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Abstract

In this article we establish the global regularity of weak solutions of the Dirichlet
problem for a class of degenerate elliptic equations.
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1 Introduction

Let L be a degenerate elliptic operator

Lu=-— Z Dj(aij(x)Diu(x)) - Z bi(x)Dju(x) (1.1
i=1

i,j=1
where the coefficients a;; and b; are measurable, real-valued functions defined on a bounded

open set QCR", and whose coeflicient matrix A(x) = (a;;(x)) is symmetric and satisfies the
degenerate ellipticity condition

n

VePwx) < Y aij0Ee; < NEPw), (12)

ij=1
and

1Di(x0)|<Crw(x), i=1,2...,n, (1.3)

for all £€R"”, and a.e. xeQ, Cy, A and A are positive constants, and w is a weight function
(that is, w is a nonnegative locally integrable function on R").
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The main purpose of this paper is to establish the global regularity of solutions of the
equation Lu =g in Q, u—¢pe WS’Z(Q, w) (see Theorem 3.6). Under appropriate smoothness
conditions on the boundary dQ the preceding interior regularity results (see Theorem 2.12)
can be extended to all Q. The global regularity in non-degenerate case (i.e. with w(x)=1)
have been studied by many authors (see e.g. [6], Theorem 8.12).

2 Definitions and basic results

Let w be a locally integrable nonnegative function on R” and assume that 0 < w < oo
almost everywhere. We say that w belongs to the Muckenhoupt class A, 1 < p < oo, or that
w is an A ,-weight, if there is a constant C = C, ,, such that

i w(x)dx 1 V=P (x)dx p_lsc
(IBI B )(IBI B )

for all balls BCR”", where |.| denotes the n-dimensional Lebesgue measure in R”. If 1 <
qg<p,then A,CA, (see [4],[9] or [12] for more information about A ,-weights). The weight
w satisfies the doubling condition if w(2B)<Cw(B), for all balls BCR”", where w(B) =
fBa)(x) dx and 2B denotes the ball with the same center as B which is twice as large. If
w€A,, then w is doubling (see Corollary 15.7 in [9]).

Example 2.1. As an example of A ,-weight, the function w(x) = |x|*, x€R", is in A, if and
only if —n < a < n(p—1) (see Corollary 4.4, Chapter IX in [12]).
|EI\ _ _w(E) . . .
If weA,, then (ﬁ) <C ﬁ’ whenever B is a ball in R” and FE is a measurable subset
w
of B (see 15.5 strong doubling property in [9]). Therefore, if w(E) =0 then |E| = 0.

Definition 2.2. Let w be a weight, and let Q CR" be open. For 0 < p < co we define L”(Q, w)
l/p
as the set of measurable functions f on Q such that || f|| Q) = ( f |f ()P a)(x)dx) < oo,
Q

If weA,, 1< p<oo,then AT locally integrable and we have L”(Q, w) CLIIOC(Q)
for every open set Q (see Remark 1.2.4 in [13]). It thus makes sense to talk about weak

derivatives of functions in L?(Q, w).

Definition 2.3. Let QCR" be open, 1 < p < oo, k a nonnegative integer and weA,. We
define the weighted Sobolev space WEP(Q, w) as the set of functions u € LP(Q, w) with weak
derivatives D®ue LP(Q, w), 1<|a| <k. The norm of u in W*P(Q, w) is defined by

1/p
||u||wk,p(g,w>=( fQ P w(x)dx+ > fg |D“u<x>|”w<x>dx) : 2.1)

1<lal<k

We also define Wg’p (Q, w) as the closure of CF(Q) with respect to the norm

1/p
||M||Wg,p(97w)=( Z L IDu(x) w(x)dx) :

1<|a|<k
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If weAp, then WEP(Q, w) is the closure of C®(Q) with respect to the norm (2.1) (see
Corollary 2.1.6 in [13]). The spaces W2(Q,w) and Wé’Z(Q, w) are Hilbert spaces. It is
evident that the weights w which satisfy 0 < C; <w(x) <C, for x€ give nothing new (the
space WFKP(Q, w) is then identical with the classical Sobolev space WEP(Q)). Consequently,
we shall interested above all in such weight functions w which either vanish somewhere in Q
or increase to infinity (or both). For a general theory of weighted Sobolev spaces W5 (Q, w)
with w€ A, see [4], [9], [12] and [13]. For information about weighted Sobolev spaces with
others weights see [14].

In this work we use the following two theorems.

Theorem 2.4. (The weighted Sobolev inequality) Let Q be an open bounded set in R" and
w€EA (1 < p<oo). There exist constants Cq and 6 positive such that for all ue Cg'(€2) and
all k satisfying 1 <k<n/(n—1)+6, we have ||ull jr(q ) < CallVullLr,0)-

Proof. See [2],Theorem 1.3. O

Theorem 2.5. Let Q be an open set in R". If w€ A, then the embedding

WS,Z(Q,Q)) — LZ(Q, w) is compact and ||u||Lz(Q,w) <C ”””WS*Z(Q,w)'

Proof. See [3], Theorem 4.6. O

Definition 2.6. Let w be a weight in R”. We say that w is uniformly A, in each coordinate
if

(a) weA,R");

(b) wi(t) = W(X1,..0r Xi— 1,1, Xjx 1,5 .0, ) 18 in A p(R), foOr X1, ..., X1, Xit1, ..., Xz €., 1<i<n, with
A, constant is bounded independently of xi,..., Xi_1, Xj+1, ..., Xp.

Example 2.7. Let w(x,y) = wi(x)w2(y), with w;(x) = |x|1/ 2 and w(y) = Iyll/ 2. We have that
w is uniformly A, in each coordinate.

Definition 2.8. We say that an element u e W2(Q,w) is a weak solution of the equation

g fi

Lu=g- " D;f;, with 2~ e[2(Q w)
i=1 w w
if
; 1,2
Blu,p) = Z fQ Ji(x) Dig(x) + fg g p(x)dx, YoeW, (Q,w),
i=1
where

n

Blu,g) = fg [Zai,-(x)Diuu)D,-so(x)—Zb,(x)so(x)D,-u(x) dx.
i=1

i,j=1
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Theorem 2.9. (Solvability of the Dirichlet problem) Let L be the operator (1.1) satisfying
(1.2) and (1.3). Assume that g€ W(Q,w), g/wel*(Q,w), fi/weLl*(Q,w) and weA,.
Then the Dirichlet problem

n
Lu=g~ ) Dif;

i=1

u-gpeWA(Qw)

(P)

has a unique solution ue W2 (Q,w).
Proof. See [1], Theorem 2.9. O

Definition 2.10. Let u be a function on a bounded open set QCR” and denote by e; the
unit coordinate vector in the x; direction. We define the difference quotient of u at x in the
direction e; by

Alu(x) = w , (0 < |h] < dist(x, 0Q)). 2.2)

Lemma 2.11. Let Q' ccQ and 0 < |h] < dist(Q’,0Q). Ifu,veleoc(Q,w), supp(v)C Q' and g
is a measurable function with |g(x)|<Cw(x), then
(@) Al (uv)(x) = u(x + he) Alv(x) + () Allu(x), with 1 <k<n;

(b) f S (OUOA V() dx = f VA (gu)(0) dx;
Q Q

(¢) AN(D;jv)(x) = D j(Alv)(x).

Proof. The proof of this lemma follows trivially from the Definition 2.10. O

Our first regularity result provides conditions under which weak solutions of the equa-
tion Lu = g are twice weakly differentiable.

Theorem 2.12. Let ue W(Q,w) be a weak solution of the equation Lu = g in Q, and
assume that

(a) g/we L*(Q,w);

(b) w is a weight uniformly A, in each coordinate;

(c) IAZa,-j(x)l <Crw(x), a.e. xeQ' ccQ, 0 < |h| < dist(Q,0Q), with constant C| is indepen-
dent of Q' and h.

Then for any subdomain Q' C CQ, we have ue W22(QY,w) and

llyezicr o <C{lellr 210 + 8 20 3

for C=Cn,A,A,Cy1,d"), and d’ = dist(Q’,0Q).

Proof. See [1], Theorem 3.8. O
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Example 2.13. If o€ BMO(R") then w(x) = e*¥™ €A,, for some a > 0 (see [5] or [11],
Chapter V, section 6). Let @1, 2 € BMO(R), with ¢/, ¢, € L(R) and let @1, a; be constants
such that w;(x) = e1?1W ) (y) = e22920) € A»(R). Then the weight w(x,y) = wi(x) wa(y) is
a weight uniformly A, in each coordinate.

Let Q = {(x,y)€R? : x> +y? < 1} and consider the operator

0 0
Lu(x,y) = - a[ﬁl W) 5

|- %[ﬁzwu,y)z—;‘]

where 8 and B, are positive constants. By Theorem 2.12 the equation Lu = g, with
£e L*(Q, w), has a solution ue W22(QY/, w) for all Q' cc Q.
w

3 Global Regularity

We recall here that a mapping f: Q—R", QcR”" open (n>2), is quasiconformal if f is one-
to-one, the components, f;, of f have distributional derivatives belonging to L;’OC(R”), and
there is a constant C > 0 such that [D f(x)|" <C J(x) for a.e. xeR", where Df(x) = (9, fi(x))
is the formal differential matrix of f and J¢(x) is the Jacobian determinant of f at x. We
have that f~! is a quasiconformal mapping in f(Q). For instance, f : R*—R", f(x) = x|x|*,
a > 1, is a quasiconformal mapping.

In this paper we use the following theorems.

Theorem 3.1. If h: R" —>R" is a quasiconformal mapping then log(|J,(x)|) e BMO.
Proof. See [10], Theorem 1. O

Theorem 3.2. Let h: R" —R" be a quasiconformal mapping and w€A,. Then woh€A,, if
and only if log(|Jy(x)]) € BMO.

Proof. See [7], Theorem at page 96, or Theorem 2.11 in [8]. ]

Definition 3.3. Let w be a weight uniformly A, in each coordinate. We denote by A(w)
the set of all quasiconformal mapping 4 : R" —R" such that woh is a weight uniformly A,
in each coordinate.

Example 3.4. Let w;(x,y) = |x|'/?|y|'/? and wy(x,y) = |x"?[y|"">2. We have that w; and
w, are two weights uniformly A>(R?) in each coordinate. Consider the quasiconformal
mapping h(x,y) = (x,y)|(x,0)I* = (x(x* +y?),y(x> + y*)). We have that @1 (x,y) = w; (h(x,y))
is not a weight uniformly A, in each coordinate, and @»(x,y) = w2(h(x,y)) is a weight
uniformly A, in each coordinate (see Example 2.1). Therefore h ¢ A(w;) and he A(wy).
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Definition 3.5. Let QCR" be open bounded set, w a weight uniformly A, in each coordinate
and k a nonnegative integer. We say that Q is of class C* with w-quasiconformal boundary
if for each point xy € 9Q there is a ball B = B(xg) and a quasiconformal mapping ¢ of B onto
an open set D CR" such that

A) Y(BNQ)CR" = {xeR" : x,>0);
(ii) Y(BNAQ)CIR";

(iii) y € CK(B) and y~' e CK(D);

(iv) Yy € A(w) and Y~ ! € A(w).

We are able now to prove the main result of this paper.

Theorem 3.6. Let us assume, in addition to the hypotheses of Theorem 2.12, that

(a) There exist Dya;j a.e. x€Q, 1<k<n (and then we have |Dya;j(x)|<Crw(x) for any
Q' ccQ);

(b) Q is of class C* with w-quasiconformal boundary;

(c) There exists a function @€ W22(Q,w) for which u—¢e Wé’z(Q, w).

Then we have also ue W>*(Q, w) and

w20 < C (il 2 + g/l + Il )

where C = C(n,A,\,Cy,C,,09).

Proof. Replacing u by u— ¢, we see that there is no loss of generality in assuming ¢ =0
and hence ue Wé’z(Q,w). Since Q is of class C? with w-quasiconformal boundary, then
exists for each xp€0Q, a ball B = B(xy) and a quasiconformal mapping ¢ from B onto an
open set DCR” such that y(BNQ)CR", y(BNOQ)CIR", yeC*(B) and y~' € C*(D). Let
B(xo;R)cc B and set B* = B(xo;R)NQ, D = y(B(xp;R)) and D* = y(B*).

STEP 1. We sety =y(x) = (V1,...,¥n) = W1(x),...,¥n(x)) and we define the weight &(y) =
wW'(y)). We have that @ is uniformly A, in each coordinate. If ue W'2(B*,w), then
v=uoy e W(D* @).

STEP 2. We define the operator I:v(y) = Lu(:,l/‘1 (v)).We have

() 5000 = Z e
v Py v oY \oy
(id) _(_<V ‘”)(’C)) Zay ax,ai, Z( ayidve axl)axf'

Hence, by condition (a), we obtain
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Lv(y) = L(voy)(x)
= - Z (aij(x)Dij(V()’)) + Diaij(X)Dj(V(y))) - Z b;i(x)D;(v(y))
i,j=1 J=1
= — Z ( Z a,J(x)awl W )D v(y)
k=1 i,j=1
- Z( Z a,-j(x)(,j ng +D; a,,(x) + Zb 'a'ﬁk )DkV(Y)
k=1 ‘i, j=1

= — Z A () Digv(y) = Z br(y)Div(y),

k=1

where

n
) = 3 a0 g i) = 3 a0 2 1 Dy ‘”") Zb ) ‘”k.
b x; 0x; = 0x;0x;
Therefore, under the mapping ¢ the equation Lu = g in B* is transformed to an equation of
the same form in D*.
Since € C? and by conditions about the coefficients a; ; € b;, we obtain the following esti-
mates.
(D) |Aﬁ au<Cr@(y), ye D*, for all 1 < p<n. In fact, using the Mean Value Theorem we
Al (% %)
ox j ax,
2.11(a) we have

obtain <Cy. By (1.2), Aw(x)<a;j(x) < Aw(x) a.e. xeQ. Hence, by Lemma

Wi O
h
Ap( ”(9 5

Mol S Joo|

ij=1
- i ‘(% %)( hep)Ah a’/(w (y))+alj('70 (y))Ah( Wi 0
ij=1

Wk
dx;j Ox; Ox; )(X)‘

< D" (Colmbars ™ o)1+ Colaijw™ o)

i,j=1
szn]c¢(c2w<¢—1<y>>+Aw<w—1<y>>)

Lj

-( 3 Cu(Car Mo o)
Q=1

=G0 ') = Ca).
) bM< C1 @(y), ye D*. In fact,
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i,j=1 J

BN < D laij ™ ODICy +IDiaij ™ GNIC, + > 1w~ ONIC,
=1

<Cy[ Aoy )+ C2ow™ )+ Crow ™ 0)
= Cy(A+Ca+ ™ ) = C1a0).

(3) Let A(y) = (a(y)) = TA(X)T', where T = (a_lik)l ik
j/1<jk<n

is invertible, there exists a constant C3 independent of x such that ||T"(x)&|| > C3 ||€]|. Hence,
by condition (1.2) we obtain

. Since B(xp;R) is compact and T

(TAT'¢,£) = (AT'E, T'€)
AT éPw(x)

AP o™ (7))
AlEPa (),

(A£,&)

vV v ol

and we also have

(AT'E,T'¢)
AT € w(x)
AIT'IPIEF o™ )
AlEPa®G).

(A£,6)

IANIAN

Hence we have

n

ALPom < Y auéd < NePay).
k=1

Moreover, if ue W(l)’z(B+,w) is a solution of Lu = g, then v = um//_1 € WS’Z(DJ“,(I)) is a
solution of Lv(y) = g(y) = g~ (v)) and satisfies nve Wy *(D*,w), for all ne CP(D).
Accordingly, let us now suppose that u € Wé’z(DJr,a)) satisfies Lu = g in D*. Following
the lines of Theorem 3.8 in [1], for any ne C’(D) satisfying 0<n<1, n=1 on Q'ccD,
Q" = y(B,(x0)NQ) where 0 < r < R and ||n]|;~ <2/d’, d’ = dist(Q’,dD), if
0 < |h| < dist(supp(1),0D) and 1 <k<(n— 1), we have

T Alue WA (D*, w).
Analogously, from Theorem 3.8 (in [1]) we obtain (for any 0 < r < R and B, = B(xg,r))

Djju€e L*(Y(B,NQ),w)
with (7, j)#(n,n), and
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1Dl 08,2600 S (Il 2+l 20 ) 3.1)

STEP 3. We can now estimate the second derivative D,,u. Remembering the definition of
L, we can rewrite the equation Lu = g as

g = Lu=- Z D.,-(al-jD,-u) - Zb,-D,-u
i,j=1 i=1

n n
- Z (Dja,'le’l/t + a,-jD,-ju) - Z b,’D,‘M.
i=1

ij=1

So we discover

n n
annD,mu =—g- Z Dja,-jD,-u - Z b,‘D,‘M - Z Cl,‘le'ju.
i=1

i,j=1 _0§i,j$n
(i, ))#(n,n)

Therefore

A g\ Djaij o bi ij
—(D,mu) = - Z D,-u— —D[Lt - Z —D,-ju.
w w i,j=1 i=1 0<i,j<n w

(i, ))#(n,n)

Now, we have the following estimates.

1 g/lw ELZ(l//(Br NQ),w) (by condition (a) in Theorem 2.12).

2) (aijDiju)/a)eLz(w(BrﬂQ),w) (with (i, j)#(n,n)). In fact, if (i, j)#(n,n), by (1.2) and
(3.1) we obtain

a::D:ul\2
f (l 1jHy |) wdx
W(B,NQ) w

a:i\2
f (M) IDil-ulza)dx
Y(B,NQ)\ W '
Azf |D,~ju|2wdx < 00,
Y(B,NQ)
(3) (Dja;jDiu)/w € L2(Y(B,NQ),w). In fact, by condition (a) we have
D ia; ‘Diu 2 D iaji 2
f (—| Y l) wdx f (—' ! ]l) |D,-u|2wdx
Y(B,NQ) w 70 Ml ) AN
C3 f IDjulPwdx < co.
W(B,NQ)
(4) (biDju)/we L*(y(B,NQ),w). In fact, using (1.3) we have
b:D: 2 b; 2
f (M) wdx = f (—’) |Diu|2a)dx
Y(B-NQ) w Y(B,NQ) \W

c? f IDiulPwdx < co.
Y(B-NQ)

IA

IA

IA
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Therefore (a,,/w)Dpu€ L> (W (B,NQ), w). Since |a,,/w|> A, we conclude

Dyaue LX(W(B,NQ),w),

and using (3.1) we obtain

n
ADuntll 22058, 0 Q)w) <18/ Wl 1204B, n ) w) T C2 Z D jull 1248, 0 Q).w)

=1
n
+ ) MDyullzg,naw + ) CillDitlgm, oy
0<ij<n i=1
(1))

n
<llig/wllz2y(B,n0)w) +(C1 +C2) Z 1D jutll2yB, 0 02).0)
J=1

+ A C(lg/ 20, 0 + 2 )
<Ol + 2 )

Then we obtain

C
Dt 0600 < = (a2 187020 )

Hence, returning to the original domain Q with the mapping ' € C> we obtain that
ue W>2(B(xp,r)NQ,w) (for all 0 < r < R). Since x is an arbitrary point of 9Q and
ue W22(Q, w) for all Q’cc Q (by Theorem 2.12) we have that ue W>*(Q, w).

STEP 4. Finally by choosing a finite number of points x; €9 such that the balls O; =
B(x;,R) cover Q. There exist y; such that ¢; : O;—D, ¢;(O;ND) = D*, where each y;
satisfies Definition 3.5. We can suppose that O, ...,O; cover Q. Choosing p;eC?, i =
1,2,...,k, such that

k
supp (p;)CO; and Zpi(x)z 1, VxeQ.
i=1

Since ue Wé’z(Q,a)), we have that supp(p; u) CO;cc Q. If g; = L(p;u), we have (fori = 1),

n n
Z aijDij(p1u) + Djai;D j(pu) + Z b;D(pu)
ij=1 =
piLu+ulLp +a;iDip1Dju+a;DiuD p;

g1 = L(p1u)

p18+ulpy+a;iDip1Dju+a;jDiuD p.

Since p; is of class C? (in O;) and by the assumptions about the coefficients a; jebjwe
have
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(a) p1g/weX(Q,w);

(b) uLp jwe X (Q,w);

(¢) aijDip1 D jujwe LX(Q, w).

Hence, we have that L(p u) = g1, with g, /we L*(Q, w) and

lig1 /el 2. <Ci (Ilg/wlle@,w) + Hu”Wll(Q,w))-

Then we obtain

lorullw220,0) = le1ullwa.w)

< (1l +lg1 /0l aw)
< C[HP]”L""”“”W”(Q@) + Cl(||g/w||L2(Q,w) + ”u”WLZ(Q,w))]
< (Il +lg/olzan )

Analogously we have gi/weLz(Q,w) (1<i<k)and

I8/ li2 @0 <Cllwr 210 8/ l2200

‘We also have

||Piu||w2,2(0,-,w) = ||Piu||W2»2(Q,w) SC(HMHWZYZ(Q,(U) + ”g/w”Lz(Q,w))-

Therefore we obtain

k
5

i=1

k
el < > Moty
i=1

W22(Qw)

IA

C (w12 + g/l )
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