 1, ..., n — 1, % for sufficiently large positive 2, &; and &;
fixed, not all & = 0.
wh(A; &, &) = WE(a,, . . ., x,) is real-analytic for sufficiently large
positive A and can be analytically continued in 2 into a half-plane for all

(Eiz‘=l...,.n’ Sgi=x,....n) € Sﬂ

2 arc tg
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Sy = SPU SP U 5P
SV = {(&,_. . & )& € a plane that contains a time-like vector,
&+ & <O0foralli,je(l,...,n)}

SﬁLZ) = {(Eii=x....,n’ §;i=1,...,n)/§1{1 == §'Zt = O ¢ <n-— 1’
& ; )Q a plane that contains a time-like vector, not all of the
t

51{@(51....,1‘,)
‘Si : 57' < 0 fOI' an t e (ib s 7/l:t)> 7 Q (‘ib e ey it)r (Egl (Ezy 52)
—&1(&:,8)))* >0 for all ¢ € (iy, . . ., 7;) and for at least two linearly
independent &, & 7,1 ¢ (iy, .. .,%,), &< 0 forall ¢ € (3, ..., 7,)},
SP = {(Eirepos ) [ == E =0 £ <,
with §£iwl ..... p Omoa space-like line, &-& <0 for all
G (g, .0y, & & <0 for all i€ (ig, ..., 9), 14 (g, ..., 1),
there exists a time-like vector #,#°>0 such that (n(&; &)
—&E(ELn)? + &, )2 >0 forall i€ (iy,...,4),7¢ (5, ..., 0}
Again we may invoke the theorem 5.1.12 of [7] and conclude that for all

L CCPIIN

on a space-like line, & - & < 0 for all 4,7 ¢ (i, . . ., 7,),

exponentially
o T(2. 8 g ’
lim sup 22 PGS L, g, ) > - oo
unless wl (4; &, &)= 0.

More detailed information about the decrease of wl (A; &;, &) for
(&, &) €8, is given by the following theorem 10.4.1 of [7]: For each
positive ¢ and ¢ there is a sequence {1,}, 4, = co and a positive # such
that the subset of (1,4, + d4,) in which

At loglwl (As &, &) = Mu(0, &) — ¢
has measure = # - 4,.
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