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Abstract

In this paper we show the existence of one-dimensional solitons (travelling waves of
finite energy) for a generalized nonlinear dispersive equation modeling the deforma-
tions of a hyperelastic compressible plate. From the Hamiltonian structure for such
equation we find the natural space for the travelling wave solutions and characterize
travelling waves variationally as minimizers of an energy functional under a suitable
constraint. Our approach involves the Lions’s Concentration-Compactness Lemma.

AMS Subject Classification: 35Q35, 35Q51, 76B25.

Keywords: Dispersive Equation, Solitons, Concentration-Compactness Lemma.

1 Introduction

The focus of the present work is the one-dimensional generalized dispersive equation

p+2

Btu—alaiatu+agaialu+ﬁx( ub*! —ﬁ[uﬁx((?xu)p + L(axu)f’“]) =0. (1.1
p+1 p+1

When ay,a; >0,p € Z*,8 € R, using a variational approach, we show that (1.1) admits in
the energy space H*(R) travelling wave solutions u(x, ) = v(x — ct).

In a recent paper R. M. Chen (see [4]) derived the following two-dimensional nonlinear
dispersive equation,

Ox(0u = D20 + 20301+ 3udsu - B(20,u0%u + udiu)) — adiu+bdu =0, (1.2)

as a model for the deformations of a hyperelastic compressible plate relative to a uniformly
pre-stressed state. In this model u represents vertical displacement of the plate relative to a
uniformly pre-stressed state, while x and y are rescaled longitudinal and lateral coordinates
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in the horizontal plane. To reduce the full three-dimensional field equation to an approxi-
mate two-dimensional plate equation, an assumption has been made that the thickness of
the plate is small in comparison to the other dimensions. It is also assumed that the small
perturbations superimposed on the pre-stressed state only appear in the vertical direction
(the z-direction) and in one horizontal direction (the x-direction). Hence the variation of
waves in the transverse direction (the y-direction) is small. Equation (1.2) is obtained under
the additional assumption that the wavelength in the x-direction is short.

The parameters in equation (1.2) are all material constants. The scalar a describes the
stiffness of the plate which is nonnegative. The coeflicients a and b are material constants
that measure weak transverse effects. The material constant 8 occurs as a consequence of
the balance between the nonlinear and dispersive effects. Note that there is no dissipation
in this model.

Equation (1.2) generalizes several well-known equations including the BBM equation
[1] when @ =8 =a = b =0, the regularized long-wave Kadomtsev-Petviashvili(KP) equation
[2] (also referred as KP-BBM equation, see [8]) when @ =8 = b =0, and the Camassa-Holm
(CH) equation [3] when @ =a=b=0,8= 1. In contrast to the derivation in [4] of nonlinear
dispersive waves in a hyperelastic plate, these particular equations are usually derived as
models of water waves. In equation (1.2), the two spatial dimensions make the analysis
very different from the CH equation. The S-terms include a nonlinear term of fourth order,
which makes equation (1.2) very different from the KP- BBM equation.

In the work [5], R. M. Chen showed the global well-posedness for the initial value
problem associated to the equation (1.2), in the space W equipped with the norm

2 2 -1
llully, = lullz2 +10xull 2 + 10 ull 2 +110yull2 + 116" dyull 2,

where 0;'dyu is defined via the Fourier transformation as
1 1~
8}6 layu = g”(’hf)

In addition, for @ > 0, R. M. Chen established in the space W the existence of 2D-solitons,

i.e. the existence of solutions of the form u(x,y,t) = v(x —ct,y).

When we searching the existence of 1D-solitons for the equation (1.2). This is, the
existence of travelling wave solutions, u(x,y,t) = v(x—ct), which propagate in the x—direction
with speed wave ¢ > 0. One see that the travelling wave profile v should satisfy the ordinary
differential equation

[c O ="+ =3 + B2V + ]’ =0,
which, upon integration, yields
c(V =V"+av"") =30+ B2VV + W)+ A =0, (1.3)

where A is a constant of integration. Among all the travelling wave solutions we shall focus
on solutions which have the additional property that the waves are localized and that v and
its derivatives decay at infinity, that is,

v(”)(z)—>0 as |zl — o0, neZ®. (1.4)
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Under this decay assumption the constant of integration in (1.3) vanishes and then we have
the equation

’ 3 ’ 4 1 ’ ’
c(v=v"+av'""") —E(vz) +,8(vv +§(v )2) =0.

Using the decay condition (1.4) again, we see that the travelling wave equation takes the
form

3 1
cv=v"+av"")- Evz +ﬁ(vv" + E(v')z) =0.

Next, we note that u(x,y,t) = v(x — cf) is a travelling wave solution for the equation
(1.2) if and only if u(x,y) = v(x —ct) is a travelling wave solution for the equation (1.1),
for ; = 1,ap = @ and p = 1. So, the main objective in this article is to investigate the
existence of solitons for the equation (1.1). For this, we follow a variational approximation
by characterizing solitons (travelling waves in the energy space) as multiples of the minimi-
zers of an energy functional subject to a suitable constraint. Using Lions’s Concentration-
Compactness Principle, we prove that any minimizing sequences converges strongly, after
an appropriate translation, to a minimizer. A multiple of this minimizer is a travelling wave
solution.

This paper is organized as follows. In Section 2, we describe the Hamiltonian structure
for the equation (1.1). From this structure, we find the natural space for the travelling wave
solutions, and characterize travelling wave solutions for the equation (1.1) as multiples
of the minimizers to a variational problem. In Section 3, we prove the existence of such
minimizers by using the Concentration-Compactness Theorem . Throughout this work H® =
H?(R) denotes the usual Sobolev space of order s and C denotes a generic constant whose
value may change from instance to instance.

2 Variational approach for travelling waves

In this section we characterize travelling wave solutions for the equation (1.1) as multiples
of the minimizers to a variational problem. First, we show that the evolution equation (1.1)
has a Hamiltonian structure.

Proposition 2.1. The nonlinear evolution equation (1.1) can be expressed in Hamiltonian
form,

U = —8x(1—a1(')§+a/281)_1 F'(u),

where F is defined on H*R) as

F(u) = ]ﬁ fR (up+2+ﬁu(6xu)1’+l)dx.

Proof. Since the proof follows the ideas given for other equation models we only present a
sketch. First, we will prove that F is well defined on H*(R). In fact, since the embedding
H'(R) = L®(R) is continuous we have that there is C > 0 such that

2 2 +2
f w2 < Nl s < Cllal??
R
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Moreover,
1 -1 2
f u(@a0)”* dx < Il <110l 10l
R
SCllullmllaxullpl ||<9xu||
+2
< Cllull%2.
Therefore

()| < Cllull?s.
Now, we note that if m = u — aq('))zcu + a/zaiu then the equation (1.1) can be rewritten as
_ pt 2 p+1 p p p+1
= —0, ( ok —ﬁ[uax(axu) + m(axu) ] ,

and a simple calculation shows that for every w € H(R),

(F'(0),w) = — f ((p+ 2w+ B|(@)” '+ (p + Du(@su)’ 0, w] ) dx
R

+1

=71 ) (2 = p@ay™! + (p+ Dud (0,00 | wax.

Then we conclude that

p+2

’ = prl_ 14 L p+l
F'(u) = ——ul™! = Bludy(@,u) + g0 |

Hence, the proof is complete. ]

Now, notice that if « is a solution of the equation (1.1) of the type u(x,?) = v(x—ct). Then
we see that the travelling wave profile v should satisfy, for @g = 1, the ordinary differential
equation

2 ’
e Y (=D e+ - (” 2 ey + ’j 1<v'>f’+1]) =0,

= +1

which, upon integration, yields

Z( 1 - (” 2 gl + 0 >P+‘])+A=0, @.1)

where A is a constant of integration. Under the decay assumption (1.4) the constant of
integration in (2.1) vanishes and then the travelling wave equation takes the form

2

1
¢ D @ = (20 =+ D (@) +pY M) =022

k=0

From the Proposition 2.1 we note that the natural space (energy space) to look for travelling
waves is the space H*(R). Thus, if we multiply the travelling wave equation (2.2) with a test
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function w € H2(R), after integration by parts, a travelling wave solution v € H 2(R) satisfy
the integral equation

2
fR |c ; apOw® — zﬁ ((p+2v  w+B(0)  w+ (p+ ()W) [dx =0, (2.3)

Definition 2.2. We say that v € H%(R) is a weak solution of (2.2) if for all w € H3(R) the
integral equation (2.3) holds.

Our strategy to prove the existence of a solution of (2.3) is to consider the following
minimization problem

T.:=inf{l.(v) : veH*R) with G() =1}, (2.4)
where the energy I, and the constraint G are functionals defined in H*(R) given by
L=< f |V + @172 +an(v")?d, 2.5)
2 Jr
1
Gv)= — f V72 +pv(v )P+ . (2.6)
p+lJr
We start by showing some properties of I. and G, assuming that a1, a; >0, p € Z" and
BeER.

Lemma 2.3. Let ¢ > 0. Then

1. The functionals 1. and G are well defined in H*(R) and smooth.

2. The functional 1. is nonnegative. Moreover, there are Ci(ay,a2,c) < Ca(ay,a3,c¢)
such that

C1L() < M g, < CaLev). 2.7)

3. I, is finite and positive.

Proof. 1. I is clearly well defined for v € H?*(R). Moreover, note that if v € H*(R) c H'(R)
then, using the fact that the embedding H'(R) < L®(R) is continuous, we see that there is
a constant C = C(p,8) > 0 such that

G| < CIMIE, (VI + V1) < ClviZs. (2.8)

So that, G is well defined. 2. This property is straightforward. 3. Note that there exists
v € H*(R) such that G(v) # 0. Then for some ¢ we have that
G(tv) = '2G(v) = 1.

On the other hand, the inequalities (2.7)-(2.8) imply that there is C > O such that for any
v e HA(R) with G(v) = 1,

C)'F =t > 6o = 1,

meaning that the infimum 7. is finite and positive. O
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Theorem 2.4. If vy is a minimizer for the problem (2.4), then v = vy is a nontrivial weak
solution of (2.2) with 6 = ﬁfc.

Proof. By the Lagrange Theorem there is a multiplier 6 such that for any w € H'(R),
(I (vo), w) — (G’ (vp),w) = 0. (2.9)
Now, a direct calculation shows that
(I (vo),w) = cf[vow +avyw’ + azv{)’w”]dx,
R
1
(G'(vo),w) = m fR[(P + Z)VPHW +,3((V6)p+1 w+(p+ l)vo(vé)pw')]dx.

In particular, putting w = vy we have that

(I (vo),vo) = CL[V% + a/1(v6)2 + az(va’)z]dx =21(vp),

2
(G On) =25 [ o772 405 e = (p+ 20600
p+1Jr
Thus, from the equation (2.9),
21.(vo)— (p+2)0G(vg) = 0. (2.10)

But, by using G(vg) = 1 we see that 6 = ﬁ] <. Moreover, from (2.9) we see that 0vg is a
nontrivial solution of the integral equation (2.3). O

3 Existence of Minimizers

The existence of solitons for the equation (1.1) as multiples of the minimizers of the vari-
ational problem (2.4) is based on the existence of a compact embedding (local) result and
also on an important result by P. L. Lions, known as the Concentration-Compactness Prin-
ciple (see [6], [7]).

Theorem 3.1. (P. L. Lions, [6], [7]) Let I be a real number and let {v,,} be a sequence of
nonnegative measures on R such that

lim | dv,=1.

m—oo R
Then there is a subsequence of {v,,} (which we denote by the same symbol) that satisfies
only one of the following properties.
Vanishing. For any R > 0,

lim (sup f dvm):O, 3.1)
m—oo\ R JBr(x)

where Bg(x) is the ball in R of radius R centered at x.

Dichotomy. There exist 6 € (0,1) such that for any T > 0, there are R > 0 and a sequence

{xn} in R with the following property: Given R’ > R there are nonnegative measures v, v,zn

such that
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1. 0<vl +v2 <vp,
2. supp(v}) € Br(xn), supp(v2) C R\ Br/(x,),

3. limsup,, (|9— j;% dvy |+ (T -6) - fR dV%') T

Compactness. There exists a sequence {x,,} in R such that for any T > 0, there is R > 0 with
the property that

f vy, =21 -7, forallm. (3.2)
BR(xm)

In order to apply this result to our case, let us assume that {v,,} in H 2R)isa minimizing
sequence for 7., then we define the positive measures {v,,} by dv,, = pmdx, where p,, is
defined as

c ’ 7
Pn=5 (v + a1 (V) + a2 (v)p)?), (3.3)

From the Concentration-Compactness Theorem (see Theorem 3.1), there exists a subse-
quence of {v,,} (which we denote by the same symbol) that satisfies either vanishing, or
dichotomy, or compactness. We will see that vanishing and dichotomy can be ruled out,
and so using compactness we will establish that the minimizing sequence {v,,} is compact
in H*(R), up to translation, as a consequence of a local compact embedding result.

We will establish some technical result. The first one is related with the characterization
of “vanishing sequences” in H*(R).

Lemma 3.2. (Vanishing sequences) Let R > 0 be given and let {v,,} be a bounded sequence

in H*(R) such that
lim (supf dvm) =0.
M=\ xeR J Bg(x)

lim f W dx = lim | v, dx=0.
R R

n—-o0o m—-0oo

Then we have that

In particular, if {vy,} is a minimizing sequence for I ., then vanishing is ruled out.

Proof. Let x e R, R > 0 and Bg = Bg(x). First, we notice that there is C > 0 such that

By <C [ v
Bg

Thus, since the embedding H 1(Bg) = L®(Bg) is continuous, we obtain that

Vil 2 dx < |[vll?. f [Vl *dx
L*®(BR)
BR BR

p 2 7 \2
S Cva”HZ(BR) (LR(VM) dx+ BR(vm) dx)

< vl f v
Bg
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Now, covering R by balls of radius R in such a way that each point of R is contained in at
most two balls, we find that

VlP2dx < 2C vl (Sup f dv )
fR " " H®) xeR J Bg(x) "

Thus, under the assumptions of the lemma,

. +2
lim fv% =0.
n—o0 R

In a similar fashion we obtain the other result, lim,;, fR Vi (V1) 120, Asa consequence
of this we see that

lim G(v,,) = 0.

m—oo

If we assume that {v,,},, is a minimizing sequence for 7., then we have that G(v,,) = 1, but
from the previous fact we reach a contradiction. O

In order to rule out dichotomy, we will establish a splitting result for a sequence {v,,} in
H?%(R). Fix a function o€ Cg"(R,Rﬂ such that supp¢ C Bo(0) and ¢ = 1 in B1(0). f R>0
and xp € R, we define a split for v € H*(R) given by

_ 1,2
V=1Vg+Vg,

where

X—)C())

Vi = V. Vg =v(1 = ¢p). dr() = o(—

In addition, we define Ag(xp) by

AR(x0) = Bar(x0) \ Br(x0).

Lemma 3.3. (A splitting result) Let R, > 1 and x,, € R be sequences. Define A(m) =
AR, (xw) and f(x) = $(Z2). If

lim sup (f dvm) =0. 3.4)
m— oo A(m)

Then as m — oo we have that
(@) I(vm) = 1(vy) +1c(vy) + o(1).
(b) G(vp) = G} )+GW2) +o(1).
Proof. First, we will see that
L) = L)+ 1.02) +0(1), asm — oo. (3.5)

In fact, note that

30 i= [ [on? = 042 = 02Pax=2 [ g1
R )

A(m
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Then

16Oy, | < C f (vm)?dx < C f dv,, — 0.
A(m) A(m)

Similarly we obtain that
M, ._ ’y\2 1v/)? 217)?
§Dvm = | @2 =(00)) = (02)) |dx
R
_ 7 \2 Y 2 007 \2
=2 f |8 (1= )05, + (1 =26y br) = 2V ($1,)* .
A(m)
Since |¢;n| < C/R,,, consequently we have that

6Dy, < C f [(v)? + (V) ]dx < C f dvy, — 0.
A(m) A(m)

In a similar fashion if
(2) 17\2 1yr)2 2 \1r\2
0y, 1= [(vm) —((vm) ) —((vm) ) ]dX,
R
we have that |6®v,,| — 0. Then we obtain that
Bim [£ev) = 1e(vy) = L(v;,)] = 0.

Next, we will show the item (b). We notice that
p+2 p+2
fR [(vm)P+2 —(m) =) ]dx

<C f )P dx
A(m)

< C(f [(vm)2 + (v,'n)2 +(v 2] dx)2 f [(vm)2 + (v;n)z] dx
A(m) A(m)

p+2

2
< C(f dvm) — 0.
A(m)

Now, it is not hard to prove that

s \p+l 1 1,p+1_2 YAz .
j};l:\/m(vm)p vm((vm)) vm((vm)) ]dx 0.

Then, from the definition of G, we conclude as m — oo that

G(vm) = G(vy) +G(E) +o(1).

Using the previous result we have the following lemma.
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Lemma 3.4. Let {v,,} be a minimizing sequence for I .. Then dichotomy is not possible.

Proof. Assume that dichotomy occurs, then we can choose a sequence R,,, — oo such that

supp (vay) C Br, (xXim), supp(vs,) C R\ Bog, () (3.6)
and
limsup(|0—fdv,ln|+|(IC—0)—fdv,2nD=O. 3.7)
m—oo R R

Using these facts, we have that

limsup (f dvm) =0. (3.8)
m— 00 A(m)

Jotm=( L= Lo o S
A(m) R BRm (xm) R\BZRm (Xm)
sfdvm—fdv,ln—fdv%l
R R R
fdvm—fc a—fdv,;
R R

Using (3.8) and Lemma 3.3 we conclude that

In fact,

< + +

(I.—6)- f av?,
R

Tim [ 1) = L(v) = 1e(v;,) | = 0,

lim [G(vm) = G(v),) = G(vp)| = 0.
nm— o0

Now, let 4,,; = G(vi ), for i = 1,2. Passing to a subsequence if necessary we have that

Ai i=1imy, 00 Ay €Xists. Now, let us prove that A; # 0. Assume that lim;,—,e A1 = 0, then

limy;— 00 Am2 = 1 (wWe proceed in a similar way in the other case). Therefore A,,2 > 0, for m

large enough. Then we consider
1
— 3 2 2
Wi = A, 57 V.

So that
Wi € HX(R), G(wy) = 1.

We have a contradiction since

I,

Tlim (Ze(v),) +107,)

2
. 1 ;)
sim ( [+ a7 7

0+1,.

v

In other words, |4, > O for m large enough. Then we are allowed to define

1

—q P2
Wini = A, 57 Vs 1= 1,2,
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Note that w,,; € H*(R) and G(w,,;) = 1. Hence,

I,

1im (Ze(vy,) + L (v3)
m—oo
2 2
= Wlli_rgo(um,llmz Ic(Wm,l) + I/lm,2|erz Ic(wm,Z))
2 2
> (0|7 + |72 ) 1.

Then , , , ,
1> 4472 + 22|72 > (21| +|A2]) 72> | Ay + Ao|P+2 = 1.

Hence, |1;]|+|42| = 1. Using that A4; + 1, =1 and 4; # 0, we have that A; > 0 and

2

2
AT AT = (4 + )7, (3.9)

2, .
But (3.9) gives us a contradiction, because for 7 € R* the function f(f) = t7»*2 is strictly
concave, meaning that

fti+12) < f(1) + f(#2), for 1,1, > 0.
Therefore, we have ruled out dichotomy. O

Now we are in position to obtain the main result in this section: the existence of a
minimizer for 7.. Since we ruled out vanishing and dichotomy above for a minimizing
sequence of 7., then by P. L. Lion’s Concentration-Compactness Theorem, there exists a
subsequence of {v,,} (which we denote by the same symbol) satisfying compactness. We
will see as a consequence of local compact embedding that a minimizing sequence {v,,} is
compact in H'(R), up to translation.

Theorem 3.5. If {v,,} is a minimizing sequence for (2.4), then there is a subsequence (which
we denote by the same symbol), a sequence of points x,, € R, and a minimizer vy € H*(R)
of (2.4), such that the translated functions

Vi = V(- + X))
converge to v strongly in H'(R).
Proof. Let {v,,} be a minimizing sequence for (2.4). In other words,

lim I.(vy,) =2, and G(vp)=1.
m—o00

By compactness, there exists a sequence x, in R such that for a given 7 > 0, there exists
R > 0 with the following property,

f dvy, > 1.—71, forallmeN. (3.10)
Br(xn)

Using this we may localize the minimizing sequence {v,,} around the origin by defining

Pm(X) = pm(x+Xp), V(X)) = V(X + Xp).
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Thus, we have the following localized inequality

f ﬁmdx:f dvy,>71.—1, forallmeN, 3.11)
Br(0) Br(Xm)

and also that
G,) =GV, =1, lim I.(v,)= lim I.(v,) = 1. 3.12)
m—-0oo m—-oo

Then by (2.7) we note that {¥,,} is a bounded sequence in H?(R). On the other hand, since
¥ € HX(U) for any bounded open set U C R and the embedding H*(U) — L4(U) is com-
pact for g € [2, 0], then there exist a subsequence of {¥,,} (which we denote by the same
symbol) and vy € H? such that

bm—vo in H*R) and ¥, —vo, ¥, =V}, ¥, —vy in L*(R),
and we also have that

Vm = Vo, V=V Py vy in LIZOC(R).

Moreover,
Vm—vo, V, vy, Vp—v, aein R

Using these facts we will show that some subsequence of {¥,,} (which we denote by the
same symbol) converges strongly in H 2(R) to a nontrivial minimizer vq of (2.4). This is,

T = Vo, Ty, = V), Vo vy in LA(R). (3.13)

In fact, using (3.11), (3.12) and the definition of I, we have that for 7 > 0, there exists R >0

such that for m large enough,
f |‘~}m|2d~x > f |\~/’m|2dx =27
Br(0) R

f lvoldx < liminf f |9l >dx
R m—0oo R

<lim inff [Pl?dx + 27
Br(0)

m—o0

= f [vol?dx + 271
Br(0)

< f|v0|2dx+2‘r.
R

liminf f |9, >dx = f vol*dx.
m—oo R R

Thus, there exists a subsequence of {¥,} such that ¥, — vg in L*(R). Using a similar
argument we prove the other part of (3.13). Now, using (3.13) and the fact that the inclusion
H?*(R) — L®(R) is continuous we have that

Then we have that

Therefore

G(vp) = lim G(¥,) = 1. (3.14)
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In fact,

fR [ﬁm @)+ = v (v{))pH ] dx = L[(i}m —vo) (7)) +v (( Bl an ( )p+1 )]a’x.

But we see that

~ +1 ~
f (= v0) () dx < 1 = voll = I, 12 IV 1
R

+1
< Cllom =vollge Il

<C [Ic(‘j'm)]T [V _V0”H2
S ClVp = vollgz — 0,

and also, using that the embedding H Y(U) — L4(U) is continuous for q €[2,00],

p
~/ ’ p+l ~/ ’ ~/ I TAY]
f vo (@) = (v%) )dxscnvOannvm—voanZn(vm)P Tl
R j=0

<C||vo||Hz||vm—vo||HzZ||v (A
j=0

p
~ (p—J)) 2j
< CllvollglFm = vollz D (Il ™ +Ivoll 7).
j=0
Next, there are r;, 7, > 0 such that

2(p—Jj) < ”~ 2r 2ry

1Vl Ul ”VOH <||Vo||H2, j=1..p.

So that
fR vO((v:n)”“ -(v)" )dx< Cllvollg 17 = vollzn (IFml272 + lIvoll27)
LI [T = vollan ([Le@a)]™ +[Lv0)]”?) = 0

In a similar fashion we have that

f @) = v dx — 0.
R

Then from the definition of G we conclude that (3.14) holds, which implies that vg # 0. On
the other hand, from (3.13), we see that

lim I.(V,,) = I.(vo) = L, lim I.(¥, —vo) =0
m—0o0 m—-0oo
Moreover, the sequence {,,} converges to vy in H%(R), since

[V — VO”Hz(R) < Cile(Vm —vo).
Then we concluded that {¥,,} converges to vy in H*(R) and vy is a minimizer for 7. O
Combining the Theorem 2.4 and Theorem 3.5 we obtain the main result of this work.
This is, the result of existence of travelling wave solutions for the equation (1.1).

Corollary 3.6. Let ay,a; > 0,p e Z",B€ R and ¢ > 0. Then the equation (1.1) admits in
the space H*(R) travelling wave solutions, u(x,t) = v(x — ct), with wave speed c > 0.
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