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Abstract

We consider a singular differential-difference operator Λ on R which generalizes the
one-dimensional Dunkl operator. Using harmonic analysis associated with Λ we de-
fine and study three types of generalized wavelet packets and the corresponding wavelet
transforms. As an application, we introduce on R a new multiresolution analysis tied
to Λ.
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1 Introduction

In this paper, we consider the first-order differential-difference operator on R

Λ f =
d f
dx
+

A′(x)
A(x)

(
f (x)− f (−x)

2

)
,

where A(x) = |x|2α+1B(x), α > −
1
2
, B being a positive C∞ even function on R.

In this paper we suppose that the function A satisfies the following assumptions:
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1) A(x) is increasing on [0,∞[ and lim
x→∞

A(x) =∞.

2) A′(x)
A(x) is decreasing ]0,∞[ and lim

x→∞

A′(x)
A(x)

= 0.

3) There exists a constant δ > 0 such that for x big enough :
B′(x)
B(x)

= e−δxD(x),

where D is a C∞-function bounded together with its derivatives.

For A(x) = |x|2α+1, α > −1/2, we regain the differential-difference operator

Dα f =
d f
dx
+ (α+

1
2

)
f (x)− f (−x)

x
,

which is referred to as the Dunkl operator of index (α+ 1
2 ) associated with the reflection

group Z2 on R. Such operators have been introduced by Dunkl in connection with a gen-
eralization of the classical theory of spherical harmonics (see [5, 6]). An equally important
motivation to study Dunkl operators originates in their relevance for the analysis of quan-
tum many body systems of Calogero-Moser-Sutherland types. These are exactly solvable
models in one dimension, which were first studied by Calogero and Sutherland [14]. During
the last years, such models have gained considerable interest in mathematical physics. They
are, for example, of interest in conformal field theory, and are being used to test the ideas
of fractional statistics. The Dunkl operator formalism provides explicit operator solutions
for a variety of such systems [12].

In [1] the authors have investigated in depth a continuous wavelet transform on the real
line tied to the differential-difference operator Λ. Starting from this continuous wavelet
analysis, we provide in this paper a general construction allowing the development of
wavelet packets associated with the Dunkl type operator Λ. In our construction here, we
adopt the same scheme used by Trimeche in [10, 15]. For other construction scheme we
refer the reader to [3, 7, 8] .

Historically, the concept of wavelets started to appear more frequently only in the early
1980’s. This new concept can be viewed as a synthesis of various ideas originating from
different disciplines including mathematics (Calderon-Zygmund operators and Littlewood-
Paley theory), physics (the coherent states formalism in quantum mechanics and the renor-
malization group), and engineering (quadratic mirror filters, sideband coding in signal pro-
cessing, and pyramidal algorithms in image processing). Briefly, wavelet theory involves
breaking up a complicated function (phenomenon) into many simple pieces at different
scales and positions. It allows greater flexibility with more desirable features such as ”dis-
cretization by wavelet packets”, and readiness for better implementation ( see [2, 4, 9, 11] )
and the references therein.

The content of this paper is as follows. In Sec. 2 we mention some basic facts about
harmonic analysis related to the differential-difference operator Λ. Using this harmonic
analysis, we introduce in Sec. 3-6 three types of generalized wavelet packets (generalized
P-wavelet packets, generalized M-wavelet packets, generalized S-wavelet packets) and we
investigate the corresponding wavelet packet transforms, i.e., we establish for these trans-
forms Plancherel and reconstruction formulas. Finally we discuss in Sec. 7 a generalized
multiresolution analysis by means of generalized wavelet packets.
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2 Preliminaries

In this section we recapitulate some basic harmonic analysis results related to the differential-
difference operator Λ. We cite here as briefly as possible, only those properties actually
required for the discussion. For more details we refer to [1, 13].

Notation. For a positive Borel measure ν on R, and p = 1 or 2, we write Lp(R,dν) for the
class of measurable functions f on R for which

‖ f ‖p,ν =
(∫
R
| f (x)|pdν(x)

) 1
p

<∞.

Theorem 2.1. For each λ ∈ C, the differential-difference equation

Λu = iλu, u(0) = 1,

admits a unique C∞ solution on R, denoted Ψλ given by:

Ψλ(x) =


ϕλ(x)+ 1

iλ
d
dxϕλ(x) if λ , 0,

1 if λ = 0,

where ϕλ(x) is the solution of the differential equation

∆u = −λ2u, u(0) = 1, u′(0) = 0,

∆ being the differential operator defined on R by

∆ =
d2

dx2 +
A′(x)
A(x)

d
dx
.

Definition 2.2. The generalized Fourier transform FΛ is defined for smooth functions f on
R by

FΛ( f )(λ) =
∫
R

f (x)Ψ−λ(x)A(x)dx.

Remark 2.3. Let f ∈ L1(R,A(x)dx). By [1] we know that

|Ψλ(x)| ≤ 1, (2.1)

for all λ, x ∈R. So it is not hard to see that FΛ( f ) is continuous on R and ‖FΛ( f )‖∞ ≤ ‖ f ‖1,A.

An outstanding result about the generalized Fourier transform F is as follows.

Theorem 2.4. [13] (i)For every f in L1∩L2(R,A(x)dx), we have the Plancherel formula∫
R
| f (x)|2A(x)dx =

∫
R
|FΛ( f )(λ)|2dσ(λ),

where
dσ(λ) =

dλ

|c(|λ|)|2
,
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c(z) being a continuous function on ]0,∞[ such that

c(z)−1 ∼ k1 zα+
1
2 as z→∞, (2.2)

c(z)−1 ∼ k2 zα+
1
2 as z→ 0, (2.3)

for some k1,k2 ∈ C.

(ii) The generalized Fourier transform FΛ extends uniquely to a unitary isomorphism
from L2(R,A(x)dx) onto L2(R,dσ). The inverse transform is given by

F −1
Λ g(x) =

∫
R

g(λ)Ψλ(x)dσ(λ)

where the integral converges in L2(R,A(x)dx).

Remark 2.5. (i) The tempered measure σ is called the spectral measure associated with the
differential-difference operator Λ.

(ii) For A(x) = |x|2α+1, α > −1/2, we have

c(s) =
2α+1Γ(α+1)

sα+1/2 .

Definition 2.6. (i) The generalized translation operators T x, x ∈R, are defined on L2(R,A(x)dx)
by the relation

FΛ(T x f )(λ) = Ψλ(x)FΛ( f )(λ). (2.4)

(ii) The generalized convolution product of two functions f and g in L2(R,A(x)dx) is
defined by

f #g(x) =
∫
R

T x f (−y)g(y)A(y)dy. (2.5)

Remark 2.7. Let f and g be in L2(R,A(x)dx). Then
(i) By (2.1), (2.4) and Theorem 2.4, we deduce that

‖T x f ‖2,A ≤ ‖ f ‖2,A, (2.6)

for any x ∈ R.
(ii) It follows from (2.5),(2.6) and Schwarz inequality that f #g ∈ L∞(R) and

‖ f #g‖∞ ≤ ‖ f ‖2,A‖g‖2,A.

(iii) By virtue of (2.4),(2.5) and Theorem 2.4, f #g may be rewritten as

f #g(x) =
∫
R
FΛ( f )(λ)FΛ(g)(λ)Ψλ(x)dσ(λ).

Proposition 2.8. [1] Let f ∈ L2(R,A(x)dx) and g ∈ L1∩L2(R,A(x)dx). Then f #g ∈ L2(R,A(x)dx),

‖ f #g‖2,A ≤ ‖ f ‖2,A‖g‖1,A,

and
FΛ( f #g) = FΛ( f )FΛ(g) (2.7)
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The following proposition will play a key role in the sequel.

Proposition 2.9. [1] Let f , g ∈ L2(R,A(x)dx). Then∫
R
| f #g(x)|2A(x)dx =

∫
R
|FΛ( f )(λ)|2 |FΛ(g)(λ)|2dσ(λ), (2.8)

where both sides are finite or infinite.

3 Generalized wavelet packets

Our construction of wavelet packets is based on the notion of generalized wavelets studied
in depth in [1].

Definition 3.1. We say that a function g ∈ L2(R,A(x)dx) is a generalized wavelet if it satis-
fies the admissibility condition

0 <Cg =

∫ ∞

0
|FΛg(aλ)|2

da
a
<∞, (3.1)

for almost all λ ∈ R.

Remark 3.2. 1. The admissibility condition (3.1) can also be written as

0 <Cg =

∫ ∞

0
|FΛ(g)(λ)|2

dλ
λ
=

∫ ∞

0
|FΛ(g)(−λ)|2

dλ
λ
<∞.

2. If g is real-valued we have FΛ(g)(−λ) = FΛ(g)(λ), so (3.1) reduces to

0 <Cg =

∫ ∞

0
|FΛ(g)(λ)|2

dλ
λ
<∞.

3. If 0 , g ∈ L2(R,A(x)dx) is real-valued and satisfies

∃ η > 0 such that FΛ(g)(λ)−FΛ(g)(0) = O(λη), as λ→ 0+,

then (3.1) is equivalent to FΛ(g)(0) = 0.

The following technical lemma proved in [1] will be of later use.

Lemma 3.3. Let a > 0 and g ∈ L2(R,A(x)dx). Then there exists a function ga (and only one)
in L2(R,A(x)dx) such that

FΛ(ga)(λ) = FΛ(g)(aλ), (3.2)

for almost all λ ∈ R. This function is given by the relation

ga =
1
√

a
F −1
Λ ◦Ha−1 ◦FΛ(g),

and satisfies

‖ga‖2,A ≤
k(a)
√

a
‖g‖2,A , (3.3)
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where Ha is the dilatation operator defined by

Ha( f )(x) =
1
√

a
f (

x
a

), x ∈ R,

and
k(a) = sup

λ>0

|c(λ)|
|c(λ/a)|

.

Remark 3.4. (i) Notice that according to (2) and (3), there exist two positive constants m1
and m2 such that

m1

aα+1/2 ≤ k(a) ≤
m2

aα+1/2 for all a > 0.

(ii) For A(x) = |x|2α+1, α > −1/2, the function ga, a > 0, is given by

ga(x) =
1

a2α+2 g
( x
a

)
, x ∈ R.

From now on g ∈ L2(R,A(x)dx) designates a generalized wavelet and {r j} j∈Z denotes a
scale sequence in ]0,∞[ ; that is, strictly decreasing and satisfying

lim
j→−∞

r j =∞, lim
j→∞

r j = 0.

Proposition 3.5. For all j ∈ Z, there exists a unique function gP
j in L2(R,A(x)dx) such that

FΛ(gP
j )(λ) =

 1
Cg

∫ r j

r j+1

|FΛ(g)(aλ)|2
da
a

 1
2

, (3.4)

for almost all λ ∈ R.

Proof. From (10), (11), Theorem 2.4 and Remark 3.2,

1
Cg

∫
R

∫ r j

r j+1

|FΛ(g)(aλ)|2
da
a

dσ(λ) =
1

Cg

∫ r j

r j+1

||FΛ(ga)||22,σ
da
a

=
1

Cg

∫ r j

r j+1

||ga||
2
2,A

da
a

≤
||g||22,A

Cg

∫ r j

r j+1

(
k(a)

a

)2

da

≤
(m2)2 ||g||22,A

Cg

∫ r j

r j+1

da
a2α+3 <∞.

This shows that the function λ→
(

1
Cg

∫ r j

r j+1
|FΛ(g)(aλ)|2 da

a

) 1
2

belongs to L2(R,dσ(λ)). The
result follows now from Theorem 2.2. �

Definition 3.6. (i) The sequence {gP
j } j∈Z is called generalized wavelet packet (also called

generalized P-wavelet packet).
(ii) The function gP

j , j ∈ Z, is called generalized P-wavelet packet member of step j.
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Remark 3.7. From (3.1) and (3.4) we deduce that

0 ≤ FΛ
(
gP

j

)
(λ) ≤ 1 and

∞∑
j=−∞

(
FΛ

(
gP

j

)
(λ)

)2
= 1 (3.5)

for all j ∈ Z and almost all λ ∈ R.

Definition 3.8. Let {gP
j } j∈Z be a generalized P-wavelet packet. The generalized P-wavelet

packet transform ΦP
g is defined for regular functions f on R by

ΦP
g ( f )( j, s) =

∫
R

f (x)gP
j,s(x)A(x)dx, j ∈ Z, s ∈ R,

where
gP

j,s(x) = T−sgP
j (x)

T−s being the generalized translation operators given by (2.4). This transform can also be
written as

ΦP
g ( f )( j, s) = f #gP

j (s) (3.6)

where # is the generalized convolution product given by (2.5).

Theorem 3.9. Let {gP
j } j∈Z be a generalized P-wavelet packet. Then for all f ∈ L2(R,A(x)dx)

we have the Plancherel formula∫
R
| f (x)|2A(x)dx =

∞∑
j=−∞

∫
R
|ΦP

g ( f )( j, s)|2A(s)ds .

Proof. From (2.8)and (3.6) we have for all j ∈ Z :∫
R
|ΦP

g ( f )( j, s)|2A(s)ds =
∫
R
|FΛ( f )(λ)|2(FΛ(gP

j )(λ))2dσ(λ).

So using (13) and Fubini-Tonelli’s theorem we get
∞∑

j=−∞

∫
R
|ΦP

g ( f )( j, s)|2A(s)ds =

=

∫
R
|FΛ( f )(λ)|2

 ∞∑
j=−∞

(FΛ(gP
j )(λ))2

dσ(λ)

=

∫
R
|FΛ( f )(λ)|2dσ(λ).

The result follows now from Theorem 2.2. �

Theorem 3.10. Let {gP
j } j∈Z be a generalized P-wavelet packet. For all f ∈ L1∩L2(R,A(x)dx)

such that FΛ( f ) ∈ L1(R,dσ(λ)), we have the following reconstruction formula for ΦP
g :

f (x) =
∞∑

j=−∞

(∫
R
ΦP

g ( f )( j, s)gP
j,s(x)A(s)ds

)
,

for almost all x ∈ R.
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Proof. For j ∈ Z and x ∈ R, put

I( j, x) =
∫
R
ΦP

g ( f )( j, s)gP
j,s(x)A(s)ds

=

∫
R

f #gP
j (s)T−xgP

j (s) A(s)ds

Using (4), (7) and Theorem 2.2 we obtain

I( j, x) =
∫
R
FΛ( f )(λ)Ψλ(x)

[
FΛ

(
gP

j

)
(λ)

]2
dσ(λ). (3.7)

By (1) and (13),

∞∑
j=−∞

∫
R
|FΛ( f )(λ)| |Ψλ(x)|

[
FΛ

(
gP

j

)
(λ)

]2
dσ(λ) ≤

≤

∞∑
j=−∞

∫
R
|FΛ( f )(λ)|

[
FΛ

(
gP

j

)
(λ)

]2
dσ(λ)

=

∫
R
|FΛ( f )(λ)|

 ∞∑
j=−∞

[
FΛ

(
gP

j

)
(λ)

]2

dσ(λ)

= ‖FΛ( f )‖1,σ < ∞.

So using (13), Fubini’s theorem and Theorem 2.4 we obtain

∞∑
j=−∞

I( j, x) =
∫
R
FΛ( f )(λ)

 ∞∑
j=−∞

[
FΛ

(
gP

j

)
(λ)

]2

 Ψλ(x)dσ(λ)

=

∫
R
FΛ( f )(λ)Ψλ(x)dσ(λ)

= f (x),

for almost every x ∈ R. �

4 Generalized scale discrete scaling function

Proposition 4.1. Let {gP
j } j∈Z be a generalized P-wavelet packet. Then

(i) For all J ∈ Z,

J−1∑
j=−∞

(FΛ(gP
j )(λ))2 =

1
Cg

∫ ∞

rJ

|FΛ(g)(aλ)|2
da
a
. (4.1)

(ii) For all J ∈ Z, there exists a function GP
J ∈ L2(R,A(x)dx) (and only one) such that

FΛ(GP
J )(λ) =

 J−1∑
j=−∞

(FΛ(gP
j )(λ))2


1
2

, λ ∈ R . (4.2)
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Proof. Assertion (i) follows directly from (12). Let us check (ii). In view of Theorem 2.2, it

is sufficient to check that the function λ→
(∑J−1

j=−∞ (FΛ(gP
j )(λ))2

) 1
2 belongs to L2(R,dσ(λ)).

By (10), (11), (16), Theorem 2.4 and Remark 3.2,∫
R

J−1∑
j=−∞

(FΛ(gP
j )(λ))2dσ(λ) =

1
Cg

∫ ∞

rJ

||FΛ(ga)||22,σ
da
a

=
1

Cg

∫ ∞

rJ

||ga||
2
2,A

da
a

≤
||g||22,A

Cg

∫ ∞

rJ

(
k(a)

a

)2

da

≤
(m2)2 ||g||22,A

Cg

∫ ∞

rJ

da
a2α+3 <∞,

which ends the proof. �

Definition 4.2. The sequence {GP
J }J∈Z is called generalized scale discrete scaling function.

Remark 4.3. It follows from (13) and (17) that

0 ≤ FΛ(GP
J )(λ) ≤ 1; lim

J→∞
FΛ(GP

J )(λ) = 1; (4.3)

(
FΛ(gP

J )(λ)
)2
=

(
FΛ(GP

J+1)(λ)
)2
−

(
FΛ(GP

J )(λ)
)2

; (4.4)

∞∑
j=−∞

[(
FΛ(GP

j+1)(λ)
)2
−

(
FΛ(GP

j )(λ)
)2

]
= 1; (4.5)

for all J ∈ Z and almost all λ ∈ R.

Notation. We denote by 〈., .〉A the scalar product of the Hilbert space L2(R,A(x)dx), i.e.,

〈 f ,g〉A =
∫
R

f (x)g(x)A(x)dx (4.6)

for all f ,g ∈ L2(R,A(x)dx).

Theorem 4.4. Let {GP
J }J∈Z be a generalized scale discrete scaling function. Then for all

f ∈ L2(R,A(x)dx) we have the Plancherel formula∫
R
| f (x)|2A(x)dx = lim

J→∞

∫
R
|〈 f ,GP

J,s〉A|
2A(s)ds,

where
GP

J,s(x) = T−s(GP
J )(x), x ∈ R. (4.7)

Proof. From (21) and (22) we have

〈 f ,GP
J,s〉A =

∫
R

f (x)T sGP
J (−x)A(x)dx = f #GP

J (s). (4.8)
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By (8) we obtain∫
R
|〈 f ,GP

J,s〉A|
2A(s)ds =

∫
R
| f #GP

J (s)|2A(s)ds

=

∫
R
|FΛ( f )(λ)|2[FΛ(GP

J )(λ)]2dσ(λ).

Using (18), Theorem 2.4 and the dominated convergence theorem we get

lim
J→∞

∫
R
|〈 f ,GP

J,s〉A|
2A(s)ds =

∫
R
|FΛ( f )(λ)|2dσ(λ) = ‖ f ‖22,A .

�

The next theorem provides a Plancherel formula involving both {GP
J }J∈Z and ΦP

g .

Theorem 4.5. For all f ∈ L2(R,A(x)dx) and all J ∈ Z we have∫
R
| f (x)|2A(x)dx =

∫
R
|〈 f ,GP

J,s〉A|
2A(s)ds+

∞∑
j=J

∫
R
|ΦP

g ( f )( j, s)|2A(s)ds.

Proof. From (8), (17) and (23) and we have∫
R
|〈 f ,GP

J,s〉A|
2A(s)ds =

∫
R
|FΛ( f )(λ)|2

J−1∑
j=−∞

[FΛ(gP
j )(λ)]2dσ(λ).

On the other hand, using (8), (14) and Fubini-Tonelli’s theorem we obtain

∞∑
j=J

∫
R
|ΦP

g ( f )( j, s)|2A(s)ds =
∫
R
|FΛ( f )(λ)|2

 ∞∑
j=J

[FΛ(gP
j )(λ)]2

dσ(λ).

Thus ∫
R
|〈 f ,GP

J,s〉A|
2A(s)ds+

∞∑
j=J

∫
R
|ΦP

g ( f )( j, s)|2A(s)ds =

=

∫
R
|FΛ( f )(λ)|2

 ∞∑
j=−∞

[FΛ(gP
j )(λ)]2

dσ(λ) = ‖ f ‖22,A,

by virtue of (13) and Theorem 2.4. �

Theorem 4.6. Let {GP
J }J∈Z be the generalized scale discrete scaling function corresponding

to a generalized P-wavelet packet {gP
j } j∈Z. For f ∈ L1 ∩ L2(R,A(x)dx) such that FΛ( f ) ∈

L1(R,dσ(λ)), we have the following reconstruction formulas :

(i) For almost all x ∈ R,

f (x) = lim
J→∞

∫
R
〈 f ,GP

J,s〉A GP
J,s(x) A(s)ds (4.9)

(ii) For almost all x ∈ R and all J ∈ Z,

f (x) =
∫
R
〈 f ,GP

J,s〉A GP
J,s(x) A(s)ds+

∞∑
j=J

∫
R
ΦP

g ( f )( j, s)gP
j,sx) A(s)ds
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Proof. (i) From (22) and (23), we have

〈 f ,GP
J,s〉A GP

J,s(x) = f #GP
J (s)T xGP

J (−s) .

Using Theorem 2.2 we get∫
R
〈 f ,GP

J,s〉A GP
J,s(x) A(s)ds =

∫
R
FΛ( f )(λ)[FΛ(GP

J )(λ)]2Ψλ(x)dσ(λ) . (4.10)

Identity (24) follows then by using (18), Theorem 2.4 and the dominated convergence the-
orem.

(ii) By (17) and (25),∫
R
〈 f ,GP

J,s〉A GP
J,s(x) A(s)ds =

∫
R
FΛ( f )(λ)

(∑J−1
j=−∞[FΛ(gP

j )(λ)]2
)
Ψλ(x)dσ(λ).

From this, (13), (15) and Theorem 2.4 it follows that∫
R
〈 f ,GP

J,s〉A GP
J,s(x) A(s)ds+

∞∑
j=J

∫
R
ΦP

g ( f )( j, s)gP
j,sx) A(s)ds =

=

∫
R
FΛ( f )(λ)

 J−1∑
j=−∞

[FΛ(gP
j )(λ)]2+

∞∑
j=J

[FΛ(gP
j )(λ)]2

Ψλ(x)dσ(λ)

=

∫
R
FΛ( f )(λ)Ψλ(x)dσ(λ) = f (x),

for almost every x ∈ R. �

5 Generalized modified wavelet packets

Let {GP
J }J∈Z be a generalized scale discrete scaling function corresponding to a generalized

P-wavelet packet {gP
j } j∈Z. Let gM

j (resp. g̃M
j ), j ∈ Z, be the function defined by

gM
j =GP

j+1−GP
j . (5.1)(

resp. g̃M
j =GP

j+1+GP
j

)
(5.2)

Remark 5.1. According to (18) and (20), we have

||FΛ(gM
j )||∞ ≤ 2, ||FΛ(̃gM

j )||∞ ≤ 2, (5.3)

and
∞∑

j=−∞

FΛ(gM
j )(λ)FΛ(̃gM

j )(λ) = 1, (5.4)

for all j ∈ Z and almost all λ ∈ R.

Definition 5.2. The sequence {gM
j } j∈Z and {̃gM

j } j∈Z are called respectively generalized mod-
ified wavelet packet (or generalized M-wavelet packet) and generalized dual modified wavelet
packet (or generalized dual M-wavelet packet).
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Definition 5.3. Let {gM
j } j∈Z be a generalized M-wavelet packet and {̃gM

j } j∈Z the corre-
sponding generalized dual M-wavelet packet. The generalized M-wavelet packet transform
ΦM

g (resp. The generalized dual M-wavelet packet transform Φ̃M
g ) is defined for regular

functions f on R by

ΦM
g ( f )( j, s) =

∫
R

f (x)gM
j,s(x)A(x)dx, j ∈ Z, s ∈ R,(

resp. Φ̃M
g ( f )( j, s) =

∫
R

f (x)̃gM
j,s(x)A(x)dx

)
where

gM
j,s(x) = T−sgM

j (x). (5.5)(
resp. g̃M

j,s(x) = T−s g̃M
j (x)

)
(5.6)

The transform ΦM
g ( resp. Φ̃M

g ) can also be written in the form

ΦM
g ( f )( j, s) = f #gM

j (s) , (5.7)(
resp. Φ̃M

g ( f )( j, s) = f #g̃M
j (s)

)
. (5.8)

Theorem 5.4. Let {gM
j } j∈Z be a generalized M-wavelet packet and {̃gM

j } j∈Z the correspond-
ing generalized dual M-wavelet packet . For all f in L2(R,A(x)dx), we have the following
Plancherel formula :∫

R
| f (x)|2A(x)dx =

∞∑
j=−∞

∫
R
ΦM

g ( f )( j, s) Φ̃M
g ( f )( j, s)A(s)ds.

Proof. Notice first that by (30), (32),(33) and Proposition 2.2, the function s→ΦM
g ( f )( j, s)

(resp. s → Φ̃M
g ( f )( j, s) ) is in L2(R,A(x)dx) and FΛ(ΦM

g ( f )( j, ·)) = FΛ( f )FΛ(gM
j ) (resp.

FΛ(Φ̃M
g ( f )( j, ·)) = FΛ( f )FΛ(̃gM

j )). From this and Theorem 2.2, it follows that∫
R
ΦM

g ( f )( j, s) Φ̃M
g ( f )( j, s)A(s)ds =

∫
R
|FΛ( f )(λ)|2FΛ(gM

j )(λ)FΛ(̃gM
j )(λ)dσ(λ).

for all j ∈ Z. But
FΛ(gM

j )(λ)FΛ(̃gM
j )(λ) =

(
FΛ(gP

j )(λ)
)2
≥ 0 (5.9)

by virtue of (19), (26) and (27). Then using (29), Theorem 2.4 and Fubini-Tonelli’s theorem
we obtain

∞∑
j=−∞

∫
R
ΦM

g ( f )( j, s) Φ̃M
g ( f )( j, s)A(s)ds =

=

∫
R
|FΛ( f )(λ)|2

 ∞∑
j=−∞

FΛ(gM
j )(λ)FΛ(̃gM

j )(λ)

dσ(λ)

= ‖FΛ( f )‖22,σ = ‖ f ‖
2
2,A.

�
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Theorem 5.5. Let {gM
j } j∈Z be a generalized M-wavelet packet and {̃gM

j } j∈Z the corre-
sponding generalized dual M-wavelet packet. For all f ∈ (L1 ∩ L2)(R,A(x)dx) such that
FΛ( f ) ∈ L1(R,dσ(λ)), we have the following reconstruction formulas for ΦM

g and Φ̃M
g :

f (x) =
∞∑

j=−∞

∫
R
ΦM

g ( f )( j, s) g̃M
j,s(x)A(s)ds

=

∞∑
j=−∞

∫
R
Φ̃M

g ( f )( j, s)gM
j,s(x)A(s)ds,

for almost all x ∈ R.

The theorem above is a direct consequence of Theorem 3.10 and the next Lemma .

Lemma 5.6. Let f ∈ (L1∩L2)(R,A(x)dx) such that FΛ( f ) ∈ L1(R,dσ(λ)). Then∫
R
ΦP

g ( f )( j, s)gP
j,s(x)A(s)ds =

∫
R
Φ̃M

g ( f )( j, s)gM
j,s(x)A(s)ds

=

∫
R
ΦM

g ( f )( j, s) g̃M
j,s(x)A(s)ds

for all j ∈ Z and x ∈ R.

Proof. By (15), (30)-(34) and Theorem 2.2, it follows that∫
R
ΦM

g ( f )( j, s) g̃M
j,s(x)A(s)ds =

∫
R
Φ̃M

g ( f )( j, s)gM
j,s(x)A(s)ds

=

∫
R
FΛ( f )(λ)FΛ(gM

j )(λ)FΛ(̃gM
j )(λ)Ψλ(x)dσ(λ)

=

∫
R
FΛ( f )(λ)[FΛ(gP

j )(λ)]2Ψiλ(x)dσ(λ)

=

∫
R
ΦP

g ( f )( j, s)gP
j,s(x)A(s)ds .

�
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A combination of Theorem 4.3 and Lemma 5.1 yields the following result.

Theorem 5.7. Let {gM
j } j∈Z be a generalized M-wavelet packet and {̃gM

j } j∈Z the correspond-
ing generalized dual M-wavelet packet. Let f be in L1 ∩ L2(R,A(x)dx) such that FΛ( f )
belongs to L1(R,dσ(λ)). Then

f (x) =
∫
R
〈 f ,GP

J,s〉A GP
J,s(x) A(s)ds+

∞∑
j=J

∫
R
ΦM

g ( f )( j, s) g̃M
j,s(x) A(s)ds

=

∫
R
〈 f ,GP

J,s〉A GP
J,s(x) A(s)ds+

∞∑
j=J

∫
R
Φ̃M

g ( f )( j, s)gM
j,s(x) A(s)ds,

for all J ∈ Z and almost every x ∈ R.

6 Generalized S-wavelet packets

Definition 6.1. A sequence {gS
j } j∈Z ⊂ L2(R,A(x)dx) is called a generalized S-wavelet packet

if it satisfies the following conditions :

1. For all j ∈ Z, FΛ(gS
j ) is real-valued.

2. For almost all λ ∈ R,

a ≤
∞∑

j=−∞

(FΛ(gS
j )(λ))2 ≤ b, (6.1)

with 0 < a ≤ b <∞. The constants a and b are called the stability constants.

Definition 6.2. Let {gS
j } j∈Z be a generalized S-wavelet packet. We define the corresponding

generalized dual S-wavelet packet {̃gS
j } j∈Z by

FΛ(̃gS
j )(λ) =

FΛ(gS
j )(λ)∑∞

j=−∞(FΛ(gS
j )(λ))2

, λ ∈ R . (6.2)

Remark 6.3. (i) If a = b, then g̃S
j =

1
a gS

j .

(ii) By (36), it is easily seen that

∞∑
j=−∞

FΛ(gS
j )(λ)FΛ(̃gS

j )(λ) = 1; (6.3)

∞∑
j=−∞

[FΛ(̃gS
j )(λ)]2 =

 ∞∑
j=−∞

[FΛ(gS
j )(λ)]2


−1

; (6.4)

J−1∑
j=−∞

[FΛ(̃gS
j )(λ)]2

∞∑
j=−∞

[FΛ(̃gS
j )(λ)]2

=

J−1∑
j=−∞

[FΛ(gS
j )(λ)]2

∞∑
j=−∞

[FΛ(gS
j )(λ)]2

; (6.5)
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J−1∑
j=−∞

FΛ(gS
j )(λ)FΛ(̃gS

j )(λ) =

J−1∑
j=−∞

[FΛ(gS
j )(λ)]2

∞∑
j=−∞

[FΛ(gS
j )(λ)]2

; (6.6)

for all J ∈ Z and almost all λ ∈ R.
(iii) For almost all λ ∈ R,

1
b
≤

∞∑
j=−∞

[
FΛ(̃gS

j )(λ)
]2
≤

1
a
, (6.7)

where a and b are the stability constants given by the relation (35).

Definition 6.4. Let {gS
j } j∈Z be a generalized S-wavelet packet and {̃gS

j } j∈Z the correspond-
ing generalized dual S-wavelet packet. The generalized S-wavelet packet transform ΦS

g (
resp. the generalized dual S-wavelet packet transform Φ̃S

g ) is defined for regular functions
f on R by

ΦS
g ( f )( j, t) =

∫
R

f (x)gS
j,t(x)A(x)dx, j ∈ Z, t ∈ R,(

resp. Φ̃S
g ( f )( j, t) =

∫
R

f (x)̃gS
j,t(x)A(x)dx

)
where

gS
j,t(x) = T−tgS

j (x) (6.8)(
resp. g̃S

j,t(x) = T−t g̃S
j (x)

)
(6.9)

The transform ΦS
g

(
resp. Φ̃S

g

)
can be reformulated as

ΦS
g ( f )( j, t) = f #gS

j (t) (6.10)(
resp. Φ̃S

g ( f )( j, t) = f #g̃S
j (t)

)
(6.11)

Theorem 6.5. Let {gS
j } j∈Z be a generalized S-wavelet packet and {̃gS

j } j∈Z the correspond-
ing generalized dual S-wavelet packet. For all f ∈ L2(R,A(x)dx), we have the Plancherel
formula ∫

R
| f (x)|2A(x)dx =

∞∑
j=−∞

∫
R
ΦS

g ( f )( j, t) Φ̃S
g ( f )( j, t) A(t)dt.

Proof. Observe first that by (35), (41), (44), (45) and Proposition 2.2, the function t →

ΦS
g ( f )( j, t) (resp. t→ Φ̃S

g ( f )( j, t) ) belongs to L2(R,A(x)dx) andFΛ(ΦS
g ( f )( j, ·))=FΛ( f )FΛ(gS

j )

(resp. FΛ(Φ̃S
g ( f )( j, ·)) = FΛ( f )FΛ(̃gS

j )). From this and Theorem 2.2, it follows that∫
R
ΦS

g ( f )( j, t)Φ̃S
g ( f )( j, t)A(t)dt =

∫
R
|FΛ( f )(λ)|2FΛ(gS

j )(λ)FΛ(̃gS
j )(λ)dσ(λ).
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By use of Fubini-Tonelli’s theorem, Theorem 2.2 and (37) we obtain

∞∑
j=−∞

∫
R
ΦS

g ( f )( j, t)Φ̃S
g ( f )( j, t)A(t)dt =

=

∫
R
|FΛ( f )(λ)|2

 ∞∑
j=−∞

FΛ(gS
j )(λ)FΛ(̃gS

j )(λ)

dσ(λ)

=

∫
R
|FΛ( f )(λ)|2dσ(λ)

= ‖ f ‖22,A.

�

Theorem 6.6. Let {gS
j } j∈Z be a generalized S-wavelet packet and {̃gS

j } j∈Z the corresponding
generalized dual S-wavelet packet. For f ∈ L1∩L2(R,A(x)dx) such thatFΛ( f ) ∈ L1(R,dσ(λ)),
we have the following reconstruction formulas:

f (x) =
∞∑

j=−∞

∫
R
ΦS

g ( f )( j, t) g̃S
j,t(x)A(t)dt

=

∞∑
j=−∞

∫
R
Φ̃S

g ( f )( j, t)gS
j,t(x)A(t)dt

for almost every x ∈ R.

Proof. From (36), (42)-(45) and Theorem 2.2 we have∫
R
ΦS

g ( f )( j, t)̃gS
j,t(x)A(t)dt =

∫
R
Φ̃S

g ( f )( j, t)gS
j,t(x)A(t)dt

=

∫
R
FΛ( f )(λ)

(FΛ(gS
j )(λ))2∑∞

j=−∞(FΛ(gS
j )(λ))2

Ψλ(x)dσ(λ).

Applying Fubini’s theorem we get

∞∑
j=−∞

∫
R
ΦS

g ( f )( j, t)̃gS
j,t(x)A(t)dt =

∞∑
j=−∞

∫
R
Φ̃S

g ( f )( j, t)gS
j,t(x)A(t)dt

=

∫
R
FΛ( f )(λ)Ψλ(x)dσ(λ)

= f (x),

again by Theorem 2.4 . �

Remark 6.7. Let {gS
j } j∈Z be a generalized S-wavelet packet and {̃gS

j } j∈Z the corresponding
generalized dual S-wavelet packet. Assume that∫

R

 J−1∑
j=−∞

[FΛ(gS
j )(λ)]2

dσ(λ) <∞, forall J ∈ Z. (6.12)
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According to (35) and (39)-(41), this ensures that the functions λ 7→
(∑J−1

j=−∞[FΛ(̃gS
j )(λ)]2

) 1
2

and λ 7→
(∑J−1

j=−∞FΛ(gS
j )(λ)FΛ(̃gS

j )(λ)
) 1

2 are in L2(R,dσ(λ)), and enables us to state the
following definition.

Definition 6.8. Let {gS
j } j∈Z be a generalized S-wavelet packet satisfying (46), and let {̃gS

j } j∈Z

be the corresponding generalized dual S-wavelet packet. We define the generalized scale
discrete scaling function {GS

J }J∈Z corresponding to {gS
j } j∈Z by

FΛ(GS
J )(λ) =

 J−1∑
j=−∞

FΛ(gS
j )(λ)FΛ(̃gS

j )(λ)


1
2

, λ ∈ R .

Remark 6.9. By (40),

0 ≤ FΛ(GS
J )(λ) ≤ 1 and lim

J→∞
FΛ(GS

J )(λ) = 1

for all J ∈ Z and almost all λ ∈ R.

The next statements may be proved in the same way as for Theorems 4.1, 4.2 and 4.3.

Theorem 6.10. Let {gS
j } j∈Z be a generalized S-wavelet packet satisfying (46), and let

{̃gS
j } j∈Z be the corresponding generalized dual S-wavelet packet. For all f ∈ L2(R,A(x)dx)

and all J ∈ Z, we have the following Plancherel formulae :∫
R
| f (x)|2A(x)dx = lim

J→∞

∫
R
|〈 f ,GS

J,t〉A|
2A(t)dt

=

∫
R
|〈 f ,GS

J,t〉A|
2A(t)dt

+

∞∑
j=J

∫
R
ΦS

g ( f )( j, t)Φ̃S
g ( f )( j, t)A(t)dt,

with GS
J,t(x) = T−t(GS

J )(x).

Theorem 6.11. Let {gS
j } j∈Z be a generalized S-wavelet packet satisfying (46), and let

{̃gS
j } j∈Z be the corresponding generalized dual S-wavelet packet. For f ∈ L1∩L2(R,A(x)dx)

such that FΛ( f ) ∈ L1(R,dσ(λ)), we have the following reconstruction formulae :
(i) For almost all x ∈ R,

f (x) = lim
J→∞

∫
R
〈 f ,GS

J,t〉A GS
J,t(x) A(t)dt.

(ii) For almost all x ∈ R and all J ∈ Z,

f (x) =
∫
R
〈 f ,GS

J,t〉A GS
J,t(x) A(t)dt+

∞∑
j=J

∫
R
ΦS

g ( f )( j, t) g̃S
j,t(x)A(t)dt

=

∫
R
〈 f ,GS

J,t〉A GS
J,t(x) A(t)dt+

∞∑
j=J

∫
R
Φ̃S

g ( f )( j, t)gS
j,t(x)A(t)dt
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7 Generalized multiresolution analysis by means of generalized
wavelet packets

All generalized wavelet packets discussed in the previous sections show the fact that effi-
cient algorithms for reconstruction and decomposition can be given by using the notion of
multiresolution analysis. This will be the theme of the present section.

Definition 7.1. (i) For all j, J ∈ Z and E ∈ {P,S }, define the convolution operators RE
j and

PE
J on L2(R,A(x)dx) by

RE
j ( f ) =


gP

j #gP
j # f = gM

j # g̃M
j # f for E = P,

gS
j # g̃S

j # f for E = S ,

PE
J ( f ) =


GP

J #GP
J # f for E = P,

GS
J #GS

J # f for E = S .

Or equivalently,

FΛ(RE
j )( f )(λ) =



FΛ( f )(λ)
(
FΛ(gP

j )(λ)
)2

for E = P,

FΛ( f )(λ)FΛ(gM
j )(λ)FΛ(̃gM

j )(λ) for E = P,

FΛ( f )(λ)FΛ(gS
j )(λ)FΛ(̃gS

j )(λ) for E = S ,

FΛ(PE
J )( f )(λ) =


FΛ( f )(λ)

(
FΛ(GP

J )(λ)
)2

for E = P,

FΛ( f )(λ)
(
FΛ(GS

J )(λ)
)2

for E = S .

(ii) The scale spaces VE
J and the detail spaces WE

j , E ∈ {P , S }, are defined respectively
by

VE
J = PE

J

(
L2(R,A(x)dx)

)
and

WE
j = RE

j

(
L2(R,A(x)dx)

)
.

(iii) The collection {VE
J }J∈Z , E ∈ {P , S }, of all the spaces VE

J is called generalized E-
multiresolution analysis of L2(R,A(x)dx).

Remark 7.2. (i) According to our definition, the scale space VE
J is the image of L2(R,A(x)dx)

by PE
J . Loosely spoken, VE

J contains all J-scale smooth functions of L2(R,A(x)dx). The no-
tion ”detail space” means that WE

j contains the ”detail” information needed to go from an
approximation at resolution j to an approximation at resolution j+1.

(ii) WE
J denotes the complementary space of VE

J in VE
J+1; that is,

VE
J+1 = VE

J +WE
J .

This indicates that the definition of detail spaces is independent of the choice of generalized
P-wavelet packets or generalized S-wavelet packets.



114 W. Chabeh and M. A. Mourou

Proposition 7.3. The collection {VE
J }J∈Z , E ∈ {P , S }, enjoys the following properties :

(i) VE
J ⊂ VE

J′ ⊂ L2(R,A(x)dx) for −∞ < J ≤ J ′ <∞;

(ii) limJ→−∞VE
J = {0};

(iii) limJ→∞VE
J = L2(R,A(x)dx).

Observe that a generalized multiresolution analysis allows us to decompose L2(R,A(x)dx)
by a nested sequence of subspaces which in turn illustrates how to approximate a given
function f in L2(R,A(x)dx) by an approximation in each of the spaces VE

J .

More precisely, put

h̃E
j =



ΦP
g ( f )( j, .) for E = P,

ΦM
g ( f )( j, .) for E = M,

ΦS
g ( f )( j, .) for E = S ,

hE
j =



(̃hP
j , g

P
j )A for E = P,

(̃hM
j , g

M
j )A for E = M,

(̃hS
j , g

S
j )A for E = S ,

f̃ E
J =



( f ,GP
J )A for E = P,

( f ,GM
J )A for E = M,

( f ,GS
J )A for E = S ,

f E
J =



( f̃ P,GP
J )A for E = P,

( f̃ M,GM
J )A for E = M,

( f̃ S ,GS
J )A for E = S ,

with j , J ∈ Z and f ∈ L2(R,A(x)dx).

Then we have
f E
J ∈ VP

J for E ∈ {P,M}; f S
J ∈ VS

J ;

hE
j ∈WP

j for E ∈ {P,M}; hS
j ∈WS

j .

Theorem 7.4. Each function f in L2(R,A(x)dx) can be approximated in twofold sense :

f = lim
J→∞

f E
J , E ∈ {P,M,S }

and

f = lim
J→∞

J−1∑
j=−∞

hE
j , E ∈ {P,M,S }.
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