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Abstract

Our aim is to give a simple estimate of the Bloch constant applying some fundamental
facts on complex analysis. Our method is based on the Cauchy estimate, the maximum
modulus principle, the Schwarz lemma and the Rouché theorem.
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1 Introduction

Given a € C and r > 0 we write B(a,r) :={z € C : |z—a| < r}. In particular the unit open disc
is denoted by D := B(0,1) = {z € C : |z] < 1}. The following theorem is well known as the
Bloch theorem.

Theorem 1.1 (The Bloch theorem). We can take a constant B > 0 so that for all holo-
morphic function f on D satisfying f'(0) = 1, there exists a point zy € f(D) such that
B(zy.B) C f(D).

The supremum of B appearing in Theorem 1.1 is called the Bloch constant. The estimate

of the constant is one of the most important problems in complex analysis. Ahlfors and
1 ra/3)rai/i2
K HTAL/12) < 0.4719. They
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have also conjectured that the correct value equals to the upper bound above. It is known
that the lower estimate B > V3 /4 is obtained by using the Poincaré metric [1, 9, 12, 13].
Some better lower estimates are proved based on more developed methods [3, 4, 15].

The recent study on the Bloch theorem treats not only better estimates of the Bloch
constant but also generalizations of the theorem to wider classes of functions. Some gen-
eralizations to the cases that functions of several variables, locally univalent functions and
harmonic functions are known ([5, 6, 10]).

On the other hand, we note the method of the proof of the Bloch theorem. Recently
Cortissoz and Montero [8] have proved it based on the Banach fixed point theorem. Of
course an elementary complex analytic proof is known. For example we can find the proof
with B > m in [14]. An argument similar to [14] is found in [7, 11].

In the present paper we give a simple method of an estimate of the Bloch constant
modifying the argument found in [7, 11, 14]. It suffices to use basic facts on complex
analysis in order to a better estimate than the one obtained by [14]. More precisely we have
only to use the Cauchy estimate, the maximum modulus principle, the Schwarz lemma and
the Rouché theorem in order to prove the key lemma. We remark that our method gives not
only a simple estimate of the Bloch constant but also a self-contained and elementary proof
of the Bloch theorem.

Grunsky [2] have found the upper bound B <

2 The main result

In order to prove the Bloch theorem straightforwardly we use the next lemma. For readers’
convenience we give a self-contained proof, however the lemma can be found in [7, 11, 14].

Lemma 2.1. Let f be a holomorphic function on B(0,R) satisfying |f(z)| < M for all 7 €
B(0,R), where M > 0 is a constant independent of z, f(0) =0 and f'(0) = 1. Then f satisfies

7(B(0.£.))> B(0. &7).

Proof. If the function f(z) —z equals to a constant C on B(0,R), then f(0) = O implies that
C = 0. We easily see that the conclusion of the lemma is true in the case f(z) =z on B(0,R).
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Below we suppose that f(z) —z does not equal to any constant function on B(0,R).
Because f is analytic on B(0,R), we obtain the Taylor expansion of f on B(0,R), that is,

f@)= i cnZ" = icnz” +2. 2.1
n=0 n=2

Here we remark that co = f(0) =0 and ¢; = f/(0) = 1. By virtue of the Schwarz lemma we
have |f'(0)| < < . Because of f’(0) = 1, we additionally get R < M. Below we write r := 4 R

M*

Thenwehave
R’ RZ—R<R<M (2.2)
"SIMSART 1 ‘

On the other hand, the function f(z) —z is continuous on the bounded and closed set dB(0, ).
Thus the maximal value M(r) := rglax |f(z) — z| does exist. Now we note that f is holo-
2€0B(0,r)

morphic on a domain including B(0, r). Hence for every n > 2, the Cauchy estimate implies

Srls <3 =i ()

On the other hand, by virtue of (2.2) we get z < i Therefore we obtain

o< i) S -5

lcal =

< —. Thus we get M(r) = max
R" g (= 2€0B(0,r) Z e’

Therefore we have 5

r= f—M > M(r). (2.3)

Now we remark that the function f(z) — z is holomorphic and is not any constant function
on the bounded domain B(0,R). Additionally it is continuous on B(0,r). Thus by the
maximum modulus principle we get | f(z) —z| < M(r) for all z € B(0,r). By virtue of the fact
that f(z) —z= 0 if z = 0, the Schwarz lemma implies that |f(z) — z| < M(r) - % holds for all
z€ B(0,r). By (2.3) we have that for all z € B(0,r),

M
@12 B-17@) =il > k- M) 2 =1 22) -0 Q4)

R2
On the other hand, we have |f(2)| = |z| - |f(z)—z| = r—M(r) > oM for all z € B(0,r). Now

we take w € B(O, 3 M) arbitrarily. Because |f(z)| > [w| holds for all z € dB(0, r), the Rouché
theorem implies that the number of the zero points included in B(0,r) of f equals to the one
of f(z) —w, where we take the order of each zero point into account. From (2.1) we see
that the point z = 0 is a zero point of order 1 of the function f. Combining the fact with
(2.4), we see that f has the only one zero point z =0 on B(0,r). Thus the function f(z) —w
has also only one zero point on B(0, r), that is, there exists z,, € B (0, 7 M) uniquely such that
f@zw)—w=0. o

Applying the lemma above we begin the proof of the Bloch theorem. Reviewing the
proofs of Lemma 2.1 and Theorem 1.1, we see that our method is elementary and simple.
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Proof of Theorem 1.1. Fix ¢, gy € (0,1) arbitrarily. We will prove the theorem with B =

(i) We first consider the case that f is holomorphic on a domain including D and satisfies
10)=1
Step 1: We estimate the function (1 —[z]*)| ”(z)|. Because this function is continuous on

the bounded and closed set D, the maximal value M := max(1 — |z*)|f’(z)| does exist. Now
zeD

we take @ € D so that (1 —|ef?)|f’(a)| = M holds. We see that M > (1 —[0[>)[f’(0)| = 1. In
addition, if 8 € dD, then (1 —|B81*)|f’(8)| = 0 holds. Namely we have |a| < 1. Thus we can
define a holomorphic function on D by

a-{
2({):=——= ((eD). 2.5)
1-af
The map z : D — D is bijective because it is the Mobius transform on D.
Step 2: We estimate a function F defined by

FQ) = f) = f(%) (¢ eD).

We remark that F is holomorphic on D and satisfies F(D) = f(D). For all { € D, we have
7(¢) € D. Hence we get

(L=IZPIF' Q= A=A | @7 @)

2-1
=(1-1¢P%) ('flw If" ()
1_— 2 _ _ 712
- ‘l”f'_a;’z Lireo

= (1= 2 QPN O

Combing this result with Step 1 we obtain

(1= KPIF' Ol = (1= QORI @O < M. (2.6)

Step 3: By virtue of z(0) = @ and (2.6) we see that |F’(0)| = M, in particular F”(0) # 0.
Thus we can define a holomorphic function g by

_F@)-F©O
g({) = O (feD.

We prove that the inclusion relation B {0, TS

} C g(D) holds. The function g satisfies

&2 1-¢
’ F’ 1
g(0)=0, g’0) = ?,—Eg; =1and |g'(0)| = | ]\E[g)l < e for every ¢ € D, where we have

used (2.6). Take ¢y € B(0,¢) arbitarily. Then there exist ry € [0,&) and 6y € R such that
Lo = rge’® (0 <r <rp). Let [ be a line segment starting from 0 to {p, namely [ : {(r) =
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re'® (0 < r < rg). We note that [ c B(0, ). Because g’ is continuous and has the primitive
function g on B(0, &), we have

m@m=m@»w®»{i€@w4=uzgm%k%w

1o 0 ) 1
< "(re")|dr < ——dr
£m< ) ﬁ]qmw

| . 1+ 1 1+
=f dr = =log r0<—log—‘9
0 o

l+e
7 log

Thus by applying Lemma 2.1 to g, for all w € B(O ﬁ) = B(O, %), there exists

ly € B( ’41—21#) = B(O, m) uniquely such that w = g(¢,,). This implies that

1 1
B0, ——|cC g{B{O, —n c g(D).
{ﬁ%%) > log 1%
Step 4: We prove B(f(a), SN m) C f(D). Take w € B(f(a) S m) arbitrarily. We

ﬂm_wf@’
F'(0)

easily obtain TR Tz

-

, that is, 219 ¢ B(O, %) By virtue
6—210g

3 log

of Step 3, B|0, ——= 3 1 T ) C g(D) holds. Thus we can take £ € D so that WI;JE(()‘)’) = g(£1). This
implies that w = f (z({ 1)) € f(D).
Step 5: We prove B( f (a), T m) C f(D). Combing the fact that M > 1 with Step

1 M
4, we see that B f(a),ﬁ B|f(o),———— 3 1 C f(D). Consequently we have
= log == > log £

proved the theorem in the case (i).
(i) We consider the case that f is holornorphic on D and satisfies f'(0) = 1. The function
go(2) == — f (€07) is holomorphic on B(O ) and satisfies g((0) = f7(0) = 1. We also note

that D C B(O, L ). Thus we can apply the result (i) to the function g, that is, there exists

Zgo € &o(DD) such that B(zgo, S m) C go(D). In addition, we can take g € D so that

Zgo = &o(a@p). Now we take w € B| f(goap), #‘glﬁ) arbitrarily. Then we see that
&2 I-¢

1+&”’
&2 08 1=

w 1
2L o) <
&0 &0

thatis, & e B(go(ao) m) By virtue of B(go(ao), #g‘ﬁ) C go(D) there exists z; € D
&2 I-¢

such that o = = go(z1). This implies that w = f (e9z1) € f(D). Consequently we have proved

B(f (s0ag), #) C f(D) in the case (ii). m|
& I-g
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Remark 2.2. We note that there do exist €, &y € (0, 1) such that

1 €0
161og3 < 3 l+e°
0g g_QIOgE

2.7)

In fact, if we take € = % and gy € (%, 1), then we see that

l+e

j—QlogE _ %105;9 _ 75
16log3 ~ 16log3 128

< &p,

that is, (2.7) holds. This implies that we have obtained a better estimate than B > —L_ due

161log3
to Yoshida [14] applying only some fundamental facts on complex analysis.
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