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Abstract

An inverse spectral problem is studied for Sturm-Liouville differential operators on
hedgehog-type graphs with generalized matching conditions in the interior vertices and
with Dirichlet boundary conditions in the boundary vertices. A uniqueness theorem of
recovering potentials from given spectral characteristics is provided, and a constructive
solution for the inverse problem is obtained.
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1 Introduction

We study an inverse spectral problem for second-order differential operators on the so-
called hedgehog-type graphs with general matching conditions in the interior vertices and
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with Dirichlet boundary conditions in the boundary vertices. Direct and inverse problems
for differential operators on graphs (spatial networks) often appear in natural sciences and
engineering (see [1], [2], [4], [7] and the references therein). We note that inverse spectral
problems of recovering coefficients of differential operators on trees (i.e on graphs without
cycles) were solved in [1], [7]. Inverse problems for Sturm-Liouville operators on graphs
with a cycle were studied in [8]-[10] and other papers but only in the case of the so-called
standard matching conditions. In particular, in this case the uniqueness result was obtained
in [9] for hedgehog-type graphs. In the present paper we consider Sturm-Liouville op-
erators on hedgehog-type graphs with generalized matching conditions (see Section 2 for
definitions). This class of matching conditions appears in applications and produces new
qualitative difficulties in investigating nonlinear inverse coefficient problems. For studying
this class of inverse problems we develop the ideas of the method of spectral mappings
[3], [6]. We prove a uniqueness theorem for this class of nonlinear inverse problems, and
provide a constructive procedure for their solutions. In order to construct the solution, we
solve, in particular, an important auxiliary inverse problem for a quasi-periodic boundary
value problem on the cycle with discontinuity conditions in interior points.

2 Statement of the inverse problem

Consider a compact graph G in R” with the set of edges & = {ey,...,e,}, where ¢g is a
cycle, & = {ey,...,e,} are boundary edges. Let {vq,...,v,.n} be the set of vertices, where
V ={v1,...,v,}, vk € e, are boundary vertices, and U = {v,,1,...,V,+n} are internal vertices,
U =& Ney. The cycle e consists of N parts: eg = ep41U...Uern, €1k = [Vitks Vrak1], k=
LN, viin41 := vp41. Bach boundary edge ¢, j = 1, r, has the initial point at v;, and the end
point in the set U. The set & consists of N groups of edges: & =& U...UEy,ExNey = Visk.
Let r; be the number of edges in E;; hence r=r;+---+ry. Denote mg =1, my =r; +---+r¢,
k=1,N. Then & = {ej}, j=m_1+1,my. Thus, the boundary edge e; € & can be viewed
as the segment e = [v;,v,4]. For example, a graph G with N = 3 and r = 4 is on Figure 1.

V3

V4

Figure 1

Let T; be the length of the edge e;, j=1,r+N, and let T := T, +...+ T,y be the
length of the cycle eg. Put by =0, by = Tyi1 + ...+ Trip, k = 1,N. Then by = T. Each
edge e;, j=1,r+N is parameterized by the parameter x; € [0,7;], and x; = O corresponds
to the vertex v;. The whole cycle e is parameterized by the parameter x € [0,T], where
X = x,+j+bj_1 forx,+j (S [0,T,+j],j:1,_N.
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An integrable function Y on G may be represented as ¥ = {y j}j:m, where the function
vj(x;), x;j € [0,T}], is defined on the edge e;. The function y(x), x € [0, 7] on the cycle e is
defined by y(x) = yyaj(xre), j = LN.

LetO={q J}jzm be an integrable real-valued function on G; Q is called the potential.
The function g(x), x € [0, 7] is defined by g(x) = g+ j(xr+,), j = 1, N. Consider the following
differential equation on G:

=7 () +q(xpyj(xp) = yjxp), x;€[0.T;], j=1Lr+N, @D

where A is the spectral parameter, the functions y;, y;, j=1,r+ N, are absolutely continuous
on [0,7] and satisfy the following matching conditions at each internal vertex v,.1, u =

r+1,r+N:
yur1(0) = ajyj(T;) forall e;je&

u—r+1°
VO =l )= > BT, 2.2)
ejes;’lfwl

and yrin+1 := Yeets Brenet i= hrets Eni1 =81, &Ly = &1 U ey, Here a;, B and
hj are real numbers, and a;B3; # 0. For definiteness, let a;3; > 0. Conditions (2.2) are a
generalization of the so-called standard matching conditions (see [9]), where a; = 3; =1,
hj=0.

Let us consider the boundary value problem By on G for equation (2.1) with the match-
ing conditions (2.2) and with the Dirichlet boundary conditions at the boundary vertices
Viseows Vit

vi(0)=0, j=1r.

Denote by Ag = {A,0}n>0 the eigenvalues of the boundary value problem By. We also con-

matching conditions (2.2) and with the boundary conditions
0)=0, k=vi,...,vp, ¥i(0)=0, j=1r, j#vi,...,vp.

Let Ay, .y, :={Auy....v, In=0 be the spectrum of B,
An important role for solving inverse problems on graphs is played by an auxiliary
quasi-periodic boundary value problem on the cycle with discontinuity conditions at interior
points. The parameters of this auxiliary problem depend on the parameters of By. More
precisely, let us introduce real numbers y;, n;, (j=1,N-1), h, a, B by the formulae

_ QA+ j _ . T T _
’)/]_ ﬁ+" nj—')/jhr+j+17 J_laN_lv h_hr+l7
r+j
N-1 N-1 N-1 N
O =qreN nyj nﬁr+j7 B= 1_[7j l—lﬁrﬂ"
=1 j=1 =t =1

Clearly, af > 0, y; >0, j=1,N—1. Using these parameters, we consider the boundary
value problem B on the cycle eq:

(2.3)

=" () +q(x)y(x) = y(x), x€0,7), 2.4)
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¥(0) =ay(T), y'(0)-hy0)=py(T), 2.5)

¥(bj+0) = y3(b;=0), ¥ (b; +0) = 7'y (b= 0)+np(b;=0), j=TN=T.  (2.6)

Let S (x,1) and C(x, A1) be solutions of equation (2.4) satisfying conditions (2.6) and S (0, 1) =
C’(0,2)=0,S8(0,2) = C(0,12) = 1. Put ¢(x,2) = C(x,1) + hS (x,2). The eigenvalues {A,,},,>1
of B coincide with the zeros of the characteristic function

a(d) = ap(T, ) +BS"(T, 1) — (1 + ap). 2.7)

Letd(1) :=S(T, ), Q1) = ap(T,)—BS’(T, ). All zeros {z,},>1 of the entire function d(1)
are simple, i.e. d(z,) # 0, where d(1) := d%d(/l). Put M, = —d,(z,)d(z,), where d;() :=
C(T, ). The sequence {M,},>; is called the Weyl sequence. Put w, = sign(Q(z,), Q =
{wn}nzl .

We choose and fix one edge eg, € &; from each block &;, i = I,_N, ie.mi_1+1<& <m.
We denote by & := {k: k=¢&,...,&n) the set of indices &, i = I, N. Let ajandB;, j=1,r+N,
be known a priori. The inverse problem is formulated as follows.

.....

vp <1, vj €& and Q, construct the potential Q on G and H := [h /]j:m‘

This inverse problem is a generalization of the classical inverse problems for Sturm-
Liouville operators on intervals and on graphs.

Example 2.1. Let N = 1. Then we specify r+ 1 spectra A;, j = 0,7, and Q. This inverse
problem was solved in [8].

,,,,, P

pzl,_N,1£v1<...vpsN,andQ.

Example 2.3. Let N =3, r =4 (see Figure 1).

Case 1. Take &) =2, &, =3, & =4. Then we specify Q and the following spectra:
Ao, A1, A2, A3, Ad, Aoz, Aoa, Aza, Anza.

Case 2. Take &1 =1, & =3, &3 = 4. Then we specify Q and the following spectra:
Ao, A1, A2, A3, Aay Az, A, Asa, Agaa.

Let us formulate the uniqueness theorem for the solution of Inverse problem 1. For this
purpose together with g we consider a potential §. Everywhere below, if a symbol @ denotes
an object related to ¢, then & will denote the analogous object related to g.

Theorem 2.4. If Aj=Aj, j=0,r, Ay, =Ayyy, P=2,N, 1 <y <...<v, <1,V EE,
Q=Q, then Q=Qand H = H.

This theorem will be proved in Section 4. We will also provide there a constructive
procedure for the solution of Inverse problem 1. In Section 3 we study properties of spectral
characteristics and prove some auxiliary assertions.
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3 Properties of spectral characteristics

Let S j(x;,4), Cj(xj,4), j=1,r+N, x; €[0,T], be the solutions of equation (2.1) on the
edge e; with the initial conditions

S (0,4 = C;(O,/l) =0, S}(O,/l) =Cj(0,1)=1. 3.1

For each fixed x; € [0,7], the functions S;V)(xj,/l), C;V)(xj,/l), j=1,r+N,v=0,1, are
entire in A of order 1/2.

Theorem 3.1. The following relations hold fork=1,N—1, v=0,1:
SO bys1 =0,2) = 7S (b = 0,0CY, | (T, D+ 77 'S (b = 0,08, (Triia1, D)
+ 1S (b = 0,08 0 (T, ), (3.2)
CO(brs1 —0,2) = Yk Clbe = 0, DCY, | (Trates 1, D+ 7 C (k= 0,08 Y (Triar, D)

+ e Cbx = 0,08, . | (Trixs1, ). (3.3)

Indeed, fix k= 1,N —1. Let x € [bg, brs1], 1.€. X = Xpsp41 +Dp, Xrtkr1 € [0, Trig1]. Using
the fundamental system of solutions S ;41 (Xr+4+1>4)s Crik+1(Xr+k+1,4) ON €p4x41, ONE has

SO, ) = AQCY, Frtr1, D)+ BAS ) ket D, v =0, 1.

Taking initial conditions (3.1) for j = r+k+ 1 into account, we find the coefficients A(1)
and B(A1), and arrive at (3.2). Relation (3.3) is proved similarly.

Let A :pz, T:=Imp>0,I1:={p: 7>0},1l5:={p: argp € [6,71— 3]}, 0 € (0,7/2). The
following theorem describes the asymptotic behavior of S (x, 1) and C(x, 1) on each interval
x€(bj,bj1) (see [11]).

Theorem 3.2. Fix j=1,N-1. For x€ (b;,bj;1), v=0,1, m=1,2, |p| = oo,

o s / & & sin(oay, ..., (1)
fk)dxv(m;prfZ 2 (Hé)—aﬂp )

k=1 1< <..<w<j i=1

I~

SV (x, Q) = (

=~
1l

1

+ O(pv+m—3e‘rX)’

k
(l_l g:' )cos(pa/#l ,Mk(x)))

k=1 1< <..<<j i=1

J
C(x,) = ]_[f
k=1

+ O(pv+m—3e‘rX)’

where

+y; k .
&= Wy, g () =2 (=1 by + (<D

i=1



An Inverse Problem for Differential Operators on Hedgehog-type Graphs with General
Matching Conditions 103

Using Theorem 2.4, we obtain for |p| — oo, p € Is:

@+B)E £ T
a)=F= T 4], Ay =-2e T[4, &= g (34)
2 2ip il
Moreover,
a) =0™), d)=0@p e, |p|—>c0, pell (3.5)
Fix k= 1,r. Let O = {Dy, j}j:m be the solution of equation (2.1) satisfying (2.2) and
the boundary conditions
Q;(0,) =06 j=1.r, (3.6)

where 0 is the Kronecker symbol. Put My(4) := @;,(0,4), k = 1,r. The function My ()
is called the Weyl function with respect to the boundary vertex v;. Put M ,i,.(/l) = @0, 1),

M,?j(/l) = @ (0,). Then

O j(xj,4) = M,lj(/l)Cj(xj,/l)+M,?j(/l)Sj(xj,/l), x;€[0,T;], j=Lr+N, k=1,r. (3.7)
In particular, M Ilk(/l) =1, M]?k(/l) = My(A). Substituting (3.7) into (2.2) and (3.6), we obtain

a linear algebraic system Dy with respect to M]:‘(/l), v=0,1, j=1,r+ N. The determinant
Ap(2) of Dy does not depend on k and has the form

N k
A =a(a @+ > auu@]]( D] QiW)), (3.8)

k=1 1< <..<u <N i=l e;egy,
where 8.SUT D)
_ < (T = i
o) = g(a/]S](T],/l)), Qi) = @S T’ (3.9
ap(l) = a(d), a1(d) =ad(). (3.10)

We note that the coeflicients ag(4) and ay,. 4, (1) in (3.10) depend only on § E.V)(Tj,/l) and
CE.V)(Tj,/l) for j=r+1,r+ N, and (3.10) follows from Theorem 3.1. We do not need con-
crete formulae for other coefficients ay, .., (1). The function Ag(4) is entire in A of order
1/2, and its zeros coincide with the eigenvalues of the boundary value problem By. The
function Ag(4) is called the characteristic function for the boundary value problems By.
Let A, v, (1), p= ILrnl<vi<..< v, <1, be the function obtained from Ag(A) by the
replacement of SE.V)(Tj,/l) with C;V)(Tj,/l) for j=vi,...,vp, v=0,1. More precisely,

.....

k=1 1<y <..<up<N

k
<[ D) «w+ >  w) G.11)

i=1 e;€8y;, j#V1,sVp €€ ;s J=V1sesVp
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i o BCATLA
Oy, () = ' 1_[ (a;S (T, 1) ' l_[ (;Ci(T}, ), Qj(ﬂ) = m (3.12)
J=1 jEVEevp FEV eV JeiN g
The function A,, _,,(4) is entire in A of order 1/2, and its zeros coincide with the eigenval-
ues of the boundary value problem B,, v,- The function A,, ., (D) is called the character-
istic function for the boundary value problem B,, Vpr

Solving the algebraic system Dy, we get by Cramer’s rule: M ,fj(/l) = Aij(/l) /Ap(A), s =

,,,,,

0,1, j=1,r+ N, where the determinant A7 (1) is obtained from A(2) by the replacement
of the column which corresponds to M ,ﬁj(/l) with the column of free terms. In particular,

Ar()

2’ k=1,r. (3.13)

M) = -

Uniformly on x; € [0, 7], we have (see [3]):

S§><xj,4>=%((zp) exp(ipx))[11- (=ip)” exp(=ipx)[1]), p€Il, |p| > o0,  (3.14)

L. . . .
CV(xj, ) = E((lp)vexp(l,ox,-)[l] +(=ip) exp(=ipx[1]), p€Il, |p| > o0.  (3.15)
Moreover, for each fixed x; € [0, T}):
O (e D) = (ip) explipx[1], p €Ty, ol = oo,

In particular, My(1) = (ip) [4], p € s, |p| = oo.

Using (3.8), (3.14), (3.15), (3.4) and (3.5), by the well-known method (see, for example,
[6]), one can obtain the following properties of the characteristic function Ag(1) and the
eigenvalues Ag of the boundary value problem By.

1) For p €11, |p| — oo,

r+N
Ao(A) = O(Ipl_’ exp (Tz Tj)).
j=1
2) There exist & > 0, Cj, > 0 such that
r+N
|Ao(D)] = Chlpl_rexp(rz Tj)
j=1

for T > h. Hence, the eigenvalues 4,9 = pio lie in the domain 0 < 7 < h.
3) For n — oo,

Pn0 = pgo + 0(%)3
n0

where /120 = (pgo)2 are the eigenvalues of the boundary value problem By with Q = 0 and
H=0.
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The characteristic functions A,

.....

v,(4) have similar properties. In particular,

r+N

Jj=1

Using properties of the characteristic functions and Hadamard’s factorization theorem,
one gets that the specification of the spectrum Ay uniquely determines the characteristic

.....

..........

ing infinite products (see [3] for details).

4 Solution of the inverse problem

In this section we provide a constructive procedure for the solution of Inverse problem 1,
and prove its uniqueness.

Fix k = 1, r, and consider the following auxiliary inverse problem on the edge ex, which
is called IP(k).

IP(k). Given two spectra Ag and Ag, construct gg(xg), x € [0, Ty].

Theorem 4.1. Fix k = 1,r. The specification of two spectra Ao and Ax uniquely determines
the potential g on the edge ey.

The solution of IP(k) can be obtained by the method of spectral mappings [3], [6]. Here
we only explain ideas briefly; for details and proofs see [3], [6]. Take a boundary value
problem Bo with O = 0. Take a fixed ¢; > 0 such that [Im o0, IImp,0| < c;1. In the p-plane
we consider the contour y (with counterclockwise circuit) of the form y = y* Uy~, where
v*={p: xIlmp = c;}. For each fixed x; € [0, T;], the function S ;(xz,A) is a unique solution
of the linear integral equation

~ 1 .

Sk(xk,A) = S(xg, )+ i ka(xk,/l,ﬂ)Sk(xk,/l)d#, 4.1)
Y

where Dy (x, A, 1) = f St VS 1 (t, )M () dt, My (1) := My (u) — My (u1). The Weyl function

0
M, () is calculated by (3.13). The potential g; on the edge e, can be constructed from the
solution of (4.1) by the formula

1 ~ N
qr(xy) = i f(Sk(xk,ﬂ)Sk(xk,ﬂ))'Mk(/l) da
JTl %

or by gr(xi) = A+ (X, D)/ S k(X D).

Now we study the following auxiliary inverse problem on the cycle eg, which is called
IP(0). Consider the boundary value problem B of the form (2.4)—(2.6), where the parameters
of By are defined by (2.3), and «, are known.

IP(0). Given a(1), d(4) and Q, construct g(x), x € [0,T], h,y; and n;, j=1,N—1.

The inverse problem IP(0) was solved in [11], where the following theorem is estab-
lished.
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Theorem 4.2. The specification a(Ad), d(d) and Q uniquely determines q(x), h, y; and
nj, j=1,N—1. The solution of IP(0) can be found by the following algorithm.

Algorithm 1.

1) Construct D(1) = a(1) + (1 +af).
2) Find the zeros {z,},>1 of the entire function d(1).

3) Calculate Q(z,,) by the formula Q(z,,) = wy, A/ D*(z,) — 4ap.

4) Construct d(z,) = (D(zx) + Q(z0))/ 2a).

5) Calculate the Weyl sequence {M,},>1 via M,, = —d(z,,)/ d(z,).

6) From the given data {z,, M, },> construct g(x),y;,n;, j = 1,N —1, by solving the inverse
Dirichlet problem with discontinuities inside the interval (see [5]).

7) Find S(T,4), S’(T,A) and C(T, A).

8) Calculate h, using (2.7).

Let us go on to the solution of Inverse problem 1. Firstly, we give the proof of Theo-
rem2.4. Let Ay = Ag, k=0,r, Ay, =Ay ) P=2,N, 1<V <...<v, <rvjeéand
Q =Q. Then

.....

M) = M), k=0,r,

..........

Moreover, by virtue of (2.3)onehasy;=%;, j=1LN-1,a=a, = 3. Using Theorem 4.1,
we obtain gi(xx) = Gi(xx) a.e. on [0, T%], and consequently,

Cr(o, D) = Crloa, ), Sk, ) = Si(o, ), k=1, (4.2)
In view of (3.9), (3.12) and (4.2) we get

TN =), T,y (D) =5y,

.....

B, Qi) =0, QU =a%W, j=T1r.

Using (3.8) and (3.11), we obtain, in particular, ag(1) = @A), a;(1) = a;(1). Together with
(3.10) this yields

a(d) = a(), d) =d(Q).
It follows from Theorem 4.2 that gi(xx) = gi(xx) a.e. on [0,T¢], k=r+1,r+N, h = h,

nj=1j, j=1,N—1. Taking (2.3) into account, we deduce H = H. Theorem 2.4 is proved.
The solution of Inverse problem 1 can be constructed by the following algorithm.

Algorithm 2.

.....

2) Calculate y;, j=1,N -1, @ and 3, using (2.3).

3) For each fixed k = 1, r, solve the inverse problem IP(k) and find gx(xy), xx € [0, T¢] on the
edge ey.

4) For k = 1, r construct Ci(xx, A) and S i (xx, A), xx € [0, Tk].

5) Calculate a(A1) and d(A), using (3.8), (3.10) and (3.11).

6) From the given a(d),d(1) and Q construct gi(xx), [0,Tk], k=r+1,r+N, h and n;, j =
I,N-1.

7) Using (2.3), construct H.
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