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Abstract

The paper is devoted to study classes of plane wave diffraction problems by a region
which involves a crack with impedance boundary conditions. Conditions on the wave
number and impedance parameters are found to ensure the well-posedness of the prob-
lems in a scale of Bessel potential spaces. Under such conditions, representations of
the solutions are also obtained upon the consideration of some associated operators
which, in a sense, combine operators of Wiener-Hopf and Hankel type.
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1 Introduction

The diffraction by regions containing cracks is a well recognized important problem in ap-
plied mathematics. Recently, several works increased significantly the knowledge about
the solutions of such problems and the most appropriate spaces framework where to in-
terpret these solutions. As a matter of fact, a great part of the recent interest goes to the

*E-mail address: castro@ua.pt
TE-mail address: daka@rmi.ge



46 L. P. Castro and D. Kapanadze

mathematical analysis of the weak formulation of such kind of problems, and to an even-
tual possibility to increase regularity of the solution in a Sobolev spaces context. E.g., the
works [7, 8,9, 10, 11, 12, 13, 14, 19, 35, 36, 38, 39, 40] follow this line of research, and
worked out already a corresponding detailed mathematical analysis about several classes of
diffraction problems (but mostly without cracks).

In the present work, we go further on our own research (cf. [12, 14]) as it concerns the
knowledge about the regularity of solutions of wave diffraction problems in the half-plane
with a crack geometry, by considering in here (possible different) boundary impedance con-
ditions on the crack. More specifically, we will derive seven different possible conditions
on the wave number and on the impedance paramentes such that the unique solutions for
the considered problems are obtained in Bessel potential spaces H'*®, for a smoothness
parameter € € [0, 1/2).

It is worth mentioning that the present methods are different from other somehow more
classical works which are based only on the Wiener-Hopf method and its generalizations.
Important tools in our technique are the Green formula and a convenient combination of
pseudo-differential operators with other types of operators. More precisely, we use here
a potential theory approach combined with the use of concrete extension operators, and a
corresponding integral description of the problems. Thus, this is also different from the most
classical approach due to the Malyuzhinets method [33], and corresponding representations
of solutions by using the so-called Sommerfeld integral transform (cf., e.g., [32]). It is also
clear that the present crack diffraction problems present an increase of the difficulties when
compared with the corresponding problems of wave diffraction by a half-plane. The main
difficulty is related to the different geometries of these two classes of problems, which for
the crack case is originating much more difficult operators and equations for deriving the
solutions of the problems.

2 Formulation of the problems

We will now introduce the general notation which will allow the mathematical formula-
tion of the problem. Let S(R") denote the Schwartz space of all rapidly vanishing func-
tions and S’(R") the dual space of tempered distributions on R”. The Bessel potential
space H*(R"), with s € R, is formed by the elements ¢ € S'(R") such that |lgl|gsgn) =

lF~11+ |§|2)S/2 “F@ll,gny is finite. As the notation indicates, || - || is a norm for the
space H*(R") which makes it a Banach space. Here, ¥ = ¢ denotes the Fourier trans-
formation in R".

For a given Lipshitz domain D, on R"*, we denote by H(D) the closed subspace of
H*(R™) whose elements have supports in D, and H*(D) denotes the space of general-
ized functions on O which have extensions into R" that belong to H*(R"). The space
H*(D) is endowed with the subspace topology, and on H*($) we introduce the norm
of the quotient space H*(R")/ H R"\D). Throughout the paper we will use the notation
R} :={x=(x1,...,%-1,X,) € R" : +x, > 0}. Note that the spaces HO(R’D and ﬁO(Rﬁ) can
be identified, and we will denote them by Ly(R’}).

LetQ :={(x1,x) € RZ:x;>0,x) € R}, T :={(x1,0): x; eR},and I'; :={(0, x2) : x» € R}.
Let further C := {(x1,0) : 0 < x; < a} cI'; for a certain positive number a and Q¢ := Q\E.
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Clearly, 0Q =1 and Q¢ =T, UC.
For our purposes below we introduce further notations: Q1 :={(x,x2) € RZ:x;>0,x >
0} and Q; := {(x1,x2) € R? : x; > 0, x5 < 0}, then 0Q; = §;US, for j = 1,2, where S :=
{(x1,0) : x1 20} CI', 81 :={(0,x2) : xp 20} I, and S := {(0,xp) : xp <0} CI's. Finally,
. . . % %
we introduce the following unit normal vectors n; = (0,—1) on I'; and np = (—=1,0) on I';.
Lete €0, %). We are interested in studying the problem of existence and uniqueness of
an element u € H'**(Qc), such that

(A+K)u=0 in Qc, 2.1)

and u satisfies one of the following two representative boundary conditions:

Opullh—pilul-=g; on C, [ult =h; on Sy,

[9n ]? prifie =& and fl (2.2)
[0 ul + p2[ulz = g2 on C, [uls, =h> on Sy,

O ult—pi[ul=g; on C, On,uls = fi on Sy,

[0, ]E‘ pilule =81 and [0, ]fl 2.3)
[On,ulc+ p2[ul; = g2 on C, [(9,,2u]32 =f, on Sy;

here the wave number k € C\R and the numbers p; € C are given. The elements [u]} and
]
[On, u]gJ denote the Dirichlet and the Neumann traces on Sj, j = 1,2, respectively, while by

[u]é we denote the Dirichlet traces on C from both sides of the screen and by [d,, u]é we
denote the Neumann traces on C from both sides of the crack.

Throughout the paper on the given data we assume that h; € H 1/2+e (Sj. fieH ~1/2+e (S5,
and gj € H~'/2*2(C), for j = 1,2. Furthermore, we suppose that they satisfy the following
compatibility conditions:

Xa(8} &) €rcH *°(0), (2.4)
and
xo(g1+rcfioe?). xo(s2—refroe ) e rcH 2+ (C). 25)
Here, r¢ denotes the restriction operator to C and y,(x) := yo(a — x), where yo € C*([0,a]),
such that yo(x) =1 for x € [0,a/3] and yo(x) = 0 for x € [2a/3,a].
From now on we will refer to:
e Problem #;_p as the one given by the conditions (2.1), (2.2), (2.4);
e Problem #;_p as the one given by the conditions (2.1), (2.3), (2.4), and (2.5).
Note that the compatibility conditions (2.4) and (2.5) are necessary for the well-posedness

of the problems #;_p and $;_y but only in the case € = 0. For & € (0, %) the compatibility
conditions are superfluous.
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3 The fundamental solution and potentials
We start this section by proving the uniqueness result for the problems in consideration.

Theorem 3.1. If e € [0, %) and one of the following situations holds:

(@ (Rek)(Omk)>0, Imp; >0, Imp, >0,

(b) (Rek)(Tmk)<0, Imp; <0, Imp, <0,

(¢) |Imk|>|Rekl, Rep; <0, Rep, <0,

(¢) |Imk|l=|Rekl, Rep; <0, Rep,<O,

(d Rek=0, (Bmp;)(Tmpy) >0,

(&) Smpi#0, (Imk) ~(Rek) +2Rek)(Tmh) S > 0,

Reps < Repy goLZ,
(O Impy#0, (Imk)>—(Rek)’ +2(Rek)(SmA) 22 >0,
Repi < Repy Jolt,

then problems Pi_p and P;_n have at most one solution.

Proof. The proof is standard and uses the Green’s formula (being sufficient to consider the
case € = 0). Let R be a sufficiently large positive number and B(R) be the disk centered at
the origin with the radius R. Set Qg := Q¢ N B(R). Note that the domain Qg has a piecewise
smooth boundary S g including both sides of C and denote by n(x) the outward unit normal
vector at the non-singular points x € Sg.

Let u be a solution of the homogeneous problem. Then the first Green’s identity for u
and its complex conjugate & in the domain Qg, together with zero boundary conditions on
S g yields

f [|Vu|2—k2|u|2]dx:p1f|[u]+|2dx+ p2f|[u]-|2dx+f @u)adSg. (3.1)
Qp C c dB(R)NQc

From the real and imaginary parts of the last identity, we obtain
f |IVul +((Smk)* - (Rek)’) lul* [dx — Re py f [ul*Pdx — Rep, f [u]™|Pdx
Qr o c

=Re f Ouw)udSg, (3.2)
IBRNQ

—2(Rek)(Fmk) | |ufdx — Imp, fl[u]+|2a’x - Smp2f|[u]—|2dx
C C

Qg

=3Jm Ouw)udSg. (3.3)
ABRNQe
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Now, note that since u € H'(Q¢) there exists a monotonic sequence of positive numbers
{R;}, such that R; — oo as j — oo and

lim (Onu) dSg; =0. 3.4
]/ 6B(Rj)ﬂgc

For each of the conditions (a), (b), and (d) the expression in the left hand side of (3.3) and
for the condition (c) and (c”) the expression in the left hand side of (3.2) are monotonic with
respect to R, and therefore (3.4) implies that the limits at infinity of the expressions in the
left and right hand sides of (3.2) and (3.3) exist and are equal to 0. Thus z = 0 in Q¢.

For the condition (e), equalities (3.2) and (3.3) give us

f [|Vu|2 + ((Smk)2 —(Rek)? + 2(%ek)(3mk)m) |u|2]dx
Qr 5111191

H(Repi o2 Re po) f ] Pdx
Cc

Imp; -
R
:%ef @u)idSg — —PLgm (D) 1dS g,
AB(R)NQc Imp AB(R)NQc

with the expression in the left hand side which is also monotonic with respect to R, and
therefore (3.4) implies that limit at infinity exists and equals to 0. Similar arguments work
for the condition (f). Thus # = 0 in Q¢ also for the conditions (e) and (f). O

Now, without loss of generality, we assume that Imk > 0; the complementary case

Imk < 0 is treated with obvious modifications. Let us denote the standard fundamental
solution of the Helmholtz equation (in two dimensions) by

K = —7H (k).

where H(()l)(klxl) is the Hankel function of the first kind of order zero (cf. [20, §3.4]). Fur-
thermore, we introduce the single and double layer potentials on I'j:

Vi) fr K- WOIT), T

W@W = [ 10,0Ka-Dle0ds . xeT

where j = 1,2 and ¢, ¢ are density functions. Note that for j = 1 sometimes we will write
R instead of I'1. In this case, for example, the single layer potential defined above has the
form

Vi)(x1,x2) = fR(K(Xl =y, 2 (dy, x3#0.

Set Ri ={(x1,x) € RZ: x, 2 0} and let us first consider the operators V := V| and
W= Wl.
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Theorem 3.2 (Cf., e.g., [10]). The single and double layer potentials V and W are contin-
uous operarors

ViH'R) > HIRY), Wi HM(R) - HYIR?) (3.5)

for all s € R and satisfy following well-known limit relations:

1
VWl = VWl = HW), [0, V(W] = [+511W).

3.6
W =[50, W@ = 16,W@) = £(p), "
where
HY)D) = fR Ka-yWo)dy, zeR, G.7)
Lo© =l a fR K- Dle)dy, € R, (3.8)

and I denotes the identity operator.

In our further considerations we will use the even and odd extension operators defined
by

Qo(y)9 y € Ri
o(-y), YERs

Qo(y)’ y € Ri

Ce = { —p(-y), y€R:

and Cp(y) = {

respectively.

Remark 3.3 (Cf. [19]). The following operators

£ HYIRL) — HEI(R), €0 rg HVI(Ry) — HF I(R),
£ HTIRL) — HTIR), (0 rg H2(Ry) — HE1(R),

are continuous for all € € [0,1/2).
Lemma 3.4 (Cf. [10]). Ife €10, %), then
rr, 0 Vol =0, rm,oWol’p=0,
1r, 00,V oty =0, rr, 00, Wolfp =0
forall y € H3(S), § € rsH*3(S), ¢ € H*2(S), and § € rsH**3(S).

Note that analogous results are valid for the operators V, and W5.
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4 The problems in the form of Wiener-Hopf plus Hankel equa-
tions

In the present section, we will equivalently write our problems in the form of single equa-
tions characterized by particular operators which will depend on algebraic sums of Wiener-
Hopf and Hankel operators. These operators will be originated by an appropriate use of
certain pseudodifferential operators (introduced in the last section), and also a convenient
use of odd and even extension operators. In view to formalize these operators later on, we
will now introduce the reflection operator J given by the rule

JYy(y)=y(-y) forall yeR.
Lemma 4.1. Let one of the conditions (a)—(f) of Theorem 3.1 be satisfied, then operators
1
;= 51+ piH H2™[R) — H T ([R), j=1,2, 4.1)

are invertible.

Proof. Note that the invertibility of the operators (4.1) can be easily derived from the anal-
ogous results on operators £ — %I from [10, Section 5], using the mapping properties of the
operator H and the identities LH = HL = —;111 ;cf. [7, 8, 10]. O

From now on we assume that one of the conditions (a)—(f) of Theorem 3.1 is satisfied.

4.1 The #;_p problem

We start by considering the boundary value problem #;_p in the following equivalent form:
Find u; € H'*(Q;), j = 1,2, such that

(A+K)y=0 in  Q 4.2)
+
lulg =h  on S (4.3)
J
[Onuilo—pilu)E =81, [Onuwalc+p2ludlc=g2 on  C, 4.4)
and
[rlfe = [u2lge =0, [Onur]le = [Onu2]ee =0 on  C°, 4.5)
where C° = S\C.
Let us consider the following functions
up i=-Vi®7 Crsy+ Hy inQy, (4.6)
and
up := V@5 rs(—¢)+ Hy in Qy, (4.7)
where

Hy = =V107" (€(Lag1 +2p1 [Wa(Ch)IG)) +2Wa(Eh1)  in Q,
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and
Hy := Vi®3' (£°(L. 82 = 22l Wa(£h2)]5)) + 2Wa () in Qo

here ¢ and ¢ are arbitrary elements of the spaces H ‘%”(Cc) and H %”(CC), respectively;
(.81 € H’%”(S) is any fixed extension of g € H’%”(C‘), while €, g, € H’%”(S) denotes
the extension of g, € H ‘%”(C) which satisfies the condition r¢e (€21 — €+g2) = 0. Note that
such extension exists due to the compatibility condition (2.4). Furthermore, the operators
@Il and @51 denote the inverse of the operators @ and @,, respectively, cf. (4.1). Note
also that, the functions H; and H, are well defined and are known.

Using the results from Section 3 and noting that CDj‘lf" = f"rS(Dj‘lf" (cf. [10]) it is easy

to verify that u;, j = 1,2, belong to the spaces H 1+S(Qj) and satisfy equations (4.2)-(4.4).
Thus it remains to satisfy the conditions (4.5). The first condition of (4.5) gives us

—roeH( @' + 0 ) rp + ree H®,  rgp = Hy,,

where
1
HYp = [Halg — [H\ e € H7H(CO).

From the second condition of (4.5), we have
0= [0, u1]ie = [0muzlge = [0 urle — prlun)ge = [0n w2l e — palualge + (p1 + p2)lui g,
which leads us to the following equation
—(p1 + pz)r(;c?-(CDIlf”rsw +rocl’rgp = HIZD,

where
1
Hip = —(p1 + p2)[Hi1E € HT(CO).

Thus we arrived to the following equation

r(;c(](fOI”ST = H]D, (4.8)

()

and Hjp := (H}D,HIZD)T is a known vector function. Therefore we need to investigate the
invertibility of the operator

where
~H@ + D)) HO!
K =

—(p1+p)HOY! 1

ﬁ—%+8(CC) H%-FE(CC)
reeKtrs : _ @ — 52 . 4.9)
H%_HS(CC) H%+6(c€)

With the help of the operator J and the shift convolution operators

Op(12q) = F '1u- F,
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where 7,(€) := e, £ € R, we equivalently reduce the problem to the invertibility of the
operator

H1(R,) H2*(R,)
e, K__: ® — @ , (4.10)
Hi*(R,) HI*(R,)

where
K__ .= Kdiag{l — Op(t_24)J, I — Op(T_24)J}.

Let us note here that because of Theorem 3.1 and having in mind the exhibited limit rela-
tions of the potentials, we already know that Kerrg, K__ = {0}.

4.2 The $;_y problem

As in the previous subsection, the boundary value problem #;_y can be equivalently rewrit-
ten in the following form: Find u; € H 1J”S(Qj), j=1,2, such that

(A+K)uj=0 in  Q (4.11)
+
|14 §=f o S (4.12)
[Bpulo—priluli =81, [Opualc+p2ludlc=g2 on G, (4.13)
and
[rlfe = u2lge =0, [Onur]e = [Onu2]ee =0 on  C°, (4.14)
where C¢ = S\C.
Let us consider the following functions
up i=-Vi®7 Crsy+Fy inQy, (4.15)
and
Uy := V@5 rs(y—p)+Fa in Qy, (4.16)
where
Fi = =Vi8; (0.1 + 2[00, Vo )IE)) —2Va(L°fi)  inQ,
and

Fa:= V1B, (((Lg2+200,, Vo f2)]8)) = 2Va(Lfo) - in Q;

here  and ¢ are arbitrary elements of the spaces H ~2*¢(C) and H : *2(C°), respectively,
as above. Note also that, the functions F| and F, are well defined (cf. Remark 3.3 and
compatibility conditions (2.5)) and are known.

Using the results from Section 3 and noting that q)j‘lfe = rSCDj‘lf" (cf. [10]) it we have
that u;, j = 1,2 belong to the spaces H 1+‘9(Qj) and satisfy the equations (4.2)-(4.4). The first
condition of (4.5) gives us

—rcc‘H(d)fl + (Dgl){’ersw + rccﬂ(l)glferS(p = FI1 ,
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where |
Fly = [Falg — [Fi15 € HT(CO).

On the other hand, the second condition of (4.14) leads us to
0 = [0, u1 ]G = [On u2] e = [0, w115 — P1lun1Ge = [Ony u2] e = p2lualge + (p1 + p2)lur 1,
which gives rise to the equation
—(p1 + pz)rcc?((bl_]ﬁerst// +reellrsp = F?N,

where 1
Fly = =(p1+ p)IF1 15 € HT(C).

Thus, altogether, we arrived to the following equation

roeKErsY = Fiy, 4.17)

()

and Fpy := (F }N,F%N)T is a known vector function. Therefore, by similar arguments as
above, we need to investigate the invertibility of the operator

where
~H@'+ 0,1 HD!
K =

—(p1+p)HOY

H1(R,) H2*(R,)
R, Koy ) — <] (4.18)
Hi*(R,) HI*(R,).

where
Kyt := Kdiag{l + Op(t_24)J, I + Op(T_24)J}.

and having the property Kerrg, K+ = {0}.

S Analysis of Wiener-Hopf plus and minus Hankel operators

In this section we will consider general operators with the global structure of Wiener-Hopf
plus and minus Hankel operators, and we will recall — in an appropriate framework for
our purposes — some known operator relations between these operators and Wiener-Hopf
operators.

In view of this, let us also recall that two bounded linear operators 7 and S (acting
between Banach spaces) are said to be equivalent if T = ES F for some boundedly invertible
operators E and F. In such a case we will write T ~ §. In addition, when the use of
identity extension operators is needed in combination with the related operators 7" and S,
such corresponding relations are referred to as a (toplinear) equivalence after extension (see
[2, 18] for a detailed description about such operator relations).

Let us define

AS(E) = (Exi) = (1+&D) 2 exp{siarg(E+i)},
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with a branch chosen in such a way that arg(é +i) — 0 as € — +oo, i.e., with a cut along the
negative real axis (see Example 1.7 in [22] for additional information about the properties
of these functions). In addition, we will also use the notation

CA@ é-i
O=3 o v €8

Lemma 5.1. [22, §4] Let s,r € R, and consider the operators

AS(D) = (D+i)
A% (D) e, (D) ",

where (D +i)* = F Y&+ )* - F, and €0 : H'(R,) — H'(R) is any bounded extension
operator in these spaces (which particular choice does not change the definition of A’ (D)).
These operators arrange isomorphisms in the following space settings

AYD) : H'(R.)— H ™R,
AL(D) : H'(Ry)—> H™(Ry)
(for any s,r e R).
Bearing in mind the purpose of this section, let A;; = Op(ajj) = F ‘1aij - and Bj; =
Op(bj) be pseudodifferential operators of order wj; € R; thus, () ia;,(-)™ib;; € L*(R),
where (£) := (1 +§2)% and i,j = 1,2. Since the operators rg, (Aj; + BjjJ) arrange continuous

maps B
rr, (A + BijJ) - H'(Ry) — H7H(Ry)
for all s € R, then 2 X 2 matrix operator
A11 + BUJ A12 + BlZJ
A+BJ = ,  A=(Ayij=12, B=Bjij=12
A21 + Bg] J A22 + B22J
arrange continuous maps
H3R,)  HY™Ry)
mA+BN):  ® > @
H*Ry)  H7™R,)

where A;; = Op(a;j), Bjj = Op(t-24aj), fori,j = 1,2, and

an(@) = —o(HE @)@+ (@)1,
an = o(H)EF(@)E],

an(@) = —(p1+p)o(HET(@)E],

apé = 1.

Recall that the complete symbols of the pseudodifferential operators H and ®; are
(cf. [10, 11]):

. o
CHE) =~ and o@)O =5~ pi5e

5.1
e G-
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where w = w(é) := (0° +p2)%(cos 5 +isin %), with

0 =0() = (Rek)> - (Imk)* - £,
p:=2(Rek)(Imk)

and
arctanﬁ if 0>0,p>0
% if 0=0,p>0
7T—arctaln|§—| if 0<0,p>0
a={n if p=0 . (5.2)
2n—arctan% if 0>0,p<0
iz if 0=0,p<0
7r+arctan|%: if 0<0,p<0

Lemma 5.1 allows us to construct an equivalence relation between rg, (A + BJ) and
re, (A+B1) : LR = [LRP, (5.3)
which is explicitly given by the following identity
re, (A+BJ) = diag{A2 "%, AT*) re,(A+BJ) diag(A2 ™ AT, (5.4)
where A := (Ajj)ij=12, B := (Bjj)ij=1,2, With
Ay = (D—i) AyD+i)", By :=(D—i) By (D+i)", (5.5)

forrpi=—14e = %+g. Due to the fact that A** : HS*(R,) — Ly(R,) and A7
LR, — H *(R,) are invertible operators (cf. Lemma 5.1), the identity (5.4) shows that

rr.(A+BJ) ~ rg, (A+BJ).
Note that
AL(=&) = A5(©)e™,  AL(=E) = AL(&)e™™

which in particular allow us to describe the operators Aj;; and B;; and their symbols in the
following way

Ay =0p@y). @& = AT ©ay @A),
By =0ply). b =AT" @b A (-6 = A2 O ki@

In particular, we have o(A)(§) = (@;j(£))ij=1,2 With

an) = EEEan@),  anE =@ an@),
a2 (&) = (O E)an (@),  @n(@) =) an(@),
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and o(B)(&) = (bi(£))i j=1,2, Where

bu@ = i€-ir2u@e ™ an (@),

bia(é) = —itgu@e ™ an@),
b = i~ 2@ e an (@),
b = —itgu&e ™ an(@).
Thus
R, Ky ~mr,(A+BJ) and g, K__ ~rr,(A-BJ). (5.6)

Further, let us consider a pseudodifferential operator Op(Z) with 4 X 4 matrix symbol
E(§) partitioned into four 2 X 2 blocks ajj, 1,j = 1,2:

e [ @n1(§) @)
=€) '_(a21(§) azz@) 5.7
with
a11(€) = (A& - (B E[o (A= (B)(-§),
@126) = —oB@[o(A-H]",
@1 = [oAE] (B)(-¢),
an@) = [o(A@EH.
The direct calculation shows that a1 is the null matrix, i.e., a;1(¢) = 0, while
. enti i te 1o
ap(é) = —it(&)e™ ] (5)( 01 )
. ~1) 0
@i(§) = iTza(f)egmfg(f)[ 1 J
0 £2(8)
an@é) = §8<§>e2mL( ~2Oan@) 2(Ean@) ]
PO ~&an©)  (Han@)
where
o d O HOTH)E)
p&) :=(E2(E)(—ar1(§)an(é) +axi(§)ain(é)) = AN E (D) E)
Under the above conditions it is straightforward to conclude that
e, 0p(®) : [Ly(R1)]* — [Loy(Ry)]* (5.8)

is a continuous operator. Moreover, it is easy to see that the determinant of the symbol of
this operator, as well as p(¢), is always nonzero, for all £ € R.
The importance of the operator rr, Op(ZE) is clarified by the next result.
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Theorem 5.2. (i) The operators
re, Axre, BJ : [LR)] - [L®R)])

(defined in (5.3)—(5.5)) are both invertible if and only if the operator rr  Op(Z) (given
in (5.8)) is invertible.

(ii) The operators rg, A+ rr, BJ and rg, A—rr, BJ have both the Fredholm property if
and only if rg Op(E) has the Fredholm property. In addition, if all three operators
are Fredholm, their Fredholm indices satisfy the identity

Ind (re, A+ rp, BJ) + Ind (re, A— rg, BJ) = Ind rz, Op(E). (5.9)

We would like to notice here that this theorem is a consequence of a even stronger
result which basically states that rz, Op(Z) is (toplinear) equivalent after extension to a
diagonal block matrix operator whose diagonal entries are the operators rg, A+rg, BJ
and rg, A—rr,BJ. Moreover, it is interesting to clarify that all the necessary operators
to identify such (toplinear) equivalence after extension relation can be written explicitly
(see [15, 16, 17, 18]).

Having in mind the Theorem 5.2, now we would like to investigate the Wiener-Hopf
operator

R, 0p(E) : [La(R)]* — [La(R)]*. (5.10)

We then realize that E belongs to the C*—algebra of the semi-almost periodic two by
two matrix functions on the real line ([SAP(R)]¥*); see [41]. We recall that [S AP(R)]**
is the smallest closed subalgebra of [L""(R)]4X4 that contains the (classical) algebra of (four
by four) almost periodic elements ([AP]*) and the (four by four) continuous matrices with
possible jumps at infinity.

Due to a known characterization of the structure of [S AP(R)]** (see [4, 5, 41]), we can
choose a continuous function on the real line, say 7y, such that y(—oc0) =0, y(+o0) =1, and

[1]

= (I=y)=+¥E, +Eo,

where & is a continuous four by four matrix function with zero limit at infinity, and Z; and
=, are matrices with almost periodic elements, uniquely determined by Z, and that in our
case have the following form (due to the behavior of E at +00):

0 0 iT_pqe”" 0
_ 0 0 0 iT_pqe "
=T iTyge 0 % 0 '
0 —iTy e oM —% -1
0 0 —iT_pq €™ 0
_ 0 0 0 —iT_pg €™
=ro = —iTo, eam’ 0 % eZsm' 0
0 iTZa esni M 62€7ri _ eZs:ri
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It is worth noting here that so far we have assumed
w(§) — i|é] as & — +oo, @) > lasé - o and O(E) > e P as ¢ - —co.

For a given Banach algebra (with unit element) M, by GM we will denote the collection
of all invertible elements of M.

Definition 5.3 (See, e.g., [23] or §6.3 in [6]). An invertible almost periodic matrix function
® € G[AP]™* admits a canonical right AP-factorization if

D=0 O, (5.11)

where ®©* € g[APi]4X4, with AP* denoting the intersection of AP with the non-tangential
limits of functions in H*(C..) (the set of all bounded and analytic functions in C..).

Proposition 5.4. (Cf, e.g., [6, Proposition 2.22]) Let A C (0,00) be an unbounded set and
let

{Io}aea = (X0 Ya)}aea

be a family of intervals I, C R such that |I,| =y, — Xq — 00 as @ — oo. If ¢ € AP, then the
limit

1
M(g) = lim — f @(x) dx
a—o0 IIozl 1
exists, is finite, and is independent of the particular choice of the family {1,}.

Definition 5.5. (i) For any ¢ € AP, the number that has just been introduced in Proposi-
tion 5.4, M(yp), is called the Bohr mean value (or simply the mean value) of ¢. In the matrix
case the Bohr mean value is defined entry-wise.

(i) For a matrix function ® € G[AP]"* admitting a canonical right AP factorization
(5.11), we may define the new matrix

d(®) := M(®)M(DY), (5.12)

which is known as the geometric mean of @.
It is worth mentioning that (5.12) is independent of the particular choice of the (canoni-
cal) right AP factorization of @, and that this definition is consistent with the corresponding

one for the scalar case (which can be defined in a somehow more global way).

Theorem 5.6. For & € [0,3), the operator rp,Op(E) : [Lo(R)]* = [Lo(R)]?, with E given
by (5.7), is a Fredholm operator with zero Fredholm index.

Proof. The matrices Z; and =, admit the following right canonical A P-factorizations:

E=CEDiE)r, and E,=ENE), (5.13)
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where

e 2T 2iT_pge " 0
- 0 e —(p1+p)itogee™™ —iTp.e
E) = ’
0 1 0
0 0 1
2 0 0 0
_ P1+p2 -1 0 0
Enr = . o . ,
i T2a e ETL 0 E 0
0 —i Toa Pl _PlZPz -1
10 210719, e~emi 0
— 0 1 —(p1+p)itoaae™ it e ™
E) = ,
0 0 1 0
0 0 0 1
2 0 0 0
— p1+p2 1 0 0
E)r = ) ni | e
—1T2a€ 0 ye 0
0 i Tog P PI‘EPZ e _p2emi

(in which the necessary factor properties are evident; cf. Definition 5.3).

Having built the factorizations (5.13), we can now apply Theorem 3.2 in [23] or The-
orem 10.11 in [6] in view of proving the Fredholm property for rg, Op(Z). Indeed, within
our case of = € G[SAP(R)]** and whose local representatives at infinity admit canonical
right A P-factorizations (5.13), applying that theorems we have that rg, Op(Z) is a Fredholm

operator if and only if

sp[d™'(E)d(E)] N (~e0,01 =0,

where sp [d‘l(E,)d(El)] stands for the set of eigenvalues of the matrix

d!'(E,

)A(E) = [dE)]AE).

Noticing that directly from the definition of the Bohr mean value we have M(c) = ¢ for
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any complex constant ¢ and M(7.,,) = 0, it follows

dE) = MIE)IMIE),]
e 0 00 2 0 0 0
0 2% 0 0 || pr+pr -1 0 0
) 0 0 10 o o 1 o0
0 0 01 0 0 -2tk
Qe 2em 0 0 0
(p1+p2)e_2‘9m _e—25m' 0 0
) 0 0 o |
0 0 -2
2 0 0 0
pi1+p2 1 0 0
d@E) = MIENMIEN=| "
2
0 0 %ekm‘ eZsm‘
As a consequence,
€—2am' 0 0 0
0 —e 0 0
d"'E)d@E) = 0 . 2o .
0 0 —(p1 + pz)e—zm _p2eni
and
sp[d™'(E,)d(E)] N (00,01 = {£e 7™} N (~00,0] = 0, (5.14)

which allows us to conclude that rg , Op(E) : [Ly(R)]* — [La(R4)]* is a Fredholm operator
(for the case under consideration of 0 < & < 1/2; cf. Section 2).
The zero Fredholm index is obtained from the formula (cf. Theorem 10.21 in [6])

4
- ; — 1 (1 1
Ind rg Op(E) = —ind [det =] - ; (E - {— - —ﬂarg §j}),
where ind [det=] denotes the Cauchy index of the determinant of Z, the numbers &; €
C\(=00,0], j = 1,...,4 are the eigenvalues of the matrix d'(E,)d(E)) and {-} stands for

the fractional part of a real number. O

From the derived condition (5.14), it follows that if we would allow the case € = 1/2 then

our operators would not have the Fredholm property (and therefore would not be invertible
operators).
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Corollary 5.7. Let € € [0, %). The Wiener-Hopf plus and minus Hankel operators (4.10)
and (4.18) (related to the problems P;_p and Pi_y) are invertible operators.

Proof. Bearing in mind the equivalence relations (5.6), we have:

dimCoKerrg, K+ = dimCoKerrg, (A+BJ), (5.15)
dimKerrg, Ky = dimKerrg, (A+BJ). (5.16)
and
dimCoKerrg, K. = dimCoKerrg, (A-BJ), (5.17)
dimKerrg, K_.— = dimKerrg, (A-BJ). (5.18)

From Theorem 5.2 and Theorem 5.6, we obtain that rg, (A+$BJ) and rg, (A—-BJ) are
Fredholm operators. Moreover, recalling that Ker rg, K.+ = {0} and Kerrg, K__ = {0}, from
identities (5.9), (5.15)—(5.18) and Theorem 5.6 it follows

0

Indrg, (A+8BJ)+Ind rg (A-BJ)
Ind rR+(]<++ + IHd rR+7(__
(0—dimCoKerrg, K1)+ (0 —dimCoKerrg, K__).

Thus, we have
dimCoKerrg, K.+ = dimCoKerrg, K__ =0
and so we reach to the conclusion that both operators in (4.10) and (4.18) are invertible. O

Due to a direct combination of the results of sections 3 and 4, and Corollary 5.7, we
now obtain the main conclusion of the present work for the problems in consideration.

Theorem 5.8. Let ¢ € [0, %) and assume that one of the conditions (a)—(f) of Theorem 3.1
is satisfied.

(i) The Problem Pj_p has a unique solution which is representable as a pair (uy,u;)
defined by the formulas (4.6) and (4.7), where the components ¢ and ¥ of the unique
solution " of the equation (4.8) are used.

(ii) The Problem Pj_n has a unique solution which is representable as a pair (uy,u;)
defined by the formulas (4.15) and (4.16), where the components ¢ and  of the
unique solution Y of the equation (4.17) are used.

Moreover, all these problems are well-posed (since the resolvent operators are continuous).

Acknowledgments

L.P. Castro was supported in part by Portuguese funds through the CIDMA - Center for
Research and Development in Mathematics and Applications, and the Portuguese Founda-
tion for Science and Technology (“FCT-Fundacdo para a Ciéncia e a Tecnologia”), within
project PEst-OE/MAT/UI4106/2014. D. Kapanadze was supported by Shota Rustaveli Na-
tional Science Foundation within grant YS/4/5-102/13 with the number 24/04.



Diffraction by a Half-plane with Different Face Impedances 63

References

[1] R. A. Adams, Sobolev Spaces, Academic Press, New York, 1975.

[2] G. Bart, V. E. Tsekanovskii, Matricial coupling and equivalence after extension. In:
Operator Theory and Complex Analysis, Oper. Theory Adv. Appl. 59 (1992), pp 143-
160.

[3] M. A. Bastos, A. Moura Santos, and A.F. dos Santos, Wave diffraction by a strip
grating: the two-straight line approach. Math. Nachr. 269/270 (2004), pp 39-58.

[4] G. Bogveradze and L. P. Castro, On the Fredholm property and index of Wiener-
Hopf plus/minus Hankel operators with piecewise almost periodic symbols. Applied
Mathematics, Informatics and Mechanics 12(1) (2007), pp 25-40.

[5] G. Bogveradze and L. P. Castro, On the Fredholm index of matrix Wiener-Hopf
plus/minus Hankel operators with semi-almost periodic symbols. In: Operator Al-
gebras, Operator Theory and Applications, Oper. Theory Adv. Appl. 181 (2008),
pp 143-158.

[6] A. Béttcher, Yu. I. Karlovich, and 1. M. Spitkovsky, Convolution Operators and
Factorization of Almost Periodic Matrix Functions, Oper. Theory Adv. Appl. Vol.
131, Birkhduser Verlag, Basel, 2002.

[7] L. P. Castro and D. Kapanadze, Wave diffraction by a strip with first and second
kind boundary conditions: the real wave number case. Math. Nachr. 281, (2008),
pp 1400-1411.

[8] L. P. Castro and D. Kapanadze, On wave diffraction by a half-plane with different
face impedances. Math. Meth. Appl. Sci. 30 (2007), pp 513-527.

[9] L.P. Castro and D. Kapanadze, Diffraction by a strip and by a half-plane with variable
face impedances. In: Operator Algebras, Operator Theory and Applications, Oper.
Theory Adv. Appl. 181 (2008), pp 159-172.

[10] L. P. Castro and D. Kapanadze, Dirichlet-Neumann-impedance boundary-value prob-
lems arising in rectangular wedge diffraction problems. Proc. Am. Math. Soc. 136
(2008), pp 2113-2123.

[11] L. P. Castro and D. Kapanadze, Exterior wedge diffraction problems with Dirich-
let, Neumann and impedance boundary conditions. Acta Appl. Math. 110 (2010),
pp 289-311.

[12] L. P. Castro and D. Kapanadze, Wave diffraction by a half-plane with an obstacle
perpendicular to the boundary. J. Differential Equations 254 (2013), pp 493-510.

[13] L. P. Castro and D. Kapanadze, Mixed boundary value problems of diffraction by
a half-plane with a screen/crack perpendicular to the boundary. Proc. A. Razmadze
Math. Inst. 162 (2013), pp 121-126.



64 L. P. Castro and D. Kapanadze

[14] L .P. Castro and D. Kapanadze, Mixed boundary value problems of diffraction by a
half-plane with an obstacle perpendicular to the boundary. Math. Methods Appl. Sci.
37 (10) (2014), pp 1412-1427.

[15] L.P. Castro and A. S. Silva, Invertibility of matrix Wiener-Hopf plus Hankel operators
with symbols producing a positive numerical range. Z. Anal. Anwend. 28 (1) (2009),
pp 119-127.

[16] L.P.Castroand A. S. Silva, Fredholm property of matrix Wiener-Hopf plus and minus
Hankel operators with semi-almost periodic symbols. Cubo 12 (2) (2010), pp 217-234.

[17] L. P. Castro and F.-O. Speck, Regularity properties and generelized inverses of delta-
related operators. Z. Anal. Anwend. 17 (1998), pp 577-598.

[18] L. P. Castro and F.-O. Speck, Relations between convolution type operators on inter-
vals and on the half-line. Integral Equations Oper. Theory 37 (2000), pp 169-207.

[19] L. P. Castro, F.-O. Speck, F. S. Teixeira, Explicit solution of a Dirichlet-Neumann
wedge diffraction problem with a strip. J. Integral Equations Appl. 5 (2003),
pp 359-383.

[20] D. Colton and R. Kress, Inverse Acoustic and Electronic Scattering Theory, Springer-
Verlag, Berlin 1998.

[21] M. Dauge, Elliptic Boundary Value Problems on Corner Domains — Smoothness and
Asymptotics of Solutions, Lecture Notes in Mathematics, Vol. 1341, Springer-Verlag,
Berlin 1988.

[22] G. Eskin, Boundary Value Problems for Eliptic Pseudodifferential Equations, Amer-
ican Mathematical Society, Providence, Rhode Island 1981.

[23] Yu. I Karlovich and I. M. Spitkovskii, Factorization of almost periodic matrix-valued
functions and the Noether theory for certain classes of equations of convolution type.
Math. USSR Izvestiya 34 (1990), pp 281-316.

[24] P. A. Krutitskii, The Dirichlet problem for the 2-D Helmholtz equation in a multiply
connected domain with cuts. Z. Angew. Math. Mech. 77 (12) (1997), pp 883-890.

[25] P. A. Krutitskii, The Neumann problem for the 2-D Helmholtz equation in a multiply
connected domain with cuts. Z. Anal. Anwend. 16 (2) (1997), pp 349-361.

[26] P. A. Krutitskii, The Neumann problem for the 2-D Helmholtz equation in a domain,
bounded by closed and open curves. Int. J. Math. Math. Sci. 21 (2) (1998), pp 209-216.

[27] P. A. Krutitskii, The 2-dimensional Dirichlet problem in an external domain with cuts.
Z. Anal. Anwend. 17 (2) (1998), pp 361-378.

[28] P. A. Krutitskii, The Neumann problem in a 2-D exterior domain with cuts and sin-
gularities at the tips. J. Differential Equations 176 (2001), pp 269-289.



Diffraction by a Half-plane with Different Face Impedances 65

[29] P. A. Krutitskii, The mixed harmonic problem in an exterior cracked domain with
Dirichlet condition on cracks, Comput. Math. Appl. 50 (5-6) (2005), pp 769-782.

[30] P. A. Krutitskii, On the mixed problem for harmonic functions in a 2D exterior
cracked domain with Neumann condition on cracks. Q. Appl. Math. 65 (1) (2007),
pp 25-42.

[31] P. A. Krutitskii, The Helmholtz equation in the exterior of slits in a plane with different
impedance boundary conditions on opposite sides of the slits. Quart. Appl. Math. 67
(1) (2009), pp 73-92.

[32] A. I Komech, N. J. Mauser, and A. E. Merzon, On Sommerfeld representation and
uniqueness in scattering by wedges. Math. Methods Appl. Sci. 28 (2005), pp 147-183.

[33] G. D. Malyuzhinets, Excitation, reflection and emission of surface waves from a
wedge with given face impedances. (English; Russian original), Sov. Phys., Dokl. 3
(1959), pp 752-755; translation from Dokl. Akad. Nauk SSSR 121 (1959), pp 436-439.

[34] W. McLean, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge
University Press, Cambridge 2000.

[35] E. Meister, F. Penzel, F.-O. Speck, and F. S. Teixeira, Some interior and exterior
boundary value problems for the Helmholtz equation in a quadrant. Proc. Roy. Soc.
Edinburgh Sect. A 123 (1993), pp 275-294.

[36] E. Meister, F. Penzel, F.-O. Speck, and E.S. Teixeira, Some interior and exterior
boundary-value problems for the Helmholtz equation in a quadrant. In: Differential
and Integral Operators, Oper. Theory Adv. Appl. 102 (1998), 169-178.

[37] E. Meister and K. Rottbrand, Elastodynamical scattering by N parallel half-planes in
R3. Math. Nachr. 177 (1996), pp 189-232.

[38] A. E. Merzon, F.-O. Speck, and T. J. Villalba-Vega, On the weak solution of the
Neumann problem for the 2D Helmholtz equation in a convex cone and H* regularity.
Math. Methods Appl. Sci. 34 (2011), pp 24-43.

[39] A. Moura Santos and N. J. Bernardino, Image normalization of Wiener-Hopf oper-
ators and boundary-transmission value problems for a junction of two half-planes. J.
Math. Anal. Appl. 377 (2011), pp 274-285.

[40] A. Moura Santos and F.-O. Speck, Sommerfeld diffraction problems with oblique
derivatives. Math. Methods Appl. Sci. 20 (1997), pp 635-652.

[41] D. Sarason, Toeplitz operators with semi-almost periodic symbols. Duke Math. J. 44
(1977), pp 357-364.



