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Abstract, A new proof is given that the subtraction rules of BogoriuBov and
Parasivk lead to well-defined renormalized Green’s distributions. A collection of
the counter-terms in “trees’ removes the difficulties with overlapping divergences
and allows fairly simple estimates and closed expressions for renormalized Feynman
integrals. The renormalization procedure, which also applies to conventionally non-
renormalizable theories, is illustrated in the g*-theory.

1. Introduction

Renormalization in Lagrangian quantum field theory is in the inter-
pretation of BocorruBov and Parasiuk [1], [2] the extension of certain
linear functionals, defined on a subspace of ¥ (R*"), to tempered distri-
butions in &’ (R4") [3]. For instance, the Gell-Mann Low perturbation
expansion of the truncated time-ordered distributions has the form

_@)n m

T or(@) -+ - Qu(@n))T —nZ n— m)! m)' fdx""+1 .dx, X (L.1)

X (T Pi@) - - Qo) A (@) - - - A (20) )T
Here the truncated vacuum expectation values {pt(ay) . . . N (2,))T
are well-defined for 5#1(x), which are Wick polynomials of the free fields
q)} (). On the other hand the straightforward construction of
(T (p{ (zy) ... (x,))T by Wick’s theorem [4] leads to a product of
distributions

IT Af @, — ) - (1.2)

leg
Formula (1.2) is in general not meaningful as one sees from the definition
of AF in p-space
Af (p) = lim i Py(p) (7 — m} + ie) ™, (L3)

where P,(p) is a polynomial and where m; > 0 is always assumed. Then
the convolutions in p-space corresponding to (1.2) can lead to ‘“‘ultra-
violet divergences”.

Nevertheless the product (1.2) taken with regularized [5] propagators
is a good starting point for the definition of (T i (z,). .. #"(x,))T.

* Research supported by the National Science Foundation.
*%* Present address: ETH, Ziirich, Switzerland.



302 K. Hepp:

The choice of regulators will turn out to be rather arbitrary, but it is
desirable to maintain Lorentz covariance. Using

aF ()~ lim P, (p)f daexplia(p® — m} + ic)] (14)
we define for ¢ > 0,7 > 0
Ape(p) = Py(p) [ doexpia(p® — m} + ie)] . (1.5)

Ape belongs to Oy (RY) N Oy (R ([3], vol. 2, p. 101) and Fourier trans-
forms and convolutions of several Ap¢ can be obtained (in the sense of
distribution theory) by interchange with the «-integration. Evidently
AF (p) — ]:'%1 Ape(p) converges to zero in €y (R?) for r | 0. One has

Ape(@) = -+ P, (z%) : f 9% exp [—ux(ml —ie)—i ] (1.6)

in Oy(R* N Oy(RY) and thus the product [/ AP (@, — ap) is well-
leg
defined. Furthermore it can be shown ([6]; see sec. 4) that

el0 7|0 jc
is a continuous linear functional on the subspace & y(R4") of those test
functions ¢ € & (R*"), which vanish of sufficiently high order N when-
ever two arguments x;, z;, 1 < 1 <§ < n, coincide.

The renormalization theory of Dyson [7] is in this framework a
constructive form of the Hahn-Banach theorem: one subtracts from
17 Ap#(x;, — ;) counter terms which vanish on &y (R*"), such that the
remainder has a limit in &’ (R**) for » | 0 and ¢ | 0. The fact that these
subtractions can be implemented by formal counter terms in 5% (x) is
an inherently beautiful feature of Lagrangian quantum field theory.

Feynman graphs efﬁclently organize the combmatoncs of the counter

terms. We map the n arguments z,, ...z, of H A5:2(x;, — «;,) onto n

points V,,...V, in a plane, called vertlces, and each propagator
A7:*(x;, — ;) on an oriented line [, from ¥V, to V. This gives (up to
topological equivalence) the graph G(V,, ... V,, &) for I] Ay, where
Z={l,.

Def.: Asubset U ={Vy,... Vp}C{Vy, ... Vy,}is called a generalized
vertex of G(V,, ... V,, Z).

Def.: Let U;={V;,...Vipw} 1 =1 =< m, be pairwise disjoint
generalized vertices of G(Vy,...V,, ¥) and A4 CZ. Then the graph
G(U,, ... U,, #) is obtained by representing the sets U,,... U, by
m points in a plane (again denoted by U;) and by connecting them by
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those I € .#, which run between different U, (i.e. between V, € U,,
V, €Uy, U; = Uy). Sets {V,} are also denoted by V.

Example: Let & ={l;,.. .1} and G(Vy, ... V4 &) be as in Fig. 1.
If U,={Vy,Vy} and A ={l, 1, 1; 1}, then G(Uy, Vs, #) becomes
Fig. 1.

72
Fig. 1. Graph and generalized subgraph

Def.: G(Uy, . .. Uy, M) is connected, if {U,, . .. U,,} is connected by
the lines in A#. G(U,, . .. U, #) is 1-particle irreducible (IPI), if for all
leM and M|l =M —{l}, G(Uy, ...U,, #|l} is connected. Otherwise
G(U,,...U,, #)is called 1-particle reducible (IPR).

Def.: The superficial divergence »(Vy, ... V) of G(Vy,...V,, L),
{Vi, ...V} c{Vy, . .. V,}, is defined by

(Vi V)= 2 (n+2)+4(m-1), (L.7)

conn

where ' extends over all I € %, which connect two vertices from
conn

{Vi,...V,} and r, is the degree of the polynomial P, in (1.3). In the
above example one has for a scalar theory (r; = 0):

'V(Vl, Vz) = O, 'V(Vl, Vz, V3) = O, ‘V(Vl, Vz, V3, V4)= O .

To each generalized vertex {Vi,...V,} we define a vertex part
X'y (Vi ... V,) as the following distribution with support in
{2y =" =ap}:
Def.: Let {V1, ... Vp}C{Vy, ... V,}. Then
1 ,ifm=1
XV, ... V=10 , for IPR G(V3,...7V,,, %) (1.8)

—~M%y (Vy,...V,,), otherwise ,

— k(P)
(V1o Vi) =§' H 2 VR, ... Vhy) IT A, (1.9)

i=1 conn

Here 3" extends over all partitions {{VF,... VL), 1=<7 < k(P)}, of
P
{Vi,...Vy}into 1 <k(P) < m sets and [I[ is taken over all I ¢ &

conn
which connect different sets of the partition. The operation M maps

Ry (Vy,...V,), being in p-space of the form &(pj+ « -+ p}) X

X F(pi, . .. pp) With F €Oy (R*™), into 6(py + * = + 2p) T'(p1s - - - P)s

where the polynomial 7' is the Taylor series of ¥ around p; = -- - p,,= 0
Commun. math, Phys., Vol. 2 21
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up to the order »(Vy, ... V), T = 0 for v < 0. One verifies by induction
that for ¢ > 0, r > 0 the above definition makes sense. Finally we set
Ry (Vi Vi) =RGVy, .. Vi) + X Vi, ... Vi) (1.10)

Bxample: If we denote graphically each (— M)-operation by a dotted
encircling of the corresponding subgraph, then we obtain in a typical
case Fig. 2. We have only listed the non-vanishing terms. One sees the

+

Fig. 2. Counterterms

emergence of subtraction rules, which are similar but not identical with
those proposed by Saram [8].

The main theorem of BogoriuBov and PARASIUK is that for an
arbitrary product of Feynman propagators (1.2) lsjﬁ)l 171%1 Ry (V... V)

exists as a tempered distribution and defines a Lorentz covariant con-
tinuation of (1.2) which can be implemented by (formal) counter terms
insfl(x).

Unfortunately the papers of BogoLiuBoV and PARASIUK [1], [2] come
close to not satisfying SALAM’s criterion: it is hard to find two theore-
ticians whose understanding of the essential steps of the proof is iso-
morphic. This is particularly regrettable, since the very ingenious and
elaborate treatment of the authors is the most general discussion of
renormalization in Lagrangian quantum field theory. Our aim is to give
a new and possibly clearer account of the fundamental operations and to
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circumvent a number of errors in the original proof of the main theorem.
We shall give a new treatment of the combinatorial structure of the
Z-operation (Lemma 2.4), which deals efficiently with the overlapping
divergences and leads to a direct majorization of the counter terms in
partial sums of tree structure (Lemma 3.2). Each tree gives a renor-
malized Feynman integral in the limit r | 0, which has the usual analyti-
city properties and is a tempered distribution for ¢ | 0. In an example we
shall discuss the renormalized perturbation series for the g*-theory [9].

2. Tree structure of the Z2-0peration

In momentum space each term in #'y (V;, ... V,) has the following
structure
® hod . i . L .
S p) [ Han R g exp|i 3 Apip — i X st~ i0)| @1
r rl=

The A,;;= A4;;(«) are rational and homogeneous of degree -+1 and
R (e, p) rational and in general not locally a-integrable for « | 0. Thus
the “ultraviolet divergences” become manifest and the counter terms are
introduced to enforce local integrability when » | 0. The greatest diffi-

culty in proving the existence of Iilr(x)l l'f% Ry (Vy,...V,) arises from
€ T

“overlapping divergences”, i.e. from the necessity of subtractions for
generalized vertices U, ={V,y,...V;}, U;={V;y,...V;;} with
U;nU;=+ 0 and neither U,> U; nor U;D> U,. Although each term in
Ry (Vy, ... V,) diverges in general for r |0, one easily sees in simple
examples that certain partial sums of counter terms converge individually
in regions of the type o = -+ = oy, = 0.

This leads to the following combinatorial problem: Given an ordering
Iy >+++->1; of the lines #. Can one decompose Z' (V;, ... V,) into
partial sums involving only non-overlapping subtractions, while keeping
definite order relations between the lines % such that “the right sub-
tractions arise at the right places” ? The answer is affirmative, and the
problem of keeping track of all counter terms has found a surprisingly
simple solution by Lemma 2.2 due to BogorLiuBov and Parasiuxk [1], [2].
In this section we shall not denote explicitly the » > 0 and & > 0 depend-
ence (by writing e.g. 4, for A}#).

We first introduce a generalized Z%-operation for a set Uj, ... U, of
pairwise disjoint generalized vertices U; = {V;4, ... V;,(y} with vertex
parts Z'(U,) (i.e. distributions with support in {z;; = -+ = 2;,(»}) and
for a subset .# CZ. For any union Uy v - - - v U, U; €{Uy, ... Uy}, we

21%
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define a vertex part as in (1.8, 9, 10) by
Uy it t=1
X (UL, ...0)=10 if GU...U;, #) is IPR (2.2)
—~MZ ,4(U;,...U;) otherwise,

_ k(P)
RqUy, ... U =§' ‘1];‘%‘.//[((]7?1! L Uhg) IT 4, (23)
j= conn

>, runs over all partitions P of {Uy, ... U;} into 1 < k(P) < t sets and
P
I over all lines I ¢ &, for which V; and ¥}, lie in different sets of the

conn
partition. M is defined in p-space as Taylor expansion of the coefficient

of § (Z' i ,-) up to the order »(Vyy,... V,z(y) around the origin. Finally
i,§

RByUl . UN=R Ul .. . UN+ XU, ... U). (24

It is important to observe that .# only accounts for IPI in (2.2), while

I] extends over all connecting lines ! €% and % determines
conn

y(Vits - - - Virep) by (1.7). Thus by varying .# one changes the number
of counter terms in (2.4) without affecting the analytical form of the
remaining terms.

Lemma 2.1. If GQ(U,, ... U,, #) is IPR, then there exists a unique
partition of {U,,...Ug} into {Uy},.. . {Ussi9} {U1s--- Ui} ---
co AUy o . Uy} 8(1), ... 8(r) > 1, such that G(U,y, ... Uy, )
are IPI and

RyUy...U)=R4U,...U,)

50 r 2.5)
=.]7133'(U0i) ]Yl RaUs, ... Uss0) 1 4y,
1= 7= conn

where [] extends over all I ¢ % connecting generalized vertices from
conn

different sets of the partition.

Proof: One obtains trivially the decomposition of G(U,, ... U, #)
into IPI components by looking at the corresponding graph. These
components are some generalized vertices U,; and some IPI subgraphs
G(Ujy, . .. Ujgi), A). Since the definition of #Z 4, (U, ... U,) excludes
all partitions of {U;,... Uy}, which are not finer than {U,]},...
.. {Usy, - .. Upsn} (because otherwise there would appear at least one
IPR subgraph) one obtains (2.5).

Since the connecting lines between the IPI components of any
G(Vy, ... Vy &) do not form closed loops, we can in the sequel restrict
ourselves to the renormalization of IPI graphs. The following lemma
shows how to regroup the counter terms in & 4, (U, ... U,,), if A is
replaced by #/l:
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Lemma 2.2: Given .# C.% and a disjoint set of generalized vertices
U,, ... U, with vertex parts Z(U,). If | € A connects different U, then

Z (U, ...U,)
=Zun(Uss ... Um)“f"z‘:%'/z/z(UnU VUi Ui s - Ujm) (2.6)
j

Here 3 extends over all IPY G(U;y, . . . U, (), A), 1 < r(j) < m, which

i
become IPR without I. Z 4/, (Uj; v+ - U Ujp(p, - - . Ujsy) is defined by
(2.2) starting from Z (U;), k >r(j), and from new vertex parts for
Ui v v Ujp:

ZanUi v Upp) =My Uy, ... Uprn) . (2.7)

Prooft by induction: The lemma is true for m = 1. We assume that
Lemma 2.2 holds for all proper subsets {Uj, ... U} of {Us,...U,},
where k <m and [ € 4 C % is fixed.

It ¢U,...U0,, #) is IPR, then also G(U,,...U,, #|l). Since
any IPI G(U;y, ... Uj.(;), #) must lie in a IPI component of
G(Uy, ... U, #), all the graphs G(U;; U-- U Uiy, - .- U A))
are IPR. Therefore both sides of (2.6) vanish.

IfqU,...U0,, #)is IPI and m > 1, then we use (2.2) and (2.3).
For each of the Z , on the right hand side of (2.3) the induction hypo-
thesis applies. If I does not connect two vertices from UR, ... UL,
then obviously & 4, (UF, ... URy) = Z.an(UR, ... UL;). The other
alternative occurs at most once in every product in (2.3), say for j = 1.
By the induction hypothesis (2.3) becomes

X yUy.. U= MR (U, ... U,) -

A
- Mgl'Z Xy (UL v~y UfaS(a)’ s U{)‘"(U) X (28)

a=1
k(P)
X II % 4, (UR, ... ULy 11 4,.
j=2 conn

Here )" extends over those proper partitions P of {U, ... U,,}, where
P

4
I connects two vertices from UL, ... U, ), and 3 over all IPT subgraphs
a=1

G(UL1, - - - Ubssiay A), 1 < s(a) = r(1), which become IPR without 1.
It is easy to see that the right hand side of (2.6) and (2.8) coincide:

—Mg./(/z(Up o Up)
becomes Z 4, (Uy, . .. Uy), if G(Uy, ... U, #]l) is IPI and otherwise

1 The proof in [1], [2] is incorrect. Unfortunately the erroneous identity
R(GQg,...CGq: Iy = A(I") R(Gy, . . - Gq;) has been used repeatedly in discussing
the analytical properties of the R-operation (e.g. [1], (4.4)ff; [1], Satz 4).
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Xy (Uyv -+ -u Up,). By inverting the order of the summations 3,
P
and } the second term in (2.8) is identified with the sum over all IPI
a

G(U;y, .. - Uspqp, M) which are IPR without ! and over all proper
partitions of {U“ (VAR Uir(j)’ Uj(r(j) +1)s - - - Uam}

This proves Lemma 2.2 and under the same assumptions:

Lemma 2.3:

Ry Uy,...U)=Ry,U,,...U0,)+
+ 2 BanUin V-V U3 Uiy 10+ - - - Us) (2.9)
]

where )’ extends over all IPI G(Ujy, ... U, ), A), 1 <r(j) <m,

which lr;ecome IPR without /.

If we collect sums of iterated M-operations appearing in
Re(Vy, ...V, into non-overlapping sequences of M- and (1 — M)-
operations, the following definition arises:

Def.: Let Q(Vy, ... V,, L) be IPL. A tree T' = (U, A, 0) is a set U of
generalized vertices, a subset .4 C ¥ and a mappingo: U - {-1, 0, 41}
satisfying (A), (B) and (C):

(A {Vy, ... Va3 €U V€U, 1 =4 < ny if Uy, U, €U, then either
U nUy=0or U,CU, or Uy,CU,.

Remark: The U €U can be uniquely labeled by their position in a
chain of elements in U:

Uiy, ... 9) CU (Ggy « ) T - CU () ={Vy, ...V}, (2.10)
where i, =1 and the ¢, = 1 are integers. We set I = (¢, ... %) and
(I,3) =g, ... 0, ¢) and thus U(L,¢)cUI). £ ={I: U(I) €U}

(B) Either U(I)= V; for some 1 <4=<mn or .# connects the

{U,): (I, i) € £} either IPT or linearly without closed loops.
Example: Fig. 3.

.0y

iz

—7 N’

Fig. 3. Connection of the {U(I, )}C UI) by .

(C) o(U)) = +1;0(UI)=0,iff U(I)= V, for some 1 <14 < n.
If o(U))= —1, then G{U,1)}, A) is IPR. If G{U(I, 1)}, A) is
IPI, then (U (I)) = +1 and ¢(U (I, ¢)) = 0 for all (Z, 1) € 7.
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Def.: Let T = (U, A, o) be a tree for a IPI G(V,, ... V,, £). Then
the Feynman amplitude Fp(Vy,...V,)=%F 4(U(i)) is defined
recursively from the & , (U (I)) of the “branches” U (I) ¢ U by:

(a) If UI) =V, then & ,(U(I)) =1 and U(I) is called a “twig”.

(b) If 6(U (1)) = — 1, then U (I) is a “twig” and

F 4 (U(ID) = —M{ II 7 ,(U(I,4) HAl}_ 2.11)
FiyeI conn
(¢) Ho(UU))=+1and G{U, i)}, A)is IPR, then U(I) is called
a “bough” and

F4(UI) = (1 — M){ I #,Ud) I A,} 1)
(Ii)e S conn
(dy Ho(U))=+1and GEU (I, 3)}, A) is IPI, then U (I) is called
a “bud” and
FoUI)= (1~ M) Za({U(L)}) (2.13)

is defined by (2.2), (2.3) starting from the & ,(U (I, %)) [=1 or (2.11)]
as vertex parts 2 (U (I, 7)).
In (2.11), (2.12) [] A, extends over all I ¢.%, which connect

conn
different U (I, ¢) C U (I).

Example: If G(Vy, ...V, Z) is IPI, then Zo(Vy, ... V)
=1~ M)ZH(Vy,...V,) is a tree with the bud {V;,... V,} and the
twigs V,;,1 < ¢ = n. A repeated application of Lemma 2.3 will again
lead to sums of trees (see Lemma 2.4).

Def.: The order of U (I), I = (i, . . . 33), is the length k of the chain
(2.10). Let o(U (1)) = 1. Then the b-order of U(I) is the length of the
subchain of (2.10) consisting only of buds and boughs.

Def.: lis contained in U(I), if V,, V;, € U(I).

For each I € Z there exists an U(I) € U of maximal order which
contains I: if V= U(I'), V;,= U(I"), then i, =i, for 0 < o < r and
iy 41 == 1,y 1 for some r;then I = (¢, . . ., 4,). If (U (1)) = — 1, then the
bud or bough of maximal order containing ! contains U (I) properly. The
following lemma motivates our arborological language:

Lemma 2.4.: Let G(Vy, ... V,, £)be IPI and I, > - - - > [}, be any
ordering of the lines .. Then there exists a finite set of trees
T = (U, A, o) such that

@) Ze(Vy, ... Vy) =§%T(Vl> o V)

(b) Each .# contains exactly n — 1 lines.

(c) HI€Z — A and if U(iy, . . .1,) is the branch and U (¢, . . . %,)
the bough of maximal order containing /, then I > I’ for all I’ € #, (¢, ... %,),
r < o £ s, where #,(I) is the set of all I' € .#, which are contained in
U(I)butinno twig UI"YcU ), UI") = U ().






