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Abstract
We introduce new definitions of semi-continuity for multifunctions, combining the topo-
logical and the ordered structure of a Banach space induced by a closed convex cone. We
prove two types Nash equilibrium theorems for multifunctions using scalarization and the
Ky Fan’s inequality. As corollaries we obtain saddle point theorems for convex-concave
multifunctions, which can be considered as generalization to the vector-valued set-valued
case of the Von Neumann minimax theorem.
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1 Introduction and notions of convexity of multifunctions

Minimax problems and their related extensions have been subject to extensive research of many
mathematicians and scientists. For a recent development in this area we refer to [5]. The theory
of vector optimization has been intensively developed in recent years, as currently the interest
is focused on vector valued multifunctions. Important parts of this theory are the minimax
problems and saddle point problems, which have their specific features with respect to the real-
valued case. For a development of such vector-valued problems we refer to [2], [8], [9], [10],
[11], [12] and references therein. The vector-valued, set-valued case proposes more possibilities
for definitions of saddle points. In this paper we prove two types Nash equilibrium theorems
for vector-valued multifunctions using scalarization and Ky Fan’s inequality. As a corollary we
obtain two types saddle point theorems for convex-concave multifunctions (with respect to a
specified definition). An advantage in our saddle point theorems with respect to the existing
ones in the literature (see [3], [4]) is that our conditions are explicit.

Let E be topological vector space, Z be a Banach space and C C Z be a closed convex cone
with nonempty interior.

Definition 1.1. The multifunction F : E > X — 24, where X is a convex nonempty subset, is
called C-convex, if for every x,y € X,A € [0,1],u € AF(x) + (1 — A)F(y) there exists v € F(dx+
(1 -2)y) such thatu—v e C. If F is (—C)-convex, then F is called C-concave.

Let k¥ € intC be fixed. Define the functions
he(x) =inf{teR: xetk®-C},

¢c(x) = inf he(F(x)),
Yc(x) =suphc(F(x)).

It is easy to see that /¢ is continuous and sublinear (see [6], [7]).
Lemma 1.2. Let the multifunction F : E > X — 2% be C-convex. Then the function @c is convex.

Proof. Let x1,x, € X. By definition of ¢¢ and h¢, for every € > 0 there exist z; € F(x;),t; €
R,i = 1,2 such that
Zi—l‘iko e-C (D

and
ti <@c(x;)+e&. ()

By definition of C-convex multifunction,
e FAxi+(1-Dxp) : Az +(1 =Dz ev+C. 3)
By (1) we have

—C3 Az -tk + (1= D(z2 —12k%) = Az + (1 = Dz — (At + (1 = Dip)KC. 4)



120 P. G. Georgiev, T. Tanaka, D. Kuroiwa, and P. M. Pardalos

By (3) and (4) we have

A1+ (1= -C
A+ =Dk’ -Cc-C
A+ (1= D)k’ = C.

N m

Hence

he(v) < A+(1=-2D1n
< Apc(x) +(1=Depc(x) +2e.

Therefore

oc(Ax +(1=Dxp) := inf hc(z) £ Apc(x1) + (1 = Dec(xp) +2e.
2€F(+(1-A)x)

Since & > 0 is arbitrarily small, we obtain

ec(Ax +(1=)x2) < Apc(xy) + (1 = Dpc(x2)m
The proof of the next lemma is similar to that one of Lemma 1.2 and is omitted.

Lemma 1.3. Let F : E 5 X — 2% be (—C)-convex. Then the function yc(x) is concave.

2 Notions of semicontinuity for multifunctions

Here we give some definitions of semicontinuity for multifunctions motivated from the scalar
case. Let us first remind the classical definitions of lower semi-continuity and upper semi-
continuity of multi-valued mappings, and of real valued functions.

If X and Y are topological spaces, the multi-valued mapping F : X — 2Y is called upper semi-
continuous at the point xy € X, iff for any open set V O F(x() there exists an open set U 3 xy such
that F(x) c V for every x € U. The multi-valued mapping F is called lower semi-continuous at
xo € X, if for every open set V in Y with V N F(xg) # 0, there exists an open set U 3 xj such that
F(x)NV # 0 for every xe U.

The real valued function f : X — R is called upper semi-continuous (lower semi-continuous)
at xp, if for every € > 0 there exists an open set U 3 xq such that f(x) — f(xg) <& (f(x0)— f(x) < &)
forevery xe U.

Definition 2.1. We shall say that the multifunction F : E — 27 is C-lower semi-continuous at
X, if for every y € F(x() and every open V 3 0 there exists an open U 3 xg such that (y+V +C)N
F(x) =0 for every x € U.
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When Z is the real line, Z = R, and the cone C is the the cone of all non-negative real
numbers, the above definition coincides with the classical definition of lower semi-continuity of
real-valued functions.

When the cone C consists only of the zero element of the space E, the above definition
reduces to the notion of lower semi-continuity of multi-valued mappings.

Definition 2.2. The multifunction F : E — 27 will be called (C,k°)™-upper semi-continuous at
X, if for every & > O there exists an open U 3 x( such that

[(pc(x0)— ek’ —CINF(x) =0 VYxeU.

In particular, every upper semi-continuous multi-valued mapping is (C,k)™-upper semi-
continuous (and this is the motivation of this notion).

When Z is the real line, Z = R, and the cone C is the the cone of all non-negative real
numbers, the above definition coincides with the classical definition of lower semi-continuity of
real-valued functions.

a8y o

(@(x,)-

Figure 1. Geometric visualization of (C,k°)”-upper semicontinuity (left) and (C,k°)*-upper
semicontinuity (right).

Definition 2.3. The multifunction F : E — 27 will be called (C,k°)*-upper semi-continuous at
X, if for every & > O there exists an open U 3 x( such that

F(x) C (We(xp) +e)k® —intC Vx e U.

In particular, every upper semi-continuous multi-valued mapping is (C,k)"-upper semi-
continuous.

Geometric visualizations of (C,k”)~-upper semicontinuity and (C,k%)*-upper semicontinuity
are shown in Figure 1.
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When Z is the real line, Z = R, and the cone C is the the cone of all non-negative real
numbers, the above definition coincides with the classical definition of upper semi-continuity of
real-valued functions.

It is easy to see that the notion of (C,k”)”-upper semi-continuity coincides with the notion
of (E\ C,k")*-upper semi-continuity and therefore, the notion of (C,k”)*-upper semi-continuity
coincides with the notion of (E\ C,k%)~-upper semi-continuity.

Lemma 2.4. If F is (—C)-lower semi-continuous, then ¢c is upper semi-continuous.

Proof. Let xy € E, & > 0 be fixed and yg € F(xg) be such that
hc(o) < infhc(F(xp))+e&.
By continuity of A¢, there exists an open V 3 0 such that
he(v)y<e YveV.
By definition of (—C)-lower semi-continuity, there exists an open U 3> x; such that
Fx)NQo+V-C)#0 VxeU.

Letye F(x)N(yg+V —C). Then y =yg+v—c for some v € V,c € C and we can write

ec(x) = y,iergx) he(y)
< he(y)
< hc(yo)+hc(v)+hc(—c)  (by sublinearity of Ac and since hc(—c) < 0)
< (pc()C()) +2&.

Lemma 2.5. If F is (C,k°)-upper semi-continuous, then @c is lower semi-continuous.

Proof. Let xq € E,y € F(xp) and x € U, where U is given by the definition of (C,k°)~-upper
semicontinuity of F at xy. Let z € F(x). Then by definition of (C,k)"-upper semicontinuity,
7 ¢ (pc(xo) — £)kY — C. Now by definition of the function A,

oc(xg) —& < hc(2)

and since this is valid for every z € F(x), we have

wc(xp) —& < c(x),

which proves the lemma. »

Lemma 2.6. If F is C-lower semi-continuous, then ¢ is lower semi-continuous.
Proof. Similar to that one of Lemma 2.4. u

Lemma 2.7. If F is (C,k°)* -upper semi-continuous, then W¢ is upper semi-continuous.

Proof. Similar to that one of Lemma 2.5. m
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3 Saddle points via Nash equilibrium.

In this section we prove two types Nash equilibrium theorems and two types of saddle point
theorems. The proofs are based on scalarization via Lemmas 2.4,..., 2.7, and on the Ky Fan
inequality.

Recall that the point xg € X, where X C E is a compact convex non-empty subset, is called
a solution of the quasi-variational inequality (F, f,X) [1] for a given multi-valued mapping F :
X — X and a given function f: X XX — R, iff

xeF(x) and sup f(x,y)<O.
yeF(x)
The famous Ky Fan inequality (see, for instance, [1], Theorem 6.3.5) is a particular case of the
quasi-variational inequality when F is the constant mapping F(x) = X for every x € X.
Let E1,E> be topological vector spaces, Z be a Banach space, X C E,Y C E, be convex
compact nonempty subsets and C; C Z be closed convex cones with nonempty interiors, k? €
intCi,i = 1,2.

Theorem 3.1. (Nash equilibrium I). Let the multifunctions F; : X x Y — 27 be (Ci,k?)_-upper
semi-continuous. Assume that F(.,y) is Ci-convex for every y € Y, F(x,.) is —C\-lower semi-
continuous for every x € X, F(x,.) is Co-convex for every x € X and F;(.,y) is —C,-lower semi-
continuous for every y € Y. Then there exists a Nash equilibrium of type I, (xo,y9) € X X Y, which
means

Fy(x,y0) N [inf e, (F1(x0,y0))kY —intC11=0 VxeX, (5)

F(x0,y) N [inf e, (Fa(x0,y0))k —intC2] =0 Vye Y. (6)

Proof. Define

f(xy,x.y) = infhe, (Fi(x,y)) —inf he, (F1(X,y)) +inf he, (F2(x, y)) — inf he, (F2(x,Y))

By Lemma 1.2, f(x,y,.,.) is concave for every x € X,y € Y and by Lemmas 2.4, 2.5, f(.,.,x,y) is
lower semi-continuous for every X € X,y € Y. By Ky Fan’s inequality (see [1], Theorem 6.3.5)
there exists (xgp,y9) € X X Y such that

sup  f(x0,¥0,%x,y) <0

@F)eXxY
Putting y = yg we obtain
infhc, (Fy(x0,y0)) < infhe, (F1(x,y0)) Yx€X, (N
and putting x = xyp we obtain
inf ¢, (F2(x0,y0)) < infhe, (Fa(xo,y)) VyeY. (®)

Now (7) implies
Fy(x,y0) N [inf e, (F1(x0,y0))k" — intC1] = 0
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and (8) implies
F2(x0,) N [inf he, (F2(x0,y0))k5 — intCs] = 0,

which finishes the proof. =

Theorem 3.2. (Nash equilibrium II). Let the multifunctions F; : X XY — 2% be (C,-,k?)+-upper
semi-continuous. Assume that Fy(.,y) is Ci-concave for every y € Y, Fi(x,.) is Ci-lower semi-
continuous for every x € X, F»(x,.) is Cy-concave for every x € X and F,(.,y) is Co-lower semi-
continuous for every y € Y. Then there exists a Nash equilibrium of type I, (xo,y0) € X XY,
which means

F1(x,y0) C suphc, (F1(x0,y0)k) —=C; Vx€X,

F2(x0,y) C suphc,(Fa(x0,y0)k3 —Cy Yy €Y.

Proof. Define

f(x,yjj) = _SuphC1 (Fl(x’y))"'suphcl (Fl(},y))—SuPhCQ(FZ(x,y))"‘SUP hCz(FZ(x’y))'

By Lemma 1.3, f(x,y,.,.) is concave for every x € X,y € Y and by Lemmas 2.6, 2.7, f(.,.,X,y) is
lower semi-continuous for every x € X,y € Y. By Ky Fan’s inequality (see [A-E, Theorem 6.3.5])
there exists (xp,yo) € X X Y such that

sup  f(x0,¥0,%,y) <0

E)eXKY
Putting y = yg we obtain
suphc, (F1(x,y0)) < suphc, (Fi(x0,y0)) Yxe€X, )
and putting x = xo we obtain
suphc, (F2(x0,y)) < suphc,(Fa(x0,y0)) YyeY (10)

Now (9) implies

F(x,y0) € suphe, (F1(x0,y0)k} = Cy
and (10) implies

Fa(x0,y) C suphc, (F2(x0,y0))ky = Ca,
which finishes the proof. m

Remark 3.3. Here we considered the case of two multifunctions. The general case of finitely
many multifunctions is considered analogically.

In the special case when F| = —F, and Cy = C; = C, k(l) = kg = k%, we obtain the following
saddle point theorems.
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Theorem 3.4. (Saddle point theorem I). Suppose that the multifunction F : X XY — 2% have
compact images and is (C,k°) ™ -upper semi-continuous and (—C,—k) " -upper semi-continuous,
F(.,y),y € Y is C-convex and C-upper semi-continuous, F(x,.),x € X is C-concave and (—C)-
lower semi-continuous. Then there exists a saddle point (xy,y9) € X X Y of type I, namely there
exist 71,22 € F(xo,y0), such that

(z1 —intC)NF(x,y9) =0 YxeX, (11)
(zo+intC)N F(x9,y) =0 VyeY. (12)

Proof. We apply Theorem 3.1 and obtain a Nash equilibrium of type I, (xp,y9) € X X Y. By
continuity of A¢, there exists points z;,2> € F(xp,yp) such that

inf hc(F(x0,y0) = he(z1) (13)

and
infh_c(F(x0,y0) = h_c(22).

By definition of h¢, (13) implies z; € hc(z1)k” — C, whence
21 —intC C he(z)K° = C = intC = he(z0)k° — intC.
Now (5) implies (11).
Analogically we prove (12). =

Geometric visualizations of multifunction Nash equilibrium I, when F| = —F, = F,C| =
G, =C, k(l) = kg = k° and multifunction saddle point I are shown in Figure 2.

b0
o

Figure 2. Geometric visualization of multifunction Nash equilibrium I, when F} = —-F, = F,C| =
G, =C, k‘l) = kg = k° (left) and multifunction saddle point I (right).
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Theorem 3.5. (Saddle point theorem II). Suppose that the multifunction F : X XY — 2% have
compact images and is (C,k°)*-upper semi-continuous and (—C,—k°)*-upper semi-continuous,
F(.,y),y € Y is C-concave and (—C)-lower semi-continuous, F(x,.),x € X is C-convex and C-
lower semi-continuous. Then there exists a saddle point (xo,yo) € X XY, i.e. there exist 71,2p €
F(x9,y0), such that satisfying (11) and (12).

The proof is similar to those of Theorem 3.4, applying Theorem 3.2.
Geometric visualizations of multifunction Nash equilibrium II, when F| = —F, = F,C| =
G, =C, k(l) = kg = k¥ and multifunction saddle point IT are shown in Figure 3.

Figure 3. Geometric visualization of multifunction Nash equilibrium II, when F; = —F, =
F.Ci=C,=(, k‘l) = kg = k¥ (left) and multifunction saddle point II (right).

Remark 3.6. When Z is the real line, Z = R, and the cone C is the the cone of all non-negative
real numbers, the above saddle point theorem reduces to the classical Von Neumann minimax
theorem [1]. When F is upper semi-continuous, the assumptions (and the conclusions) of the
above two saddle point theorems coincide.
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