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Abstraet. A group theoretical derivation is given of Bargmann’s representation
of the boson commutation rules in an Hilbert space of analytic functions. Several
interesting problems arise in the study of the global representation of the canonical
group S,(2n, R). As a by-product we recover Laguerre-polynomials as spherical
functions on the nilpotent Weyl group.

I. Introduction

Several years ago, V. BARGMANN [1] has described a representation of
the creation and annihilation operators for bosons in a Hilbert space of
analytic functions. We want to show some interesting connections between
this construction and the theory of group representations. This appears
when one attempts to find a representation of the basic commutation
rules of quantum mechanics [p, ¢] = — ¢ using the device of WEYL.
Namely, one introduces a nilpotent group the Lie algebra of which is
closely related to the preceding commutation relations. It will be shown
that this leads quite naturally to the Bargmann space of entire functions.
One may then ask for the global representation of the canonical group
in this space. Again this was done by BarcmMANN though not in great
detail. We observe that the representation splits into two irreducible
parts (a fact well known in the study of the harmonic oscillator) each of
which is double valued. This appears to have been noticed only recently
[2] and it is amusing to note the analogy with the fermion case. This is
somehow unexpected, since in contrast with the orthogonal real groups
the symplectic ones have an infinitely sheeted covering.

The study of the canonical transformations is made much easier by a
mapping on a second Hilbert space of analytic functions in a unit disk.
It allows to compare the double valued representation to the known one-
valued ones of SL(2, R) [3].

One can easily extend these considerations to NV degrees of freedom.
The analog of the unit disk is found in this case to be the set of N by N
complex symmetric matrices S such that the hermitian matrix I — S
is positive definite. We shall denote the set of these matrices by .
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We shall need repeatedly the following integral [1]
[exp{—T(x) + 2b - a} d*a = a2 (det T)" 2 exp{T-1(b)}, (1)
Rn

where the notations are as follows: 7'(z) is a quadratic form, 7'-1 its
inverse; the integral converges absolutely if and only if the real part of
T is positive definite. The determination of (det7')~1/2 is obtained by
the analytic continuation of (det7(«))~Y2 with T(x)= T + taT",
(I" and T"" real and imaginary parts of T') from a positive value of
(det T(0))"12and 0 < o« < 1.

Many thanks are due to Dr. R. STora for stimulating discussions on the subject.
He has pointed out that in VILENKIN’s book ““‘Special functions and theory of group
representations’” Moscow (1965) a similar connection between the nilpotent Weyl
group and Laguerre polynomials is to be found as in section II. Also a recent
preprint by R. F. STREATER ‘‘The representations of the oscillator group” (Imperial
College preprint, March 1966) has some relation with the present work.

I1. Representations of a nilpotent group

Consider the set of 3 by 3 triangular matrices

100
h(‘x’ IB’ ?’)=<°‘ 1 0)

By 1
with o, §, y complex numbers. Clearly these matrices form a Lie group.
The multiplication law reads:

hio, B, V) (o, B,y ) =h(a+ o/, B+ B+ yas y+ 7). (2)
The Lie algebra in terms of 3 by 3 matrices is spanned by :

000 000 000
a,=1{100)a,=(000)a,={000 (3)
000 010 100
[a), @3] = —a; [a,a3] =0 [ap, a3]=0.
Indeed

& &
exp{e a; + e,y + 303} =R (el, 5 + &3, & ) ,

with e, three complex numbers. The Lie algebra (3) is nilpotent since in
the adjoint representation

[adj (e, + €505 + e3a5)]? = 0.
We are interested in a real form of the group considered above, namely
the case y = —& and = — 521+ 1p, i.e.

1
o

g (o e)=h(a,—“—;~+ie, —&)= o

7 Commun. math, Phys., Vol. 4
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where we use & to mean the conjugate of the complex number «. That
our restrictions are compatible with the group law (2) is readily verified
since

Ro[(— 2 +ig) + (— 55 +i¢) ~au| = — 5 a+ o« +aa +50)

1
=— (et o) @+E).
From (2) we deduce:
g(OC, Q)g(a’y Q')=g(d+d',9+g'+aa ;—;O(.OC)

o complex, g real.

(5)

This group we shall call the Weyl group W. It is a 3 real parameter Lie
group. As a manifold, it is isomorphic with a 3-dimensional real euclidian
space with an invariant measure proportional to d?« dp, where d*>«
stands for dReo dImw. In the 3 by 3 representation given by (4) the
Lie algebra is again given by the matrices a,, ay, a; but the restriction on
the coefficients yields g, = — &, €3 = — &. It is then recognized that the
nilpotent Lie algebra of W is isomorphic with that provided by the usual

commutation rules [p, ¢] = %—I— s 0, I]1=1[q,I]=0.

We then proceed to build a series of unitary representations of W
using the method of induced representations. For that purpose, we select
in W a subgroup W, C W of those g that can be written:

W, {g(ctou, v) w and v real, o= 0 fixed complex number} . (6)
Clearly W, is a two parameter abelian group since:

g(oxgu, ) g (o', v') = g (oo (u + o), v + v') .
The cosets g W, can be parametrized in terms of one real parameter w in
such a way that in each coset there is one and only one element of the
form g (¢ayw, 0). Indeed, for o and ¢ arbitrary, the decomposition reads:

. o o 0yl o \2
sl m ol d o Em(Ef) 0
The abelian group W, has one dimensional unitary representations
g(ocou, ?)) - ei(,uu+vv)

where y and » real label the representation. We then introduce the set of
functions {F'} defined on W with the property that:

F(gg(orou, v) = e~ " 4T F(g) . (8)

In view of (7) and (8) F is entirely known once its value is given for the
elements g (¢ eyw, 0).
To each F we then associate a function of one variable

f(w) = F(g (o, 0)) . (9)
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The group W acts on the functions F through
F—"F F(g)=F(g1'9);

this can be carried over to f with the help of (9). All we need is to find
the function %f associated to %:F. We proceed as follows. Let ¢, = (e, 0),
then g7 = (— «, — p) and from (5) and (7)

g1t gliaw, 0) = g(iayw — a, — o + wReod,)

=g<ioc0(w-1m£),0>><
Oy

X g(——ocoReo%, -0+ 2wReoco<0——°a-9I ( 0)2).
Using this result:
i (w) = 9F (g (i aqw, 0)) = F (97" « g (1 oqw, 0))

0 (1) — [uRe + (e~ ZwReocozo-('%an&“Im(%)z)] f(w — Im %)

91=g1(, 0) -
The group law is easily verified.

Equation (10) gives us a set of representations of the group W on
functions of one variable. Clearly if

(10)

I = J dwljw)f <oo, then 151 = 1,

i.e. these representations are unitary. The case » =0 is somewhat
singular. The representation is not faithfull. It reduces to a direct
integral. Except in that case the representation is irreducible. If f is
differentiable and such that its derivative is square integrable, we can
obtain the infinitesimal form of (10). Assuming « and p very small

Oaf (w) = [1 +iu Re%%— tvo — Im o%—a% — 2w Reoc&o] f(w) ==
o~ [1+iv9+ 05—2—27—(/1—{—61——21%00:0&0)-—

TN ( ,u—i—-——+ 2vw ocooco)]f(w)
It will be convenient to identify this with infinitesimal generators
defined through
fw) e (1 + igB + ad* — 5.4) f(w). (11)
Hence, we get:
A+=~L[ﬂ+—a——2vwa&]
20, Jw 070

7 2 .
A =g [ ut gy + 2vweed) .

B =yl
7‘
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with

[A: A+] = B: [A’ B] = [A+, B] =0.
In particular, if we set ay= — —% , =0, v=1, we get the usual re-
presentation of quantum mechanics on the space #?(IR) of square
integrable functions of one variable. In the following, we stick to these

particular values:
—1

zxo=V—§,‘u=O,v=l. (13)
Then the group acts according to
9=9(e 0) 10/
ilo +192 a— l «? — '
of ) = o (¢ FVE I 30 )/‘(w—[/2Reoc).

We can regard equation (10') for fixed w as defining a certain function on
the group manifold. To be more precise, we restrict our attention to those
/€ £2(R) which are infinitely differentiable, then for each w ¢ R

equation (10’) gives a mapping f—i» f(g) = 9f (w) leading to an infinitely
differentiable function on W. W itself can be considered as product of a
real line (p) times a complex plane (e). It is tempting to try to see whether
there exist functions f such that f be analytic in « for fixed p. Actually
this does not work but instead one has the following result: there exists
up to a factor one and only one infinitely differentiable function f(w)
such that f(g) given by (10') isequalto e 2 times an analytic function
of «. To see this we solve
ad . 1 A
%eT“(VMIm“‘ E“““)f(w —~J2Rex) = 0.
This reads:
(Reoc - L) flw— [/Q_Recx) - —I:f’(w - VfRea) =0
/2 /2
or
wfw) + f (w) = 0
hence
B
fw) = ctee 2 .
With the proper normalization we call this function:
1 w?

fowy=n %e 2. (14)
For g of the form g («, 0) we get from (10):

_1 2
Ifo(w) = m ¢ exp{——%——-—é—ao‘c-}— Viwa—é_az}

1 ) o 1

w 1 . (15)
- o
=t G- g X e M),
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where we have recognized in (15) the generating function for Hermite
polynomials. We are now in position to introduce the Bargmann space.
For two square integrable functions f, and f, let us denote by (f,, f,) their
scalar product

+
(fv f2) = _f f:(w) fa(w) dw .

Then to each square integrable f we associate the analytic function Hf:

f—>Hf
Hi(a) = e% (0@ O, f)
1 +o 1, w’+V§ (16)
= & [ dwe 2 2 TVEYf(w), feZR).

We shall see below that equation (16) has a second interesting inter-
pretation. This functional space has been studied in detail in reference [1]
and we shall sketch very briefly the results we need. Let f(w) be expanded
in terms of a complete set of orthonormalized Hermite functions

oo Wa 1 o)
— T 4
f0)= 2 e ) IiF= 2k,

0 ]/2"n! 0
the convergence being understood in norm; then one deduces from (15)
and (16) that:

Hf(o) = 2007 Cp ;‘—n_' is an entire analytic function.
0 n

It is then natural to define a scalar product by

(pr Hfz).%? = (fl: fz)

where the subscript % indicates that we evaluate a scalar product in a
new space. The operator H is isometric. One shows that (H f,, Hf,)z can
be written as an integral

(Hfy, Hfs)g = [ du(e) Hfy () - Hfy(2) = (fy, fa) » (17)
dp(a) = dReadI;noce_““ '

The analytic functions with finite norm (defined through (17)) build a
Hilbert space and H is then unitary. Let us call this Hilbert space Z.
The group W acts on # by requiring that

VHf—Hof . (18)
This gives with g = g(«, )
2z

CH@) =2 (GOf, ) = e

2z
2

(IO, f)

T Hfz— 7). (19)

i+ az —

PEOHf() = ¢
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In deriving (19) we have used the fact that g acts unitarily on £2?(IR).
From the infinitesimal form of (19) we get the representation in % of the
Lie algebra of W (compare with (11)):

1@OH f(2) o ( 1+ip+ az— &aiz) i),
hence
A=% A+=2z B=1I. (20)

We can also deduce the image in & of f,. From (15) and (16):

Hfy(z)=F,(2) = e ("@ 0%, fo) = 1
and from (19)

a(ac,O)FO (2)=F,(2)=e¢ 2 (21)

We can now give a second interpretation of (16) as follows. Let F € %,
then it is the image under H of some f € #?(R); according to (17) and
(18)

(050 fo, f) = (HO®O fo, Hf)g = (@OH o, Hf)g.

Now ¢@&OHf = F,(z) as expressed by (21), Hf = F and (16) also reads:

oo
Fo)=¢2 (F,Flg=[dp@) el F(), (22)
sothat e 2 F,(z) = e** plays the role of a “delta function” in the Hilbert
space %. Moreover f, was of unit norm and g acts unitarily, hence
|F.] = 1, and Schwarz inequality applied to (22) leads to

ad

|F () < |F]le? - (23)

The detailed mathematical analysis of the space #Z and of the mapping
H are given by BARGMANN in [1]; we have merely pointed out that the
whole construction can be given a rather detailed group theoretic inter-
pretation. It is also worth mentioning that one can directly arrive to &
if one induces representations of W by selecting only the one parameter
abelian subgroup W, of the elements of the form ¢(0, g). But one looses
this way the connection with the usual representation in terms of
square integrable function of one variable.

We complete this section by computing matrix elements of W. We
have seen previously that the functions

m!

bp(?) = ——m=0,1,... (24)
2 V m

make up a complete orthonormal basis in the Hilbert space #. Let us
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compute
Un.m(“> Q) = (bm g (“’Q)bm).@ (25)

1 'le-}-ozz—ﬂ—
9(0p, (2)= W e 2 (z—aq)m
ot (—a)ym*

) o'c
10— —o
=€ m! Z Zzs + STEl(m—1)!

§=0¢t=0

Un,m(o‘> l’n'm' 2 (nit)"(ﬁ;ﬂt)'t' ’

t

where } " means that the sum has to be taken for non-negative arguments
of the factorials. Now recall that the associated Laguerre polynomials
are defined by

X (—ap  Tp+k+1)
ka(x)—go sl =8 Th+st1)

f dw e~ o Lk (@) Lk (2) = Ma
0

p[ Dsq
E,p=0,1,...

it turns out to be useful to define LE(x) also for negative integer k
through:

1 ,_ 1
ot Lt x (@) = T (C @ Li (@) -

This definition is in agreement with our expression of Lk (x) given above
provided one remarks that —I’—(]Z—{'-—lé‘———f:l—) =0fors = — k — 1, s integer.
This enables one to write
— A
Uy m (% 0) = ]/%— ¢ T2 gnmm [nem(nF) . (26)

One verifies of course the unitarity condition U, ,, (e, @) = U,, ,(— &, — )
and the orthogonality relations

f"‘ Un,m o, 0) Un',m'(“’ 0) = 6n,n’ am,m’ . (27)
From the group law U (g) U(g') = U(gg’') one also deduces
e %% (o + o)™ L™ [0y + o) (B + )]

S (28)
= 2 a7 o™ Ly # (o 8y) Liy ™ (org Bip)
§=0
The character of the representation is given by:
x(o 0) = U, n(, 0) ezg‘/dlu e+|zz———2; > (2—&)n2n
n=0 n=0

_ gie [ &% L IEPT ie §@
e - £ =g =e (@),
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where 6@ («) stands for § (Rea) 6 (Im«). The preceding formulae can be
used to derive numerous properties of Laguerre polynomials. We give a
few examples in appendix I.

III. Canonical transformations

Our aim in this section is to study certain automorphisms of the
group W. To be more precise we are interested by the continuous auto-
morphisms of W of the type

gl 0) > 9g(&, 0 =9

with & function of «. The conditions to be satisfied by this correspondance
to be an automorphism are

TS n A
(i) at+p=0a+p,
(i) Tmé& B = Im« B.
The only continuous solutions of (i) are & = 2« — u&, while (ii)
imposes |A|> — |u|? = 1 which also insures the mapping to be one to one.

The notation is chosen for convenience. These automorphisms are in one
to one correspondance with the matrices

A —p
k:(—ﬁ A)
and to the product of automorphisms corresponds the product of the
matrices. These form a group isomorphic to the special linear real
group in two dimensions S L (2, R) which we shall denote in the following
by K, while kg will stand for the transform under & ¢ K of an element
g € W. K is the canonical group. Its action on the generators of W is
defined through:

ak At — ¥4 = (Ao — p&) A+ — (A& — ao)d .
That is:
kAt = JAY + gAd

FAd = QA4 + ud+.
We now seek in the space & a set of operators V (k) such that:
Ulg) =V (k) Ulg) V-1(k). (29)
In order to solve (29) we shall follow reference [1]. We remark that in
Z# we had a set of vectors F,(z) = eu_% which allows one to compute

1
the value of any function ¥ ¢ & at the point ¢ through F (t) = e 2 (F,, ).
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They are defined except for a factor by
(A-1)F,=0.
Now according to (29) one requires that
x4 -1 V(k)F,=0
or

(z%+ oz —Z) V (k) Fyz) = 0,

so that, we can choose:
1 i, [ -
V(k)Fy(z) = T/i:eXP {— -5+ %tz - %zz +
— 1
Vl = [/]T[ezmgl~ < Argl<am.
The various factors in (30) are such that |V (k)F,|= |F;]=1. One can
check this with the help of equation (1).

Hence we define V (k) for arbitrary F € # through the absolutely
convergent integral:

| =

z} (30)

V (k) F(t) = r%fdu(z)F(z) exp {2%5” %5 - ‘fz%tz}

AT lArgl (31)
Vai=V]A 2™ —n < Argl <z

A tedious though straightforward calculation shows that:
(i) V (k) is unitary,
(i) the condition (29) is indeed satisfied,
(iii) the result for F,(z) is the one given above.

The operators V (k) satisfy obviously the following indentity
[V (k) V(&) V-1 (kE), Ulg)] =0

whatever g. Since the representation U (g) is irreducible, we expect
V (k) V (k') to differ from V (kk') only perhaps by a phase factor. That is
they generate a projective representation of the canonical group K. In
fact we have choosen the phases in (31) in such a way that the arbi-

trariness be at most a sign; this is reflected in the /'L_% which appears in
front of the integral. We want to make this more explicit. The manifold
of the group K is topologically isomorphic to the product of a two-
dimensional plane and a circle. This is obvious if we choose as para-
metrization: y arbitrary complex number and A= ¢!?}/1 + |u|* Hence
the universal covering is infinitely sheeted. Equation (31) provides us
with a representation of a two sheeted covering group of K.
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The analysis of the representation of the Lie algebra of K is simple.
Let % be close to unity we write:

b I — (128, My + 0, My — 8,M_)

d, real, d, complex Mozé—((l) __(1)), M= (g (1))’ M_= (__(1) g)

with [Mg, M,]= M, (32)
(Mg, M_]= —M_
(M, M_]— —2M,

and A= €% y~ 8,. Using in Z the dense subset of polynomials on which

the Lie algebra can apply without restrictions (31) yields

V) P 1 —i0y (3 + 25 ) = by + 6oy | F )

or (33)

V(M) = (—12—+ A+A) V(M) =5 A2 V()= 4 A

VM), V(M) + V(M) and -}.—[V(M+) —~ V(M_)] are hermitian

v
operators since the representation ¥ is unitary.

An interesting feature of the representation (31) of K is that it is
reducible. There exists two closed invariant subspaces of # namely the
set of even and odd functions respectively. We shall denote them by
B+ and B~

BE={F cH F(—2)=+F(2)}. (34)
They both correspond to the same value of the Casimir operator of the
Lie algebra of K:

1
€=~ M3+ (M M_+ M_M,)

3 (35)
V(#)=5 -
We now define a set of basis vectors in %+ and %~ as follows
in gt MO =b, 1 om=g, gL+
ng KO —b 4 oa=3 341310 (9
n by T = 2n——%— n“z,—‘f+ ’Z+ 5
Then in each of these subspaces we have:
MOBE) = nhlE)
3
M+H® = ‘/Tﬁ‘ +n(n+ 1) AE, (37)

3
M-hE = ‘/—1—6— +n(n— 1) B .
The formulae look the same, they differ only by the range of n.
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These results should be compared to the classification of the (true)
unitary representations of K = SL(2, R) given by BARGMANN in re-
ference [3]. They are an extension of the discrete class® Djf to values of
k satisfying € = k(1 — k) = 16 ,le k= % and k =%in #B+ and %~
respectively. We shall call them 7+ and V—. The following considerations
provide a better mean to visualize this analogy.

We want a simpler expression for the representations V+. We first
consider ¥+ and introduce the following matrix element

1 P i
7 (b, VOOF) = [ dp(e) F(2) 23 _gzs(l}). (38)
The function @ is 0bv1ous1y an analytic function of its argument inside
the unit disk. Hence (39) defines a mapping of 4 in the space of analytic
functions inside the unit disk. Its kernel is — and we restrict immediately
this mapping to #*. The case of odd functions will be studied later. If
k corresponds to (4, u) and &’ to (A', u'), then k" = kk’ corresponds to

2”“‘_—}'[2"*‘/1//‘, ,u"=/7.,u'+,ul.
The mapping sends F on @, it will then send V (£')F on

SR
3 00 V) VEVE) = (5) 0 (4)) = ("';”)_m(%)'

Using the same notation for the representation ¥+ we have then

-1 As+ @
V) BGs) = (us + )" E o (2L (39)
The complex variable s is such that |s| < 1 and it is clear that the trans-
formations

S —

]‘;—18=Z$‘i",l7 =( 2 —"H)
us 4+ 2 —g A
are just the usual automorphisms of the unit disk. Note that s+ 2
never vanishes for |s] < 1.
We shall study the mapping (38) in more detail. The image of b,,, is

e
du(z) 22me 2

r(m+ %) F (40)

1
2

Dy (s) = [(2m)1]™

_temyE |2 \"TE)
2mm! Im+1)T (%)

m=0,1,2,....

sm

* The reader should not confuse the symbol % used here and only here as the
subscript for a representation, with % an arbitrary element in the group K.
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Define now a Hilbert space of functions analytic in the unit disk, 5#,,
in the following way

DAyl <1 O = 3 Pl [P = 3 e <o, (@)

m=0

Note that the Taylor series of @ converges uniformly on any compact
subset of the unit disk since

oo l.
PORS L el X [Pn@F = 0RO -2

s§ <1

due to the fact that for

|—l

o r (m + —;——)
el <1, (1 —2) 2= Y ",
m=0 I(m + 1) r(?)
for that branch of the function (which we consider) which is real positive
for x = 0. The inequality (42) tells us also that any Cauchy sequence in
A1), converges to an element of 5/, in the Hilbert space norm and in
the usual sense uniformly on any compact subset of the unit disk.

The scalar product in 5, is defined in an obvious way when the
functions are expanded in terms of the complete set {®,} and the mapp-
ing (38) is then a unitary map between %+ and J#,/,. Then the formula
(39) defines in S/, a unitary double valued representation of the canoni-
cal group K in 5#,,.

The Hilbert space 5/, has the usual features of a Hilbert space of
analytic functions. Apart from the inequality (42) we have a reproducing
kernel as an immediate consequence of (38). Indeed since the correspond-
ence F' — @ preserves the scalar product we have

@ (5) = BT 100 Plg= BTV (1) By, D,

Pols) = 1, 12 [V @y] ) = 12 (7~ ) 2= (1 &) 7%
So that:
B(s) = (B, D)y s Ps(s') = (1 — 58) T|<1.  (43)
And in (43) the square root has a positive real part.

We compute the matrix elements of V+. Denote V,f, (k) the matrix
element

V;a‘:m(k) = (szn: v+ (k)q)z'm) . (44)
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Then a direct computation leads to:

m=n
2n=m  T@2m)! L 1 ey _
Vin® =t [yt A2
1
X F(=mn,—n+5;m—n+1;—ui)
n=m (45)
gm-=n 2m)1 L~ L e
Vi) = st [t E 42" (= =
1
xF(—m,—m+—2—;n—m+1;—yﬂ)
n,m=20,1,2,...

where F (a, b; c; x) is the usual hypergeometric function.

We wish to give a similar analysis of the representation V—. For that
purpose we replace (38) by an other matrix element which has the same
virtue, namely except for an extra factor, to depend on k only through

the comblnatlon +-. An obvious candidate is:

Az(bl,V(k)F)= Jau PRz es” =v (). (46)
Again we thus define a mapping F — ¥ of &% in the space of analytic
functions inside the unit disk, the kernel of which is #+. We restrict
ourself to #~ and call 5#;), the image of #~. 5y, is given a Hilbert
space structure by choosing as an orthonormal basis the images ¥y, 4+,

of b2m+1,m=0;1,2,. -

52 1
Wynir(6) = [@m+ DITE [ du@)amrzety — B2 D o

3 1
— l:_____r (m i ?) ]2 sm (47)

r(m+1)r(5;-)

m=20,1,2,...
Then £, has the following deﬁni‘cion

VeHyy = |s| <1, Pl Zc Pomt1(8), [P[2= Zlcml2<oo (48)

In this case one has also the poss1b1hty of deﬁmng the scalar product
through an integral; indeed:

1 d? 1
’Ef‘:,‘;'(l - 88) 2W2m1+1(8) TZm,+l(8) = 6m1m,-

So that
dzs
7

(W W) =+ [(L5(1— 557 2T, () Piyls) . (49)
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This could not be achieved for S, the corresponding integral being
divergent. In complete analogy to what we obtained before we also have:

WAy [P S PP -9

. (50)
T(S) = (L}—!s’ T)) }Z]s(sl) = (1 - 58’)—-?_
The representation V- of the canonical group K yields in 54/,
_3 As +
V) W) = (s + T2 (ST (51)

leading for the matrix elements
Vim (k) = (Pout1, V7 (k) ¥opta) (52)
to the following expressions:

m=n
R e
xF(—n,—-n——;;m——n—]—l;——Iuﬂ)
n=m (53)
Vi m (k) = (n21—7:z)! [((gfnill);z]%rm_n_% (=ppmm X
XF(—m,—m-—%;n—m%—l;—pﬂ)
n,m=0,1,2,... .

One can observe that #,,C 5y, the inclusion being continuous
since for any @ € S, one has

I[Qllfa/g = [1@‘[.9?1/2 .
In the Hilbert space 5, ® Sy, we can write any vector as a set

of two functions (g),) with @ € Sy, ¥ € #55. The operators 4 and 4+
take the following form

0 1 0 s
A=[ : ] A+=[ p } 4,44~ 1.
2—d?0 28%-—1-10

The quadratic forms in A, A+ are diagonal as they should, and do not
involve derivatives of order higher than one:

1 d

T Hs—=— 0
1/1 4 ds
7(’2‘+A+A)=[ d}’

w

0 gt

d s d
2 _ - _
1. Y&ty 0 1, | °
g4 = L D d |
0 e 438 0 -~
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It is possible to compare this representation of the Lie algebra of K
(equations (32) and (33)) with the global form (equations (39) and (51))
and see that they agree.

IV. Generalization to higher dimensions

We study briefly the case of N degrees of freedom. The Hilbert space

Ay is now the set of entire functions of N variables f(z),z = {2y, . . ., 2y},
such that
Jadux@ @ =P <oo,
with
duy(z) =e #?dRez, ...dImzyaV,
and

N
- . =
1

The monomials
2tm 2L 2y

VIm1 - Ymit. .. my!

form a complete orthonormal basis and the Weyl group is replaced by the
group Wy defined as follows. An element g € Wy is parametrized by a
complex vector o = {«;, ..., ay} and a real number ¢ with the group

11

N
law g (e, 0") g(&”, @) =gl + o', 0 + Ima’ - &) with o’ - & =} ;.
1
The group Wy is not the product of IV groups W. The canonical group K
is then the set of continuous automorphisms of Wy of the type
k:g(e, 0)—>g(& p) & function of « . (54)
The conditions to be satisfied by k are similar to the ones encountered in
the previous section leading to the answer
by =X (Asjor; — i)
j
Oin=2 Asshir — fssphas (85)
7
0 = Zli:i;uz’k_:uij/'{ik'
k3

The group Ky is isomorphic to the set of complex 2N x 2NN matrices
which we denote by the same symbol

k—_—( i ——u) MAh—pru=1Iy (56)

—B AT u—uti=0
where A and u stand for the N x N matrices {4;;} and {u;;} and for a
matrix ¢ the symbols 6, 67 and ¢+ mean complex conjugate, transpose
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and hermitian conjugate. The restrictions on k are equivalent to

- I
nkr, =k, rl=(0 N)

Iy 0

and (87)
1

ktrgh=1, 14 = (ON—OIN) .

We remark that k! is obtained by the transformation 1 — A+, u - — u7.
The group Ky is in fact isomorphic to the real symplectic group in 2N
dimensions Sp(2N, R) (of course Sp(2, R) ~ SL(2, R)). Then for the
Lie algebra one has

2w tAT — @A = X (Ao — pasty) AT — (Aosfly — flajo) A4
2 Z
or
kA;‘_ = A7'+;"]'i + A,[Z”, kAi = Aj)"jz' + A7+ //sz' (58)
with ¥(k4) =*¥ 4,
The representation of Wy in %y is easily obtained as
Utal, tm1 (2, 0) = —[m—.!l O N Ol Ly (@) . (59)
(] 1=i<N
We now look for operators V (k) with the property that

U(fg) =V (k) Ulg) V-1(k) .

o~
o~

2 i—

|

The method is the same as before. If FF;(z) = e denote as before
the reproducing vectors we have to solve the set of equations:
N

0 - .
Zl(sz—a_z_f‘ ,ujizj—ti) V(k)Ft(Z)=O ’&=1,...,N.

j=
Due to the equations (56) the matrix A has an inverse and A-1 as well as
@A~ are symmetric. Solving the linear system above, we obtain:

V (k) Fy(t) = (det )™ % exp {— S rud T+ Bz 4 Al — —t;} . (60)

In (60) the normalization factor is such that |V (k) F,| = 1. This leads to
the following formula for an arbitrary function F (which is in terms of an
absolutely convergent integral)

V (k) F(t)
_ (detl)“‘%‘fd/@(z) exp {% EA-1aE 4+ EA — %t,u)rlt}F(z).

One observes on (61) that indeed (60) is verified and further that
(i) V (k) is unitary
(ii) V (k) Ulg) V-1 (k) = U (*9),
(i) V&) Vk)y= L V(K'E).

(61)
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We shall carry out explicitely the calculation for point (iii)
V() V (k) F(t) = (det A')~% (det )% [dpy@ dus@) F )
exp {%E' ANra'z 472" A1 —%t‘u’ At + %El—lﬂz +zA 12 — %z’lu l‘lz’}

We carry the integration over z’ with the help of the following conse-

quence of equation (1) valid for M and N symmetric matrices such that
1— (M + N ) (M + N

3 3 ) be definite positive (for the proof, see appendice IT):

fd,uN(z)exp{—l— »;—z Mz + uz +%—2N2+ 55}

— [det(1 — MN)]"% x (62)
X exp {% [uN(l — MF)tu+25(1 — MF)tu+5(1 — MN)—lME]} :
So that with A" = A'A+ @'pand ' =2 pu+ p'2

V) VR FO) = £[des 212 [duy@) P ) x

X exp {— %t,u’l"lt +

oy EA e g BA 0 A TE R %tl"”,ul”_lt} :

Now with the help of the definitions of 2 and x'* and (56) we find

A 4 At AT = e QT = (2 )T
and

A N e Y e A St E
so that:

V (k') V (k) F (t)
=;|:[det/'l”]‘%‘fd (2) F' (2) ex l'l"—l i’z Z A1 —1~t "ar=1g
Un P 3 z az+z -3 uoA .

’

Now one checks easily that &' = k'k has for parameters 2"’ and u'’ as
defined above, hence comparing our result with V (k") F () given by (61)
we see that we have indeed proved our statement (iii). In other words we
have a projective unitary representation of the canonical group
Ky~Sp2N, R).

The representation V is reducible in two irreducible ones acting in the
subspaces #F and Zy of even and odd functions of Zy. As in the one
dimensional case we can map #F and %y on Hilbert spaces of analytic
functions defined on an homogeneous space for the group K. Consider
first

(det )% (broy, V (k) F) = f dy () exp {—;—Zl—lﬂz}F(z)=Q§(l‘1ﬂ). (63)

8 Commun. math, Phys., Vol. 4
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The N x N matrix § = A-17 is symmetric and satisfies the condition
S €Sy (64)

as one readily derives from (56). We shall call %/ the image under (63)
of the space #%. It is given a Hilbert space structure by defining an
N

orthonormal basis as the image of {b(,,1; |m| even}; |m| = 3 m, We shall
i=1

call these functions @,

[m]
D,,(5) = [ du(e) eryose V[zm!] , |m|even = 2p (65)
_ Jimi] K
PH “ijé 0 '{?] o;!
2 oyt o=, .
i
The function @, is an homogeneous polynomial of degree!?;z—’ =pin
the coefficients of the matrix S. According to (62)
¢St
fm) =
D (8) =e 2
& V[m'] [m]( )

if we let @, = 0 for |m| =2p + 1.
. . . (N+2p—1
For a given |m| = 2p the number of functions @y,,; is ( 2p )
while the number of homogeneous polynomials of degree p in the

N(N +1) +p_1)

N
N@+ 1) variables s;; is ( 2

2
4

These two numbers are unequal in general, except for the case N =1
already studied. We shall prove that the functions @(S) that we con-
sider, satisfy a system of partial differential equations for N = 2. Indeed
consider

tSt ¥ 1
3 gml Pl e T Y
] Jim!]
0
and let K,; = K, stand for 2% —1 i then:
T,
188 18t
tSt

(Kii Ky — K Kyy) €2 =0.

Since this identity is valid for all values of ¢ we deduce that:
(Kinlm — KinKy)) @Im](s) =0

K;;=2%"1 aa =K

i
Sij !
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According to lemma 6 proved in appendix II the necessary and sufficient
condition for a polynomial @(S) in the variables s,; = s;; to be written
as a linear combination of the D(,;(S) is precisely that
(K Kym — K Ky5) D(S) =0
for all values of the indices ¢, 4, I, m from 1 to N. Moreover, this expansion
is unique. We are now in position to give a formal definition of the
Hilbert space %42, Tt is the set of functions in the coefficients of the
N x IV symmetric matrices S, analytic in the generalized unit disk
&y satistying the second order partial differential equations
(K Ky — K Kyj) P(S) =
1<4,4,l,m< N
which insures that for all S subject to the restriction (64) they can be
written in a unique way as a power series

S) =[Z{ i1 Ppm 1 (S)

uniformly convergent in any compact subset of the generalized unit disk;
finally one requires that

1P = 2 el < oo (68)

[m]

(67)

In this summation only the terms with |m| even enter since if |m| is odd
D(,,; = 0. According to the construction above any such @ is the image
of a unique even function F belonging to % through an identity of the
type (63). Taking into account the fact that |[F|g, = |@|xy> and the
unitarity of V

D71 )] =[] et 12 — (det A 2)F ]

if s=A"13 we deduce from AA* — gu?=1I that 1 — 8§ = (A*4)~1 so

that:
1

1D(8)] = 2] dl@’0(1 —- 88)"%. (69)
The reproducing kernel K (S, S 2 Q[m] 1) Py (Sy) can also be

computed from (63). For that purpose We note that #42is a carrier space
of a projective representation V+ of K defined by requiring that if @
is the image of ¥ then V( k) D is the image of V (k) F

V+ (k) @ (A1 a) = (det 1) 2 )2 (brop, V (k) V (k) F) = detl)-? (Brop V (kkey) F).
Now with

_ 2 ‘“l‘) _( X _#1)
=5 ) = (T
we have

g (O F gpm) —CGp At ph)y (e —p
kz - kkl - (——(Z:ul + H}:}), Ady + ﬂﬂl) o <—,‘72 A ) _
Aty = (Ady + )t (Afay + fidy) = [Py + (A1 @) g 17 [ty + (A1) 2]

8*
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and
det (A1 2,) = det (4, + (A1 @) uy)

[VH®R)B] () = det(2+ Sp)” 2 0(2 + Syt (z+ 8D).  (70)

The transformations S — (A + Su)=* (i + SA) with A, u satisfying the
conditions (56) are the well known automorphisms of the generalized
unit disk. The double valuedness of the representation ¥+ is included in
the root of the determinant. That the latter never vanishes for S in the
generalized unit disk stems from det(A + Su) = detAd det (I + Sui-t),
now detA = 0 and pA-! is symmetric and also belongs to the generalized
unit disk. We can then apply lemma 3 of appendix IT which gives
det (I + Spid=1) =0
The reproducing kernel easily follows; we have again

BUf) = (@t 1) (o, T 8Py = (06D V (k) By P)ory

since @o) is the image of by We have already observed that k! is
deduced from k by substituting A+ for 2 and — u? for u. According to
(70) we have:

1
V (k1) Dpg1(S) = det (A+ — S uT)” 2

= det(1 — uS)~ 2
~—1 — )
= (det )" Z(det(I — (A1)S))” 2.
So that the reproducing kernel is:

)—l

K(8y, 8;) = det(1 — §,8,) 2= 2 Py () Pray (Sy) - (71)

The phase in (71) is obtained by analytic oontlnuatlon from K (0, 0) = 1.

One can observe that the transformations (70) are such that the
equations (67) are still fullfilled. This is obvious from our construction
but can be verified directly (see lemma 7 of appendix IT). One also notes
that Ky contains as a subgroup Uy the unitary group in N dimensions,
then V+ restricted to Uy is reducible and yields all the representations
of the type g € Uy — detg=/2 x a totally symmetric representation of
even degree.

The case of odd functions in #y is a little more involved. To any
element in #y we associate a vector in an N-dimensional space whose
components are analytic functions in &y in the following manner.
Denote by b, 1 =i < N the elements by, ,...1,0,0)=2; in By, we
write for an arbitrary F € #y

(det 2)? 2<bg,V (k) F) 4yi= [ duy () exp (E21 Y2 F (2)= W, (-2 ). (72)

It is clear that the N functions ¥;(8) associated to F are analytic in
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&y and satisfy the same equations (67) as before. We shall call 732 the
image of #y. The basic vectors by, |m| odd, map on the vectors

5'U[m],z 8) = l/m Q)[mh Wmi—1,. mN](S) (73)

where the @y, are as before (it is understood that if m; = 0 then ¥y, ;
is zero). Any ¥ belonging to #3/2 is assumed to be such that

W= . 2 i Wty 2 din* < oo (74)

m od

Clearly the conditions (67) are insufficient to insure that an analytic
vector function in the neighborhood of § = 0 will have an expansion of
the type (74). One must add further restrictions relating the various
components of ¥. To see this observe that one has:

tSt

{ml ey
T[m]yl(s): tie 2 )

tm) VIm!]

from which follows that all the ¥,,; and hence all the functions ¥ that
we consider satisfy the system of equations

KWy (8) = K, Wy(8) . (75)

It is clear that in fact for each component of ¥ the equations (67) follow
from (75). A slight extension of lemma 6 (appendix II) shows that con-
versely any vector valued polynomial in the §,; satisfying (75) can be
expanded in terms of the ¥,

Schwarz inequality applied to (72) easily yields for any ¥ (S) € #%?

N _ -1 -
2 TSP, 8) < |P|2det(1 — S8) 2 Trace[(1 — S8)-1],8¢ Ly . (76)
i=1
The representation V- (k) is also derived from the same formula
_1 -
(V=816 (8) = et + )12 2 Wi+ S (5 8D) %
j

X [A+ Sulizt.

And finally the reproducing kernel is a set of N elements in #3/2 depend-
ing on 8’ such that:

Y, (8) = (K-¥, )
KL (8) = [1 — 88151 [det (1 — S§)]” 2.

[t

(78)

In conclusion let us note that restricted to the unitary group Uy C Ky
the representation V- is equal to the direct sum of all the representations
of the form g ¢ Uy — detg=1/2 x a totally symmetric representation of
odd degree.
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Appendix I

Laguerre polynomials as matriz elements

We want to use formula (26) of section IT to deduce some classical
properties of Laguerre polynomials.

From Schwarz inequality one has |U,, ,(«, 0)] = 1.
This yields

_zk 111
6”2 o2 Lk (2)] = [(7’—“;,’“”] 5 p + I positive . (79)
From the integral representation

_ Pz _
wIh(ed) = [ et S
one can get a generating function since for || <1,k = 0

oo o \k d2z e 4 a3
(oct)thpL’zg(aa):(_ 1) (ﬁ) f —e (1—t)2Z+ az—18Z
0

; PR —a)p

e (80)

1 ad

4 —t
:(_1)k(ﬁ) i—¢ ¢ T

tx co

(L= k=t 10 = Y e LE@) | <1, k= 0. (81)
0

Hence:

For U,,,, we can use an alternative expression
- 1 b5 A gam
Un,m(aa 0) — <’Vl/| eocA*——ocA lm> — VW <0]AneocA ocAA+ IO> ,

where |0) stands for the function b,(z) = 1. Now [4, 4*] commutes with

. . -1, B
A and 4+ and we can make use of the identity e4+B = edeBe gl B

valid for the case [4[A4, B]] = [B[A4, B]] = 0. This allows one to write
_ ortk om

— 1 a (79 ’
“IGL’I‘;(OCO():FQ Wme k=0, (81
which is equivalent to
1 d (=1 dr
LY (x) =1 g ° Lt (x) = RN O ix(x) .
From (25) we get:
m
e (2 1ym= D' 2L (g) . (82

n=0

If we use the fact that in the space &%, z and —aa; are hermitian conjugate
we can cast (80) in the form
1 d2z

oc"Lf,f(occTc) = | e Frtk gp g2
P! 7



Boson Commutation Rules 115

Let in this integral z = [/—e“"“’ and « be real o? = x> 0. Then:

B
xEL;g f dte ty p+_ f __e ik +2i)/izsin® |
which also reads
oo . k
LE(2) = e;f / dteti 2,2 (83)

a classical expression for L,
Finally we can also express U, ,(«) in the initial Hilbert space
£?(R). Then using (10) written for o = ¢z one derives:

n+m a2

1/_2 2 ml(a)me s LM () (84)
f dw e—w*+iY2we { (w) H,, (w) .

Appendix II

Lemmas on symmetric matrices

We establish a number of results used in the text which have all to
do with symmetric matrices. The first of them are "’polar decompositions”.

Lemma 1. Any symmetric N x N matrix S can be written :

8=UTDU (85)
with U unitary, D real diagonal with non negative elements.

Proof (i) Let @ be unitary and symmetric. It can be written ¢?H# with

iH
H hermitian and symmetric, hence real. Let Q —e 2 then Q= Q2
= Q'TQ’ since Q' is also unitary and symmetric. Thus (85) holds for the
symmetric unitary matrices.

(il) For an arbitrary symmetric S consider the hermitian non nega-
tive matrix SiS;let V... V) be the orthogonal proper subspaces of the
corresponding operator in an NV dimensional vector space

=VoO | yva . .| Ve,
Restricted to V&), §S is proportional to unity, the proportionality
factor being the k-th eigenvalue of §8. We assume for instance that
0= Ap< < A,

(iii) Let u be avector belonging to V@), 4 the corresponding eigenvalue

of SS (for brevity we omit the subscript k):
SSu=24u A=0.
We write Su = v, Sv = Au then 8% = A% and SS7 = AS8% = 17. Hence
» and ¥ both belong to the subspace V). Choose a basis #® in V®,
Write v® = Su(®). According to what we have seen v® = 3 ,,u®).
8
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If the basis is orthonormal (i.e. #®u® = §,5) we have:
wB @ = 4, B) Syl = bap -
Since S is symmetric £,4 is equal to £5,. Moreover:
Au@ = 88 u® = X 4,,870 = ¥ t,t5,u

B B,v
The symmetric matrix ¢ = {f,5} is then such that ¢¢+ = A1.
If A is zero t is equal to zero (it is sufficient for that to observe that
0= trttt =} ltijlz) hence SV = 0.
Y]

HA+0Q = VM

that there exists ) unitary such that = 1//'[ @1Q1T. We then construct
w® = 2 qx ﬁu(ﬁ)
which gives an other orthonormal basis in V%) with the property
Sw® = 3 quptp,u® = V/U: Guyi® = /1T .
By

(In VO the w®, are any orthonormal basas vectors.)
(iv) We conclude from (iii) that there exists an orthonormal basis
w® (1 < a < N) such that:
Sw@ = U@
the p, being the roots of the non negative eigenvalues of SS each
repeated a number of times equal to its multiplicity. Let D be the diagonal

matrix
My 0
()
0 Y

and U-! the unitary matrix whose a-th column is the vector w(®, then
the preceding set of equalities is equivalent to:
SU-1=U-'D=UTD

—=1is unitary and symmetric; according to (i) it follows

or:
S=UTDU.
Note that the square of the diagonal elements of D are the eigenvalues
of S8 or 8S.
Lemma 2. Any element k of the symplectic group Ky can be written in
the form

- ok = 0149, (86)
with g, and g, of the form (0 U) , U:N by N unitary matriz, and d of the
type:

ch 6. 0 —sho,-.. 0
P 6 6 0 "'chﬁN 0 ..‘—Shezv
(04, 05)= 0, =20 =0;
et aheye 0 chb.. 0 ! v
0 “t.—sh6y 0O “*.ch Oy

of course ¢, g, and d belong to K y.
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The proof of this lemma is omitted since it can be found for instance
in [4].

Lemma 3. If the symmetric matrices M and N satisfy 1 — MM > 0
and 1 — NN > 0 then det(1 — M N) + 0.

Proof. For any non zero vector z, 2-2—2ZMMz>0 and Z-z —
—ZNNz>0. Assume that det(1 — M N) = 0 then there would exist
a non zero vector z; such that z; = M N z,. Clearly Nz, & 0. Replace in
the positivity condition of M the arbitrary z by Nz,, it reads z, NN z; —
— Z;2; > 0 contrary to the hypothesis on N.

The next two lemmas have to do with the integration of exponentials
of quadratic forms.

Lemma 4. The necessary and sufficient condition for the entire function

1 1 N
QZSZ 3
e =e? ) 2;8:;%

hi=1
to belong to the space Xy is that the hermitian matrix
I-388

be positive definite.

Proof. According to equation (1) in the introduction the condition is
equivalent to the requirement that:
%« z8z
be positive for any complex N-vector z. Using lemma 1 this condition
is equivalent to the positivity of:

. 1 1 ,_

2 (zzzz - ?dizg - 7011212) ’

K3

_ 1
2z — —2~zSz-

where d; are the diagonal elements of D when § is written UTDU.
Writing 2; = x; + ¢y; we must have:

2 (A —-d)at+ (1+d)yH>0

or
d?<1.

The d? are precisely the eigenvalues of S5, hence 1 — d? are the eigen-
values of I — 88 and the conditions we have found are just the state-

1. s
ment of the lemma. We remark that the norm of f(2) = 2752 g equal to

1= f duy () T () = [deb(I— S5)] 2.

Lemma 5. Given two symmetric matrices M and N and two vectors u and
v the integral

fdyp(z) exp{% [2Mz+2u-2+2ZNzZ+ 25-5]}
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is absolutely convergent if and only if:
M+ N\ (M+N
- () () o

in which case if is equal to
—_ 1
[det(I — MN)] 2 X
X exp {% WN( - MF) " u+25(1 — MF) '+ 51 — MF) Mz";]}

the sign of the determinant being obtained through analytic continuation
between 0 < o =< 1 from [det (I — M, N,)|~1/? with:

MG=M(1;“)+N(1;L"), NazN(l_;a)—l—M(l;“)

and

[det (1 — M, Ny)] 2= [det (1 _MEN ﬁ+ﬁ)]—%> 0.

2 2

Proof. First the condition for absolute convergence is obtained by a
slight modification of the argument of lemma 4. It includes the case
where I — MM >0 and I — M N > 0 since these conditions are equi-
valent to

2 24y Mzt 207 >0

2 7+ 5 (N2 +2N2) >0

hence L
~ 1 M+ N _ M-+ N _
z-z+?(z _2|_ 2+ z -21— z)>0
in turn equivalent to [I— (M;_N) (M;-N)] > 0.

To get the result of the integration we apply formula (1); write
2z = x + 1y the integral reads:

u+v U=
5ty ) (2.y)

dedPye—«ay»uxw>+z(

P

T b

R*P
with 4 a matrix in the (z, y) space equal to 1/2 VT4’V

I i . (—M I
V:G,4% A:(I ~ﬂ'
We have to compute det 4 and 41, since

det (% VYT = (-1)F, detd = (~ )P det A"

and with
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hence (detA’)? deto? = (detI — M N)* since I — N M is the transpose
of I — MN. Clearly det ¢ = 1 so that
detA’ = (—1)? det(l — MN) and detd = (I — MN),

the sign of det 4’ being determined by comparing the values of det 4’
and det(I — MN) at a particular point. The above calculation also
yields _ _ _

. (N(I — M (- ZXM)-l)

({—MN) M(I— NM)—

So that A=1 = 2V-14'-1yT™"

U — v
1 /1 —i 2 1 (u
T-1_ . T-1 [
v “2(1 z) VE s 2(5)
v
2
and
u+7
b — 2
(i‘_ti’_’i“ ”)A 1 _
2 L U—TD
YT

= 2 [uN(I ~ MN)u+ 25 - MN)u + 5+ (I — MN)7].

Collecting all these results in formula (1) we obtain the desired result
except the sign in front of det (I — M N)~1/2,

For the latter we follow the procedure indicated in the introduction.

Lemma 6. The necessary and sufficient condition for a polynomial
D(S) in the coefficients s;; of a symmetric matriz S to be expanded as a
linear combination of the @,,(s) is that D satisfies the partial differential
equations

(K iy Ky — KKy B(S) = 0
1 9 . L 0
K“:?E if ik, K“:W

The functions @, are given by (65). The expansion of D is then unique.

Proof. The necessity proof has been given in the text. Suppose
now that the polynomial @ satisfies the above equations. It is con-
venient to recast the expression of @y, in the following form:

ml,

-l S g (2S )“lm
(1) (S) L H i im .
V[m'] ) 0 =0,00, =20 dl,ml<m ‘xi! Ot
2o+ ZO‘M"”ZO%Z—
i<t 1>

For each term in ®(,; we can arrange the exponents in a symmetric
matrix of non negative integers
20 o4 - -

Oy 204 . .
(o) = ?1 .2 | &g = Gy
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the sum of the elements in the ¢-th row being equal to m;. Clearly the
sum of all elements equals }' m; and is even since each off diagonal

2
element is repeated twice and the diagonal elements are even.
Our polynomial @ can also be written

Bi Bim
DS) =X o JT S BT
8 LWl<m ﬁi' ﬂlm'

where () indicates the exponents written in a similar matrix form as
above. The differential equations satisfied by @ can be broken in three
types according to the number of unequal indices among ¢jim, namely
2, 3 or 4, leading to three types of equalities for the coefficients g,
namely

2® = 0@ (87)
if (f) and (') are linked by the following substitutions:

(P) (8

. 2a + 2 [ 20 ¢+ 2
(i) [ c 2b+2f*[c+2 25] N=z2

2¢ +2 d b 7 2¢ d+1 b+1
(i) { d c+1 H[d+1 c ]Ng?,

b c+1 b+1 ¢
a-+1 c T a c¢c+1

o a1 d a d+1
(1) c b+1 « c+1 b N=z4

d b+1 N d+1 b

We have to show that the equalities (87) imply that the coefficients
o(p corresponding to all the (f) such that the elements of each row sum
up to a given integer are equal.

First one observes that all three types of substitutions are such that
the sum of elements in any row is not changed. We will show by recur-
rence that given an arbitrary (f) it can be brought with the help of the
above substitutions to a canonical form (f,); hence all g such that the
sum in each row of (f) is equal to a given non negative integer are all
equal to gz, and @ is a linear combination of @p,,;.

The recurrence starts with N = 2. We have an arbitrary matrix

(B) = (2:;1)) with 2a+c=m, 2b+c—m,.
It is understood that all quantities are non negative integers. Two cases
arise —m, and m, both even, then c¢ is necessary even and (f) can be
brought with the help of (i) to the form

(s )
0 m,

—my and m, both odd then c¢ is also odd and again repeated application of
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my — 1 1 )
( 1 my—1/°

Suppose now N > 2, with (i) one can reduce the non diagonal terms to
be 0 or 1, then with (ii) one can further reduce the number of off-diagonal
terms in each row or column different from zero to be at most one, this
exhausts the possible canonical forms if NV is equal to 3; indeed we have
the possibilities:

(i) leads to

my = 2P, 2p, 0 O my=2p,+1 2p; 1 0
My = 2, ﬁ0=[02p2 0}’ my = 2p, + 1 ‘50:[127’2 0]
my = 2p, 0 0 2p, my = 2p, 0 0 2p,

the other two cases with only m, or m; odd are easily deduced from the
preceding one.

If N > 3 we use (iii) to show that the position of the possible 1 in the
first row (and the first column) is irrelevant so that according to
my, = 2p; + 1 or 2p,, (f) can be brought to the form

2p,10...0 2p, 0...0
1 or | ©

0 0

0

and the box represents an N — 1 by N — 1 matrix (') with m{ = m, — 1

OF My, Mg = My . . ., My_1 = My to which the preceding procedure can

be applied again. This concludes the proof of the lemma if we remark

that the unicity of the decomposition @ = 3 O, Py, stems from the
[m]

linear independance of the functions @y,,;.

An obvious extension of this result is that we can replace a poly-
nomial @ by a function analytic in the neighborhood of § = 0.

Lemma 7. Let @ (8) be analytic in the domain 1 — S8 > 0,87 =8
and K (ij, Im) denote the second order differential operators

K(W, lm) = Kinlm - sz Kli Kia’ = 265;_1
if for all values of ¢,7,1, m
K (ij,Im) ©(S) = 0;
then the same holds for V (k) @ (S) defined by (70).
Proof. We use the fact that V+(k) V+(k') = = V*+(kk') and the polar

decomposition of any element k& € Ky as given by lemma 2 to reduce the
proof to the case

0
985

(i) kis of the form g = ((()] g) , U unitary
(ii) % is of the form d(0, 0, . . ., 0) (see lemma 2) since
d(0y,0g, ..., 0x)=4d(0,,0,...,0)d(0,0,,0,...,0)d(0,...,0y)

(i) V+(g) D(S) = (det U)‘% @ (UTSU).
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Call 8’ = UTSU, U = {U,;}, and K’ (i, Im) the differential operator
corresponding to the variables {S;;} then
K(’% Zm Z Uu U:}J ULL Umm K'(l,7, l,m)
VU m
and the lemma is proved in that case.
(ii) We can write d(0, 0, . . ., 0), 0 real, as

) ch0 sho
— 0 .0
dz(__l)wfohl ( 1 )u:( )
0 1 0 0,

then S’ = (A + Su)=! (i + S7) has the following matrix elements
- ch6 8, + sho S - Sia
117 8h6 S, + chf > Ple = §h6 8, + ch0’

, ch0 8y + sh6(S,p S;1— Su18:18)

“f = sh0 8y, -+ cho
with o, f running from 2 to N. The determinant of 1 + S u is equal to
sh08;; + ch0, we call this quantity D. Then the statement of the lemma
is deduced from the following equalities, obtained by direct computation
where D is considered as the operator @ (8) - D®(S)

1 —1 N
DEK(L, ) D 2= D2 [K’(ll,ocf})~sh6 38, %
y=2
X (K'( 1)/,0(/3 + K'(y1, ag))

+ sh20 )_; 81,81 K’ (6, o 5)]

¥,0=2
1 _1 N
D2K (e, V) D 2=D"1 [K’(l o, fp y) — sh Z’ S K’ (e, ﬁy)]
6=2

2K (ap, v9) D"l?-‘: K'(af, p9).

All the greek indices run from 2 to IV and due to the symmetries of the
operators K (¢j, Im) we have exhausted all the possibilities. Since

V() B(S) = D ED ()

the preceding expansions show that any operator K (¢j, Im) applied to
V+(k) @ (s) is zero if the same is true for @ (S).
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