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Abstract

In this paper, the authors establish some new sufficient conditions under which all solu-
tions of a third order nonlinear neutral delay differential equation are stable, bounded,
and square integrable. An example is also given to illustrate the results.
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1 Introduction

In this paper we consider third order neutral delay differential equations of the form

(g (X" (1) + BOX" (1= 1))) + g(x(t), X' O)x" (1) + f(x(t = 1), X (t = 1)) + h(x(t = 1)) = e(t),
(1.1
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for all t > #| >ty +r, where r > 0 and the functions f(x(t —r), x'(t—r)), g(x(t), x'(¢)), h(x(t —
r)), and g(¢) are continuous on their respective domains, g(¢) > 0, and 4(0) = 0. In addition, it
is also assumed that the derivatives 8'(¢), g.(x,y) = % g(x,y), fi(x,y) = % ooy, filx,y) =
(% f(x,y), and /’(x) exist and are continuous.

Third order nonlinear equations in the form of (1.1) but with ¢(r) = 1, B(¢) = 0, and
r =0, have received a lot of attention over the years, and much of what was known prior
to the 1970s can be found in the monograph by Reissig, Sansone, and Conti [15]. For
example, the asymptotic stability of (1.1) with e =0, 8 =0, and r = 0 has been previously
discussed by several authors (see, for example, [13, 14, 12, 22]). Results on nonlinear
third order equations with a delay can be found, for example, in [1, 8, 16, 17, 18, 19, 20]
where boundedness and stability properties of solutions are examined. Third order neutral
equations are discussed in [3] for the case g = 0 = f; also see [25]. The oscillation of
solutions of third order nonlinear equations has also proved to be a popular research topic as
can be seen, for example, from the resultsin [4, 5, 6, 7, 11, 21, 23, 25]. Physical applications
of delay and neutral delay differential equations can be found in [2, 9, 10]. While it is clear
that there are many possible special cases of equation (1.1), the types of results in this paper
have not been previously obtained for an equation with such generality.

For convenience, we let

Z()=x"()+BO)x" (t—r).

By a solution of (1.1) we mean a nontrivial function x € C 2([ty, 00),R) such that ¢()Z(¢) €
C'([t,, ), R) and which satisfies equation (1.1) on [#,, o). Without further mention, we will
assume throughout that every solution x(¢#) of (1.1) under consideration here is continuable
to the right and nontrivial, i.e., x(¢) is defined on some ray [¢,00). Moreover, we tacitly
assume that (1.1) possesses such solutions.

This paper is organized as follows. In Section 2, we give stability results for (1.1) with
e =0. In Section 3 the boundedness of solutions is discussed. Finally, in Section 4, sufficient
conditions for the square integrability of solutions and their first and second derivatives are
given.

2 Stability

We will assume that there are positive constants a, by, b1, qo, 41, 42, 4 P> @, B1, 60, 01, M,
L, and K such that the following conditions on the functions in equation (1.1) are satisfied:

(1) a+u<glx,y)<a+p,and yg(x,y) <0;
(i) by > 50 > by, —K < fi(x,y) <0, and |f(x,y)| < L;
(>iii) A’ (x) < ¢ for all x and @ > 6 for x #0;
iv) |8/ <@, 0 <B(1) <B1, g0 < q(t) < g1, and |¢'(1)| < g, for all 1 > ty;

V) 71 )+ (s)Dds < m < oo,
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For ease of exposition, throughout this paper we will adopt the notation that

1
A=—-aby+q100+2+ quﬁl (6o+b1), B=—ugo+p1(og1+1)+1, and M =69+ K + L.

We begin with a stability result for equation (1.1) with e = 0.

Theorem 2.1. In addition to conditions (i)—(v), assume that there exist positive constants

c1, ¢2, and € such that

(vi) A+ %[B1(q160+2+2B1 +2a) + 50 (qra +B1g2) + 2 +4api] = —cy,
(vii) B+5L[2+2B1 +2qip+q1bi]+& = —c2,
(viii) a— i;o > 0.
Then zero solution of (1.1) is uniformly asymptotically stable provided

2¢q 2¢y 2¢e }
Ma+2u” Mgy +2u” MBiqi

r<min{

where

1 L
Hi =5 (qrra+tpiq)(Go+K) and o =5(q1+a+piq).

Proof. We will write equation (1.1) as the equivalent differential system

x'(t) = y(b),
y'(t) = z(b),
[g()(z(t) + B)z(t = )] = —g(x(2), y(1))z(?)
= f(x(®),y(1)) = h(x(1)) + A1 + Ay + As,

where

!
A = f Fu(()(s)y(5)ds,
Aa(r) = f £ (8)2(s)ds,

As(t) = f I (()y(s)ds.

By virtue of definition (2.2), we have

X () +BMOx (t—r)
X' () +BOx"(t—r)
Y'(1)

YO +BOy(t—r) =Y(),
D)+ B0zt —r) = Z(1),
Z@)+B )yt —r).

2.1

2.2)

(2.3)

2.4)

(2.5)

(2.6)

The proof of this theorem depends on properties of the continuously differentiable function

W(t, xt,y1,2:) = W defined by
W = Ve—éjgw(s)ds,

Q2.7)
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where
w(t) = B 0] +|q @) 2.8)

and

V=V(t,x,y2) =a f ' h(u)du + g(Hh(x)Y + Y? + %(ay +q(0Z)?
0

Y y 1
a fo L5(x. &) — al £dé + (0 fo Fonéde+ A, f V(s)ds

t—r

! 0 ! 0 !
+A f 2(s)ds + (i) f f VA(&)dédss + 1 f f 2(&)déds. (2.9)

Here, A1, A2, i1, 1, and 6 are positive constants that will be determined later in the proof.
Noting that 4(0) = 0, it is easy to check that

2 f ' W (Wh(u)du = h*(x),
0

and since 1(¢(t)Z +ay)* > 0, this and (iii) imply that

+

a f ) h(u)du + q(7) h(x)Y Y2+ %(q(t)Z +ay)?
0

* 2
af h(w)du+ (Y + @h(x))z _q (@
0 2 4

X 2 X
a f h(u)du—q—(t) f K )h(u)du
f @ ——)h( Y

2

h?(x)

\%

\Y

\%

v

From (i)—(ii), it follows that

b
f [8(x,&) —a] dé > —y and q(z)f Flx,&)de > 20 ‘10 02

We see that V = V(¢t, x;,y1,2,) > 0and V = V(t, x,y,2;) =0 if and only if x =y =7=0, so
the functional V is positive definite. Thus, there exists a sufficiently small positive constant
Ko such that

V > Ko(xX2 () + Y (1) + Z2(1)). (2.10)

By a straightforward calculation, the derivative of V along the trajectories of system
2.2)is

4 t
Vo =U1+Us+ U3+ Us - ulf y2(9)d9—ﬁ2f 2(0)do
r t—r

t—

+[2B8(0B (1) = 1 |y* (t—r) = 1222 (t =)
'y "y
+ay() fo g (n OEdE + (D) fo fix ),



80 J. R. Graef, D. Beldjerd, and M. Remili

where
,
Ui = g (0)y* @) —af(x(t),y(0)y(t) + 11y*(2) + diry* (1) + ¢ (t) fo f(x,&)dé
+(q(t)(a—g(x(D),y() + A2 +fir) 22 (1),
Us = 29(0)z(t) + [qt)BOK (x)+28' ()] y(t)y(t — )

+2B(0)y(1)z(t — )+ 2B()y(t = )z () + 282 ()y(t = r)z(t = 1)
+B(0q(1) [a— g(x(1),y(1))] z(D)z(t—71),

and
Us = —BO)gt)fx®),y®)zt—r)+[q®)B (1) +BBq ()] h(x)y(t—r)
+q' (D()Y(0),
Us = (ay(®)+q0)z(0)+BDg0z(t = )(Ar(0) + Ao(t) + Az (0)).

From conditions (i)—(iv), we see that

"y "y
ay(1) fo gx(r EEDE +q(D)y(D) fo e £)dE <0

and

by, R R
U < (qlfso —aby+ Ay + 51 g’ @) +ﬂ1r)y2(t)+(—uCIo + Ay + 1) 22(F).

Using Schwartz’s inequality together with (i)—(iii), we obtain
1 / 1 /
Uz < 5[24281+ @00 + 2| O[]y (0 + 5 [a1B160 + 2|8 (0] + 281 + 267 | y2 (1= 1)

1 1
+§ [2+281 +B191p] 20+ 3 [2,81 + 2,8% + 2,81(11/7] 2(t—-r).

On the other hand, by (2.3)—(2.5),
g(=(0)(D1(1) + As() + A3(1)) < M%”zzm + 260+ k) f Y (s)ds

t_

L !

+ = f 2(s)ds,
2 t—r

M !
810+ 820+ 830) < TR0+ 500 +K) [ s

L t
+ L f Z(s)ds,
2 t—r

t
B0zt = (A1(0) + Aa(t) + As (1)) < wzz(z —r)+ ﬁ%(ao +K) f Y2 (s)ds
t

L !
+ ﬁli f zz(s)ds.
2 Jir

and
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Hence, we have the estimate

Maqgr Mar Mr

Uy < a1 z2(t)+—y2(t)+[hLz2(t—r)
2 2 2
0o+ K

+

!
> (q1+a+ﬁ1q1)f YA (s)ds,
t—r

L !
+5 (@ +a+,31611)f Z(s)ds.
t—r
Finally, condition (ii) and the facts that 4’(x) < 8o and 2(0) = 0 imply
1 ’ ’ ’ 2
Us < 5[o0(a1 '@ +B1]a 0]) +]g' 0]do] 20
1 ’ 2
+3 [B0q@b1 +]¢' @[50} 0)
1 / ’
+3 (@] +A1lg @])60 y 1)
1 2
+sBiabi (= n).
With some rearrangement of terms and using the above estimates, we obtain
’ 1 ’ ’ 2 ’ 6o  3b ’ 2
Vo< (500a @] + B+ Dao|g 0P+ @]+ 5+ = |ld o] |y*@)
1 Ma 2
+(—abo +q160+2+ 5611ﬂ1 (6o +b1)+ +(7 +,U1)V)y (1)

1
+ E[ﬂl (ql (5()+2+2ﬂ1 +2a/)+6o(q1a/+,81q2)+2a/+4a'[31]—Al]yz(t—r)

[ . M
+ —#CIo+PﬁM1+1+ﬂl+ﬂz+(ﬂz+ 2ql)r]z2(t)

[ M
+ %[2+2ﬁ1 +2q1p+q1b1]—/12+ﬁlqzl

r]zz(t—r)
1 !
+(§(€11+a+ﬂ1611)(5o+K)—/f1) f Y (s)ds
L !
+(3 (1 +arpian ) f 2(s)ds.

If we now choose

. 1
Hy = 5(6]1+a+,31611)(50+1() = M1,
. L
Hy = 5(‘11 +a+piq1) = 2,
1
5[,81 (61150+2+2,31 +2a/)+60(q1a/+ﬁ1q2)+2a/+4a,81] = /11,
%[2+2ﬁ1 +2q1p+q1b1]+8 = A,
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then from conditions (vi)—(vii), we see that

Vs KOO (PO 0)+ (et (S )

+ [—cz + (,u2 + qul )r] 2+ [—s + 'quTer] 2(t—r),

where
1
Ky = 5 max {60q1, 60(B1 + 1), 2, 60+ 3b1}.
Taking
. { 2C1 262 28 }
r < min ) ) s
Ma+2p Mgy +2p, MBiq:
we obtain
V' < Ko@) (P(0) +y*(0) - K (P () + 2(0)), @.11)
where

. Ma Mg,
K, = m1n{c1 _(T +,u])r,cz—(/12+ T)r}

Hence, by (2.7), (2.10), and (2.11)

, , 1 _1 [ (s
W= (V—éw(t)V)e 0 o w(s)ds

IA

(K1) [P0 +y ()] - Ka [y 0+ 20)]

—%w(t) [xz(f) +y2 (1) + Zz(t)] }e—% Jywods.

By taking
K
=0 _y,
K
we obtain
W' <-K; (y2(t) + zz(t)) =0 by w(5)ds
Since
t
f w(s)ds <m, forall t > 1y,
to
we have

W’ < =K (y*(0)+27(0)), (2.12)

_mKy

where K3 = Kye o .
From (2.12) we see that W’ < 0 and W’ = 0 on the set M = {(x,0,0)}. Now the largest
invariant set contained in M is the origin, so by LaSalle’s invariance principle, the zero
solution of (2.2) is uniformly asymptotically stable. O
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3 BOUNDEDNESS

Our main theorem in this section is for the forced equation (1.1). In this case our system
becomes

x'(1) = y(),
Y (1) = z(0),
[q(D)(z() +B(D)z(t —1))] = —g(x(1), y(1))z(?)
—f(x(®),y(1) = h(x()) + e(t) + A + Ay + As.

3.1

Theorem 3.1. In addition to the conditions of Theorem 2.1, assume that

(1) fooo e(s)ds < oo.

Then there exists a positive constant D such that any solution of (3.1) satisfies
x(Ol <D, [y@®OI<D, and |Z(1)|<D. 3.2)

Proof. On differentiating (2.9) along the solutions of system (3.1) we obtain

V('3‘ < -K> (yz(t) + zz(t)) +ae(t)y+e(t)g(t)Z, forallt>1.
Applying conditions (/1) and (iv) gives

Visy) < —Ka (y7(0) + 22(0)) + e(0) (aly(®)] +q1 IZ())

Now, the inequality |u| < u? + 1 leads to

Vi) < =Ko (370 +22()) + Kae(t)(y* + Z° +2), forall £ > 11, (3.3)

where K4 = max{a,q}.
In view of (2.10), the above estimates imply that

V(’3,1) <-K> (yz(l) + zz(t)) + %e(t)v +2Ke(t). (3.4)

Integrating both sides (3.4) from ¢, to ¢, we easily obtain

f t
Vi) —-V(n) < 2K4f e(s)ds + ?f V(s)e(s)ds.
0 1

4]

Condition (I1) and an application of Gronwall’s inequality shows that V(¢) is bounded, and
the conclusion of the theorem follows immediately from (2.10). O

Remark 3.2. The uniform asymptotic stability from Theorem 2.1 together with the bound-
edness of all solutions from Theorem 3.1 ensure the global uniform asymptotic stability of
the zero solution of the unforced equation.
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4 SQUARE INTEGRABILITY

Our next result concerns the square integrability of solutions of equation (1.1).

Theorem 4.1. [f the conditions of Theorem 3.1 hold, then
f (xﬁz(s) + xlz(s) + xz(s))ds < oo.
4]

Proof. Define H(¢) by

73
HO) =V +7 f (Z2(s)+y*(s))ds forallt>1t > 1o+,
1

.1

where 1 > 0 is a constant to be specified later. Differentiating H and using (3.4) we obtain

H' (1) <(n-K3) (yz(t) + zz(t)) + (&V + 2K4) e(?).
Ko

If we Choose 1 < K>, then from the boundedness of V, we see that

H'(t) < Kse(1),

4.2)

for some K5 > 0. Integrating (4.2) from ¢; to ¢, and using condition (/1) we have that H(¢) is

bounded. This implies the existence of positive constants k1 and «, such that

f yz(s)ds <k and f Zz(s)ds < Ky,

51 n

f x"%(s)ds < o and f X2 (8)ds < 0.

To To

SO

Next, we show that f:o x%(s5)ds < co. Multiplying (1.1) by x(z —r) gives

(q(0) (X" (1) + B (= 1)) x(t = 1) + g(x(0), X' ()X ()x(t = 1)

+ fx(t=r), X"t —r)x(t—r) + h(x(t —r)x(t—r) = e(t)x(t — 1),

and then integrating from ¢, to ¢, we have

f h(x(s—r)x(s—r)ds = L1(t) + Lo(¢) + L3(¢) + L4(2),

n

where
L) = —f:(fI(S) (X" () +B(s)x" (s = 1)) x(s = r)ds,
L) = - j; tg(X(S),X’(S))X”(S)X(s—r)ds,
Ly(n) = —ftlf(X(s—r),X'(S—r))X(S—r)ds,
Lyt) = ft t e(s)x(s —r)ds.

4.3)

4.4)

4.5)
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Integrating by parts,

Li(1)

IA

<

—[(g@) (X" @) +BO)x" (t = 1)) x(t = r) = (q(t1) (x" (11) + B(t)x" (11 = 1)) x(t1 = 7)]
+ f (q(s) (X" () +B()x" (s = 1)) X' (s —r)ds

2q1(1+B)D? + f (4(" (512 (s= 1)+ gU)B(H" (s = P (s = 1))
2q1(1+B8)D*+ % ft [272(5) +B1x"2(s = 1) + 2221~ )| ds

l]<oo

by (3.2) and (4.3).
In the same way, applying (i) and (4.3),

Ly(1)

IA

f lg (x(5),x' () x”"()x(s = )| ds

{f [g(x(s),x'(s))x"(s)]zds}2 {f xz(s—r)ds}2
{(a+p)2f (x"(s))zds}z{f x2(s—r)ds}2
lz{f xz(s—r)ds}z.

IA

IA

IA

Condition (ii) and (4.3) imply

Finally,

!
L3(t) < f|f(x(s—r),x'(s—r))x(s—r)|ds
141

t 3 ¢ 3
{b%f (x'(s—r))zds} {f xz(s—r)ds}
I3l 1

1 2
l3{f xz(s—r)ds} .
141

! !
Ls(t) < f le(s)x(s—r)|ds < Df le(s)|ds < Iy < 0.
1 141

IA

IA

On the other hand, from condition (iii), we have

f x(s — Ph(x(s — r))ds > & f X2(s—r)ds.

Therefore,

1

1
! f 3 f 3
51 f xz(s—r)dssll+lz{ f xz(s—r)ds} +l3{ f xz(s—r)ds} +1y.
51 n 3|
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If .
f xz(s—r)ds — 00 as t— oo,
41
1
then dividing both sides of by { fl ll x*(s—r)d s} * we immediately obtain a contradiction. This

completes the proof of the theorem. O
We conclude our paper with an example to illustrate our theorems.

Example 4.2. Consider the third order nonlinear nonautonomous delay differential equa-
tion

(ln(3 +cost) (x”(t) + In(2 +sint)x” (t— r)))

54.93

xX'(t—r)

+ (46.4 - 7—1r arctan(x(t)x'(t))) X))+ 13.5x (t—r) - arctan(e™" " x’ (1 - r))

x(t-r) 1
I+ |x(t—=r)| 1422

+x(t—r)+

(4.6)
Taking a = 2, we see that
1
u=439<g(x,y)—a =45.5- —arctan(xy) < 44.9 = p,
s

and
2

1
=—— <0.
Y8x(%,y) AT =

Now
f(x,y) = 13.5y - 2 arctan(e®y),
T

so we see that f(x,0) = f(0,0) =0 for all x and

1
bop=13< fy) =13.5—- —arctan(e'y) < 14 = by.
y s
Moreover,
1 1 y?
K =——X< = ———
—Shxy)=—— )
and
1 1 ey
[f30ep)] ={13.5 - —arctan(e’y) - A TreyR|s145=L
Since .
h(x)=x+ ——
W=+ Ty

it is clear that 4(0) = 0 and

1
W =1+ ———| <2 = .
FI= 11+ 0
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Since 0 < —— < 1 for all x, we have

1+|x] —
h
ﬁ21:61 forall x=#0.
X
Also, we have
go = In2<q(t)=In(B3+cost)<2In2=gq,
|’(t)| _ sint <1_
1 " |3+cost _2—6]2,
—+00 +00 sins +00 1
"|ds = < d
Iw 9 (S)| S Iw 3+coss _Im 3+coss s
31 2 n
= du=——tan! (—),
j:g 2+u? \2 242
1 In3
0 < 1= In(2 + sin?) < =8,
< B =gpggnCrsinn < o5z =h
|ﬁ/(’)| 3 1 cost < 1 Yy
© 54.93|2+sint| T 5493

and .
f(; (|q'(s)| + |,8'(s)|)ds <m.

for all £ > ¢.
Choosing & = 10!, we obtain

1 1
—aby+q100+2+ 5Q1/31(50+b1)+5[,31(61150+2+2/31+26¥)
+50((]1(Y+ﬂ1Q2)+2(1+4aﬁ1] =-20.903 = —-C1,

—Hq0 +pﬁ1ql +1 +ﬁ1 +% [2+2ﬁ1 +2q1p+q1b1] +&=-26.605= —Ca,

and 5
5
a—% =7.8188x1072>0.

Hence, if r < min{Mjfzﬂl , M(flffzﬂz , Méfql } =min{1.0061,0.73072,0.42891} = 0.42891, then
all the conditions of Theorems 2.1, 3.1, and 4.1 are satisfied, so for any solution x(f) of
equation (4.6), x(t), x’(¢), and x”'(¢) are bounded and square integrable. In addition, the zero

solution of the unforced equation is globally uniformly asymptotically stable.

Conclusion

A non-linear neutral delay differential equation of the third order is considered. Using
Lyapunov’s direct method, we have derived new sufficient conditions for the global uniform
asymptotic stability of the zero solution as well as the boundedness and square integrabil-
ity of all solutions. The results here will be of interest to other researchers working on
qualitative behavior of solutions of differential equations.
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