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Abstract

In this paper we consider a class of singular differential-difference operators on the real
line. We define and study the continuous wavelet transform associated with these op-
erators. We prove a Plancherel formula, an inversion formula and a weak uncertainty
principle for it. As applications, we establish Calderón’s formulas and give practical
real inversion formula for the generalized continuous wavelet transform. At the end of
the paper, analogous of Heisenberg’s inequality for the generalized continuous wavelet
transform on Chébli-Trimèche hypergroups and a special case of Jacobi-Dunkl opera-
tor are proved.
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1 Introduction

In this paper, we consider the first-order singular differential-difference operator Λ on R
introduced by M.A. Mourou and K. Trimèche in [8] defined for a function f of class C1 on
R by

Λ f =
d f
dx

+
A′(x)
A(x)

(
f (x)− f (−x)

2

)
,
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where

A(x) = |x|2α+1 B(x), α >−1
2
,

B being a positive C∞ even function on R. We suppose in addition that

(i) A is increasing on [0,∞[;

(ii) There exists a constant δ > 0 such that the function eδx B′(x)
B(x)

is bounded for large

x ∈ [0,∞[ together with its derivatives.

This operator extend the usual partial derivatives by additional reflection terms and give
generalizations of many analytic structures like the exponential function, the Fourier trans-
form and the convolution product (cf. [8]).

For A(x) = |x|2α+1, α >−1
2 , we regain the differential-difference operator

Dα f =
d f
dx

+
(

α+
1
2

)
f (x)− f (−x)

x
,

which is referred to as the Dunkl operator of index α + 1
2 associated with the reflection

group Z2 on R (cf. [4]).

For A(x) =
(sinh |x|

coshx

)2α+1
, α >−1

2 , we regain the differential-difference operator

lα f =
d f
dx

+
[
(2α+1)(cothx− tanhx)

] f (x)− f (−x)
x

,

which is referred to as the special case of Jacobi-Dunkl operator on R (cf. [1, 2]).
For a function f of class C1 on R even, we have

Λ
2 f = L f ,

with

L =
d2

dx2 +
A′(x)
A(x)

d
dx

(1.1)

(cf. [11]).
In this paper, we are interested in generalized wavelets and the associated generalized

continuous wavelet transform. More precisely, we give here general reconstruction formu-
las. We refer the readers for the classical case of the wavelet transform to [3, 10].

The contents of the paper are as follows:
In §2 we recall some basic harmonic analysis results related to the differential-difference

operator Λ on R. In §3, we introduce and study the generalized wavelet and the gener-
alized continuous wavelet transform associated with the operator Λ. Thus, some results
(Plancherel’s formula, an inversion formula...) are given. We finish this section by proving
the weak uncertainty principle for this transform. In §4 we give some applications. Firstly
we study the approximative concentration of the generalized continuous wavelet transform.
We prove the reproducing Calderón’s formulas. We give also practical real inversion formu-
las using the theory of reproducing kernels. Finally an uncertainty principle of Heisenberg
type for the generalized continuous wavelet transform on Chébli-Trimèche hypergroups and
a special case of Jacobi-Dunkl operator are proved.
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2 Preliminaries

In this section we recall some facts about harmonic analysis related to the differential-
difference operator Λ. We cite here, as briefly as possible, only those properties actu-
ally required for the discussion. For more details we refer to [8, 9]. For each λ ∈ C the
differential-difference equation

Λu = λu, u(0) = 1,

admits a unique C∞ solution on R, denoted Φλ given by

Φλ(x) =


ϕiλ(x)+ 1

λ

d
dx ϕiλ(x) if λ 6= 0,

1 if λ = 0,

where for each z ∈ C, ϕz designates the solution of the differential equation

Lu =−z2u, u(0) = 1

L being the second-order singular differential operator on R defined by (1.1). Moreover,
Φλ(x) is entire in λ. Recently M.A. Mourou in [9] have proved for all λ, x ∈ R,

|Φiλ(x)| ≤ 1. (2.1)

Notations. We denote by

- S(R) the space of C∞-functions g on R which are rapidly decreasing together with
their derivatives.

- For a Borel positive measure µ on R, and 1≤ p≤∞, we write Lp
µ(R) for the Lebesgue

space equiped with the norm ‖ · ‖p,µ defined by

‖ f‖p,µ =
(Z

R
| f (x)|p dµ(x)

)1/p

, if p < ∞,

and ‖ f‖∞,µ = esssup
x∈R

| f (x)|. When µ = w(x)dx, with w a nonnegative function on R,

we replace the µ in the norms by w.

The generalized Fourier transform of a function f ∈ L1
A(R) is defined by

F f (λ) =
Z

R
f (x)Φ−iλ(x)A(x)dx, λ ∈ R.

Many of the important properties of Fourier transforms on locally compact abelian groups
are proved to hold true for F .

Theorem 2.1. The generalized Fourier transform F is a bijection from S(R) onto itself.

Theorem 2.2. i) Plancherel formula: There is an even positive tempered measure σ (and
only one) on R such that for all f ∈ S(R),Z

R
| f (x)|2A(x)dx =

Z
R
|F f (λ)|2dσ(λ).

ii)Plancherel theorem: The generalized Fourier transform F extends uniquely to a unitary
isomorphism from L2

A(R) onto L2
σ(R).
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iii) Inversion formula: Let f be a function in L1
A(R), such that F ( f ) ∈ L1

σ(R). Then the
inverse transform of f is given by

F −1( f )(x) =
Z

R
f (λ)Φiλ(x)dσ(λ), a.e. x ∈ R.

The measure σ is called the spectral measure associated with the differential-difference
operator Λ. Under our assumptions on the function A, it is known that the spectral measure
σ takes the form

dσ(λ) =
dλ

|c(|λ|)|2
, λ ∈ R,

where c(s) is a continuous function on ]0,∞[ such that

c(s)−1 ∼ k1 sα+ 1
2 , as s → ∞,

c(s)−1 ∼ k2 sα+ 1
2 , as s → 0,

for some k1 k2 ∈ C.
In the Dunkl operator case corresponding to A(x) = |x|2α+1, α >−1

2 , the spectral mea-
sure σ is given by

dσ(λ) =
|λ|2α+1dλ

22α+2 (Γ(α+1))2 .

In the special case of Jacobi-Dunkl operator corresponding to A(x) =
(sinh |x|

coshx

)2α+1
,

α >−1
2 , the spectral measure σ is given by

dσ(λ) =
dλ

8π |c(|λ|)|2
,

where

c(µ) =
Γ(α+1)Γ(iµ)

2iµΓ( iµ
2 )Γ(α+1+ iµ

2 )
, µ ∈ C\{iN}.

Definition 2.3. Let y be in R. The generalized translation operator f 7→ τy f is defined on
L2

A(R) by
F (τy f )(x) = Φix(y)F ( f )(x), a.e. x ∈ R. (2.2)

Using the generalized translation operator, we define the generalized convolution
product of functions as follows.

Definition 2.4. The generalized convolution product of f and g in S(R) is the function f ∗g
defined by

∀x ∈ R, f ∗g(x) =
Z

R
τx f (−y)g(y)A(y)dy. (2.3)

The generalized convolution ∗ satisfies the following properties:

Proposition 2.5. i) Let f ,g ∈ S(R). Then

F ( f ∗g) = F ( f )F (g).

ii) Let f ,g∈ L2
A(R). Then f ∗g belongs to L2

A(R) if and only if F ( f )F (g) belongs to L2
σ(R)

and we have
F ( f ∗g) = F ( f )F (g), in the L2−case
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iii) Let f ,g ∈ L2
A(R). ThenZ

R
| f ∗g(x)|2A(x)dx =

Z
R
|F ( f )(ξ)|2|F (g)(ξ)|2dσ(ξ),

where both sides are finite or infinite.

Proof. The proof uses the same idea as in Propositions II.7 of [11].

3 The generalized continuous wavelet transform

Using the harmonic analysis associated with the operator Λ we define and study in this
section the generalized wavelet and the generalized continuous wavelet transform.

Definition 3.1. A generalized wavelet on R is a measurable function h on R satisfying for
almost all x ∈ R, the condition

0 < Ch =
Z

∞

0
|F (h)(λx)|2 dλ

λ
< +∞. (3.1)

Example 3.2. Let Et , t > 0, the heat kernel is defined on R by

∀x ∈ R, Et(x) = F −1(e−tλ2
)(x). (3.2)

The function h(x) = − d
dt

Et(x) is a generalized wavelet on R in S(R), and we have

Ch =
1

8t2 .

Proposition 3.3. i) Let a > 0 and g be a function in L2
σ(R). Then the function λ 7→ g(aλ)

belongs to L2
σ(R) and we have

||g(a.)||2,σ ≤
k(a)√

a
||g||2,σ,

where

k(a) = sup
λ∈R

|c(|λ|)|
|c( |λ|a )|

.

ii) For all a > 0, the dilatation operator Da is a topological automorphism of L2
σ(R),

where Da is defined by

∀x ∈ R, Da( f )(x) =
1√
a

f (
x
a
).

Proof. i) We have

||g(a.)||22,σ =
Z

R
|g(aλ)|2dσ(λ)

||g(a.)||22,σ ≤ k2(a)
a

||g||22,σ.

ii) We deduce the result from i).
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Proposition 3.4. Let a > 0 and h be a generalized wavelet in L2
A(R). Then there exists a

function ha in L2
A(R) such that

∀y ∈ R, F (ha)(y) = F (h)(ay). (3.3)

This function is given by the relation

ha =
1√
a

F −1 ◦Da−1 ◦F (h) (3.4)

and satisfies

||ha||2,A ≤
k(a)√

a
||h||2,A. (3.5)

Proof. The proof is immediately from Proposition 3.3

Let a > 0 and h be in L2
A(R). We consider the family ha,x, x ∈ R, of functions on R

in L2
A(R) defined by

ha,x(y) =
a

1
2

k(a)
τxha(−y), y ∈ R, (3.6)

where τx, x ∈ R, are the generalized translation operators given by (2.2).

Proposition 3.5. Let h be a generalized wavelet on R in L2
A(R). The function ha,x, is a

generalized wavelet on R in L2
A(R), and we have

Cha,x ≤
a

1
2

k(a)
Ch.

Proof. From (2.2) and (3.3), we have

F (ha,x)(y) =
a

1
2

k(a)
Φiy(x)F (h)(ay), y ∈ R.

Thus from (3.1) and (2.1)

Cha,x ≤
a

1
2

k(a)

Z
∞

0
|F (h)(aλy)|2 dλ

λ
=

a
1
2

k(a)
Ch,

which gives the desired result.

Notations. We denote by
X p

A,k, p ∈ [1,∞] the space of measurable functions f on R∗
+ ×R with respect to the

measure dλA,k(a,x) =
A(x)k2(a)dxda

a2 such that

‖ f‖p,λA,k
=

(Z
R∗

+×R
| f (a,x)|pdλA,k(a,x)

) 1
p

< ∞; 1 ≤ p < ∞,

‖ f‖
∞,λA,k

= esssup
(a,x)∈R∗

+×R
| f (a,x)|< ∞.

Cb(R∗
+×R) the space of continuous bounded functions on R∗

+×R.
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Definition 3.6. Let h be a generalized wavelet on R in L2
A(R). The generalized continuous

wavelet transform Sh on R is defined for regular functions f on R by

Sh( f )(a,x) =
Z

R
f (y)ha,x(y)A(y)dy, a > 0, x ∈ R. (3.7)

This transform can also be written in the form

Sh( f )(a,x) =
a

1
2

k(a)
f ∗ha(x), (3.8)

where ∗ is the generalized convolution product given by (2.3).

Remark 3.7. i) From Plancherel formula for F we get the following result

Sh( f )(a,x) =
a

1
2

k(a)
F −1

(
F ( f )(ξ)F (h)(aξ)

)
(x). (3.9)

ii) Let h be a generalized wavelet. Then, for all f in L2
A(R) we have

‖Sh f‖
∞,λA,k

≤ ‖ f‖2,A‖h‖2,A. (3.10)

Proposition 3.8. (Covariance property) Let h be a generalized wavelet on R in L2
A(R). The

generalized continuous wavelet transform Sh is a bounded linear operator from L2
A(R) into

Cb(R∗
+×R) possessing the following covariance property:

for f ∈ L2
A(R) and (a,x) ∈ R∗

+×R arbitrary

Sh(τ−x0 f )(a,x) = τ−x0(Sh f (a, .))(x), x0 ∈ R. (3.11)

Theorem 3.9. (Plancherel formula for Sh) Let h be a generalized wavelet on R in L2
A(R).

For all f in L2
A(R) we haveZ

R
| f (x)|2A(x)dx =

1
Ch

Z
∞

0

Z
R
|Sh( f )(a,x)|2dλA,k(a,x). (3.12)

Proof. From (3.3) and Proposition 2.5 iii), we obtain

1
Ch

Z
∞

0

Z
R
|Sh f (a,x)|2A(x)dx

k2(a)da
a2 =

1
Ch

Z
∞

0

Z
R
| f ∗ha(x)|2A(x)dx

da
a

=
Z

R
|F ( f )(x)|2

( 1
Ch

Z
∞

0
|F (h)(ax)|2 da

a

)
dσ(x).

But from (3.1), we have for almost all x ∈ R,

1
Ch

Z
∞

0
|F (h)(ax)|2 da

a
= 1.

Then we deduce the assertion.

Corollary 3.10. (Parseval relation) Let h be a generalized wavelet on R in L2
A(R) and f1, f2

in L2
A(R). Then, we haveZ

R
f1(x) f2(x)A(x)dx =

1
Ch

Z
∞

0

Z
R

Sh( f1)(a,x)Sh( f2)(a,x)dλA,k(a,x). (3.13)
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Theorem 3.11. (Inversion formula for Sh) Let h be a generalized wavelet on R in L2
A(R).

For all f in L1
A(R) (resp. L2

A(R)) such that F ( f ) belongs to L1
σ(R) (resp. L1

σ(R)
T

L∞
σ (R))

we have
f (y) =

1
Ch

Z
∞

0

Z
R

Sh( f )(a,x)ha,y(x)dλA,k(a,x), a.e., (3.14)

where for each y ∈ R, both the inner integral and the outer integral are absolutely conver-
gent, but possible not the double integral.

Proof. The proof uses the same idea as for Theorem IV.6 of [11].

Corollary 3.12. (Reproducing Kernel). Let h be a generalized wavelet on R in L2
A(R).

Then, Sh(L2
A(R)) is a reproducing kernel Hilbert space in X2

A,k with kernel function

K h(a′,x′;a,x) :=
1

Ch

Z
R

ha′,x′(y)ha,x(y)A(y)dy . (3.15)

The kernel is pointwise bounded:

|K h(a′,x′;a,x)| ≤
||h||22,A

Ch
; ∀(a′,x′), (a,x) ∈ R∗×R. (3.16)

Proof. The result is obtained from the inversion formula (3.14) and the integral expression
(3.7) of Sh.

Next, we show the weak uncertainty principle for the generalized continuous wavelet
transform.

Proposition 3.13. Let h be a generalized wavelet such that ‖h‖
2,A

= 1. Suppose that
‖ f‖2,A = 1. Then, for U ⊂ R∗

+×R and ε > 0 satisfyingZ Z
U
|Sh f (a,x)|2dλA,k(a,x)≥ 1− ε

we have,
λA,k(U)≥ 1− ε.

Proof. From the relation (3.10) we deduce that

‖Sh f‖∞,λA,k ≤ 1.

Thus,

1− ε ≤
Z Z

U
|Sh f (a,x)|2dλA,k(a,x)≤ ‖Sh f‖2

∞,λA,k
λA,k(U)≤ λA,k(U).

Which completes the proof.

Proposition 3.14. Let h be a generalized wavelet such that ‖h‖
2,A

= 1. Let f ∈ L2
A(R), and

p ∈ [2,∞[. Then, Z
R∗

+×R
|Sh f (a,x)|pdλA,k(a,x)≤Ch‖ f‖p

2,A. (3.17)

Proof. Using (3.10) and Theorem 3.9, the result follows by applying the Riesz-Thorin in-
terpolation theorem.
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As a consequence of the inequality (3.17), we deduce that if the generalized contin-
uous wavelet transform is essentially supported in a set U ⊂ R∗

+×R (for example, when
Sh f = (λA,k(U))−

1
2 χU ), then λA,k(U)≥Ch.

In the follow we assume that Λ∈ {Dα, lα}. The characterization of Lp
A(R) for 1 < p < ∞

by the mean of the generalized continuous wavelet transform is given by the following
theorem. A function h ∈ L1

A(R)
T

L2
A(R) is said to satisfy (H1) ifZ

|y|≥2|x|
|τxh(y)−h(y)|A(y)dy ≤C, |x|> 0.

In the rest of this section, we assume that the generalized wavelet h ∈ L1
A(R)

T
L2

A(R), even
and satisfy (H1).

Theorem 3.15. Let h be a generalized wavelet. Then the generalized continuous wavelet
transform Sh is a linear bounded operator

Lp
A(R) −→ L2(R∗

+, k2(a)da
a2 )×Lp

A(R)
f 7−→ Sh( f ),

moreover, for all function f in Lp
A(R) (1 < p < ∞)

|| f ||p,A '
(Z

∞

−∞

(Z
∞

0
|Sh( f )(a,x)|2 k2(a)da

a2

) p
2
A(x)dx

) 1
p
. (3.18)

Proof. Let denote by W p
A,k the space L2(R∗

+, k2(a)da
a2 )×Lp

A(R) associated to the norm

||g||W p
A,k

=
(Z

∞

−∞

(Z
∞

0
|g(a,x)|2 k2(a)da

a2

) p
2
A(x)dx

) 1
p
.

Consider the case p = 2, from Plancherel’s theorem

||Sh( f )||W 2
A,k

=
√

Ch|| f ||2,A.

Then the singular integral theorem applied to operators with values in L2(R∗
+, k2(a)da

a2 ), leads
to the following inequality

||Sh( f )||W p
A,k
≤ Ap|| f ||p,A 1 < p ≤ 2

where the constant Ap depends only on p and h. By duality, the inequality is also valid for
1 < p < ∞. This demonstrates that(Z

∞

−∞

(Z
∞

0
|Sh( f )(a,x)|2 k2(a)da

a2

) p
2
A(x)dx

) 1
p ≤ Ap|| f ||p,A. (3.19)

Conversely, let f ∈ L2
A(R)

T
Lp

A(R). For all g ∈ L2
A(R)

T
Lp′

A (R) the generalized wavelet

transform Sh being an isometry from L2
A(R) to L2(R∗

+, k2(a)da
a2 )×L2

A(R), we haveZ
R

f (x)g(x)A(x)dx =
1

Ch

Z
∞

0

Z
R

Sh( f )(a,x)Sh(g)(a,x)dλA,k(a,x). (3.20)
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By Schwarz’s and Hölder inequality, and using (3.19)Z
R

f (x)g(x)A(x)dx ≤ 1
Ch

Z
R

(Z
∞

0
|Sh( f )(a,x)|2 k2(a)da

a2

) 1
2×(Z

∞

0
|Sh(g)(a,x)|2 k2(a)da

a2

) 1
2
A(x)dx

≤ 1
Ch

[Z
R

(Z
∞

0
|Sh( f )(a,x)|2 k2(a)da

a2

) p
2
A(x)dx

] 1
p×[Z

R

(Z
∞

0
|Sh(g)(a,x)|2 k2(a)da

a2

) p′
2

A(x)dx
] 1

p′

≤ C
[Z

R

(Z
∞

0
|Sh( f )(a,x)|2 k2(a)da

a2

) p
2
A(x)dx

] 1
p ||g||p′,A.

By density the inequality is valid for all g ∈ Lp′
A (R), remember that:

|| f ||p,A = sup
g∈Lp′

A (R)

Z
R

f (x)g(x)A(x)dx

||g||p′,A

then we have

|| f ||p,A ≤C
(Z

∞

−∞

(Z
∞

0
|Sh( f )(a,x)|2 k2(a)da

a2

) p
2
A(x)dx

) 1
p
.

Corollary 3.16. Let consider f ∈ Lp
A(R), g ∈ Lp′

A (R) with 1 < p < ∞ and 1
p + 1

p′ = 1. If h
is a real generalized wavelet. ThenZ

R
f (x)g(x)A(x)dx =

1
Ch

Z
R

Z
∞

0
Sh( f )(a,x)Sh(g)(a,x) dλA,k(a,x). (3.21)

The integrals of the right hand side have to be taken in the sense of distributions.

Proof. Consider the bilinear form:

B : Lp
A(R)×Lp′

A (R) −→ R
( f ,g) 7−→ 〈Sh( f ),Sh(g)〉dλA,k(a,x).

with 〈., .〉dλA,k(a,x) defined by

〈u,χ〉dλA,k(a,x) =
Z

R

Z
∞

0
u(a,x)χ(a,x)dλA,k(a,x), (u,χ) ∈W p

A,k ×W p′
A,k.

By using twice Hölder’s inequality we obtain

|B( f ,g)| = |〈Sh( f ),Sh(g)〉dλA,k(a,x)|

≤
Z

R

(Z
∞

0
|Sh( f )(a,x)|2 k2(a)da

a2

) 1
2
(Z

∞

0
|Sh(g)(a,x)|2 k2(a)da

a2

) 1
2
A(x)dx

≤
[Z

R

(Z
∞

0
|Sh( f )(a,x)|2 k2(a)da

a2

) p
2
A(x)dx

] 1
p×[Z

R

(Z
∞

0
|Sh(g)(a,x)|2 k2(a)da

a2

) p′
2

A(x)dx
] 1

p′
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and by Theorem 3.15
|B( f ,g)| ≤C|| f ||p,A||g||p′,A. (3.22)

Moreover for all f ∈ L2
A(R)

T
Lp

A(R) and g ∈ L2
A(R)

T
Lp

A(R) we have

B( f ,g) = 〈Sh( f ),Sh(g)〉dλA,k(a,x) = Ch〈 f ,g〉. (3.23)

Equations (3.22-3.23) and the density of spaces L2
A(R)

T
Lp

A(R) in Lp
A(R) gives the result.

Theorem 3.17. (Reconstruction formula in Lp
A(R)) Let h be a real generalized wavelet. For

all f in Lp
A(R) (1 < p < ∞) we have

f (y) =
1

Ch

Z
∞

0

Z
R

Sh( f )(a,x)ha,y(x)dλA,k(a,x), a.e.. (3.24)

The equality is valid in the Lp
A sense and the integrals of the right hand side have to be taken

in the sense of distributions.

Proof. It is directly derived from Corollary 3.16. For all g ∈ Lp′
A (R) replacing Sh(g) by its

definition in formula (3.21), and applying Fubini’s theorem

〈 f ,g〉dλA,k(a,x) =
1

Ch

Z
R

g(y)
(Z

∞

0

Z
R

Sh( f )(a,x)ha,y(x)dλA,k(a,x)
)

dy.

Remark 3.18. We remark that the analogous of Theorem 3.15, Corollary 3.16 and Theorem
3.17 are true in the case of Chébli-Trimèche hypergroups.

4 Applications

4.1 Approximative concentration of generalized continuous wavelet trans-
form

In the following theorem, we will show that the portion of the generalized continuous
wavelet transform lying outside some sufficiently small set of finite measure cannot be
arbitrarily too small. Then, in order to prove a concentration result of the generalized con-
tinuous wavelet transform, we need the following notations:

PR : X2
A,k −→ X2

A,k the orthogonal projection from X2
A,k onto Sh(L2

A(R)).
PM : X2

A,k −→ X2
A,k the orthogonal projection from X2

A,k onto the subspace of function
supported in the subset M ⊂ R×R with λA,k(M) < ∞.
We put

‖PMPR‖= sup
{
‖PMPR v‖2,λA,k , v ∈ X2

A,k; ‖v‖2,λA,k = 1
}

. (4.1)

The main result of this subsection is the following.

Theorem 4.1. (Concentration of Sh f in small sets) Let h be a generalized wavelet on R in
L2

A(R) and M ⊂ R∗
+×R with

||h||2,A√
Ch

√
λA,k(M) < 1.
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Then, for all f ∈ L2
A(R) we have

‖Sh f −χMSh f‖2,λA,k ≥
√

Ch

(
1− ||h||2,A√

Ch

√
λA,k(M)

)
‖ f‖2,A. (4.2)

Proof. From the definition of PM and PR we have

‖Sh f −χMSh f‖2,λA,k = ||(I−PMPR)Sh f ||2,λA,k .

Then, using Theorem 3.9 we get

‖Sh f −χMSh f‖2,λA,k ≥ ‖Sh f‖2,λA,k(1−‖PMPR‖)

≥
√

Ch‖h‖2,A‖ f‖2,A(1−‖PMPR‖). (4.3)

As PR is a projection onto a reproducing kernel Hilbert space, then, from Saitoh [10], PR

can be represented by

PRF(y,ν) =
Z

R×R
F(y′,ν′)K h(y′,ν′;y,ν)dλA,k(y′,ν′),

with K h defined by (3.15). Hence, for F ∈ X2
A,k arbitrary, we have

PMPRF(y,ν) =
Z

R×R
χM(y,ν)F(y′,ν′)K h(y′,ν′;y,ν)dλA,k(y′,ν′)

and its Hilbert-Schmidt norm

‖PMPR‖HS = (
Z

R2×R2
|χM(y,ν)|2|K h(y′,ν′;y,ν)|2dλA,k(y′,ν′)dλA,k(y,ν)

) 1
2
.

By the Cauchy-Schwartz inequality we see that

‖PMPR‖HS ≥ ‖PMPR‖. (4.4)

On the other hand, from (3.16), Plancherel formula for the generalized Fourier transform
and Fubini’s theorem, it is easy to see that

‖PMPR‖HS ≤
||h||2,A√

Ch

√
λA,k(M). (4.5)

Thus, from the relations (4.3),(4.4) and (4.5) we obtain the result.

4.2 Calderón’s formulas for Sh

In this paragraph we establish Calderón’s formulas for the generalized wavelet transform
on R. We start with the following technical lemma.

Lemma 4.2. Let h be a generalized wavelet on R in L2
A(R) such that F (h) ∈ L∞

σ (R). For
0 < ε < δ < ∞, we put:

Hε,δ(x) :=
1

Ch

Z
δ

ε

h̃a ∗ha(−x)
da
a

, where h̃(x) = h(−x), (4.6)
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and

Kε,δ(x) :=
1

Ch

Z
δ

ε

|F (h)(ax)|2 da
a

. (4.7)

Then
Hε,δ ∈ L2

A(R), Kε,δ ∈ L1
σ(R)∩L∞

σ (R), (4.8)

and
F (Hε,δ) = Kε,δ.

Proof. Using Hölder’s inequality for the measure
da
a

we obtain

|Hε,δ(x)|2 ≤
log(δ/ε)
(Ch)2

Z
δ

ε

|h̃a ∗ha(−x)|2 da
a

, x ∈ R.

So

‖Hε,δ‖2
2,A ≤

log(δ/ε)
(Ch)2

Z
δ

ε

(Z
R
|h̃a ∗ha(x)|2A(x)dx

)da
a

.

From Proposition 2.5 iii) we haveZ
R
|h̃a ∗ha(x)|2A(x)dx =

Z
R
|F (ha)(ξ)|4dσ(ξ).

Thus Z
R
|h̃a ∗ha(x)|2A(x)dx ≤ k2(a)

a
‖F (h)‖2

∞,σ‖h‖2
2,A.

Hence

‖Hε,δ‖2
2,A ≤C(ε,δ)

log(δ/ε)
(Ch)2 ‖F (h)‖2

∞,σ‖h‖2
2,A < ∞,

with

C(ε,δ) =
Z

δ

ε

k2(a)da
a2 .

The second assertion in (4.8) is easily checked. Let us calculate F (Hε,δ). From Theorem
2.2 iii) we get

h̃a ∗ha(−x) =
Z

R
|F (h)(aξ)|2Φiξ(x)dσ(ξ).

So

Hε,δ(x) =
1

Ch

Z
δ

ε

(Z
R
|F (h)(aξ)|2Φiξ(x)dσ(ξ)

)da
a

.

Using Plancherel formula we see that

1
Ch

Z
δ

ε

(Z
R
|F (h)(aξ)|2Φiξ(x)dσ(ξ)

)da
a
≤ C(ε,δ)

Ch
‖h‖2

2,A < ∞.

Hence applying Fubini’s Theorem, we find that

Hε,δ(x) =
Z

R
Kε,δ(ξ)Φiξ(x)dσ(ξ),

and lemma is proved.

We can now state the main result of this paragraph.
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Theorem 4.3. Let g be a generalized wavelet on R in L2
A(R) such that F (h)∈ L∞

σ (R). Then
for f ∈ L2

A(R) and 0 < ε < δ < ∞, the function fε,δ given by

fε,δ(x) :=
1

Ch

Z
δ

ε

(Z
R

Sh f (a,y)ha,−x(y)A(y)dy
)k2(a)da

a2 , x ∈ R, (4.9)

belongs to L2
A(R) and satisfies:

lim
ε→0,δ→∞

‖ fε,δ− f‖2,A = 0.

Proof. It is easily to see that
fε,δ = f ∗Hε,δ,

where Hε,δ is the function given by (4.6). It follows by Proposition 2.5 iii) and Lemma 4.2
that fε,δ ∈ L2

A(R) and
F ( fε,δ) = F ( f )Kε,δ,

where Kε,δ is the function given by (4.7). From this relation and Plancherel theorem we
obtain

‖ fε,δ− f‖2
2,A =

Z
R
|F ( f )(ξ)|2

(
1−Kε,δ(ξ)

)2
dσ(ξ).

But by (3.1) we have
lim

ε→0,δ→∞

Kε,δ(ξ) = 1, for all ξ ∈ R.

So, the relation (4.9) follows from the dominated convergence theorem.

4.3 Practical real inversion formulas for Sh

In this paragraph we give practical real inversion formulas.
• Let s ∈ R. We define the space Hs

A(R) by

Hs
A(R) :=

{
f ∈ L2

A(R) : (1+ |ξ|2)s/2F ( f ) ∈ L2
σ(R)

}
.

The space Hs
A(R) provided with the inner product

〈 f ,g〉Hs
A
=

Z
R
(1+ |ξ|2)sF ( f )(ξ)F (g)(ξ)dσ(ξ),

and the norm ‖ f‖2
Hs

A
= 〈 f , f 〉Hs

A
, is a Hilbert space.

• Let h be a generalized wavelet on R in L2
A(R) such that F (h) ∈ L∞

σ (R). It is easily to
see that the generalized continuous wavelet transform Sh, is a bounded linear operator from
Hs

A(R), s ≥ 0, into L2
A(R), and we have

‖Sh f (a, .)‖2,A ≤C(a)‖F (h)‖∞,σ‖ f‖Hs
A
, f ∈ Hs

A(R).

• Let λ > 0, s≥ 0 and h be a generalized wavelet on R in L2
A(R) such that F (h) belongs

to L∞
σ (R). We define the Hilbert space H λ,s

h,A (R) as the subspace of Hs
A(R) with the inner

product:
〈 f ,g〉H λ,s

h,A
= λ〈 f ,g〉Hs

A
+ 〈Sh f (a, .),Shg(a, .)〉2,A, f ,g ∈ Hs

A(R).

The norm associated to the inner product is define by:

‖ f‖2
H λ,s

h,A
:= λ‖ f‖2

Hs
A
+‖Sh f (a, .)‖2

2,A.

We start with the following fundamental theorem (cf. [10]).
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Theorem 4.4. Let HK be a Hilbert space admitting the reproducing kernel K(p,q) on a set
E and H a Hilbert space. Let L : HK → H be a bounded linear operator on HK into H. For
r > 0, introduce the inner product in HK and call it HKr as

〈 f1, f2〉HKr
= r〈 f1, f2〉HK + 〈L f1,L f2〉H .

Then
i) HKr is the Hilbert space with the reproducing kernel Kr(p,q) on E and satisfying the

equation
K(.,q) = (rI +L∗L)Kr(.,q),

where L∗ is the adjoint operator of L : HK → H.
ii) For any r > 0 and for any g in H, the infinitum

inf
f∈HK

{
r‖ f‖2

HK
+‖L f −g‖2

H

}
is attained by a unique function f ∗r,g in HK and this extremal function is given by

f ∗r,g(p) = 〈g,LKr(., p)〉H . (4.10)

We proceed as in [10] we prove the following results.

Proposition 4.5. Let s > α + 1 and h be a generalized wavelet on R in L2
A(R) such that

F (h) ∈ L∞
σ (R). Then the Hilbert space H λ,s

h,A (R) admits the following reproducing kernel

Wλ,h(x,y) =
Z

R

Φix(ξ)Φ−iy(ξ)
λ(1+ |ξ|2)s +[F (h)(aξ) ]2

dσ(ξ).

Theorem 4.6. Let s > α + 1 and h be a generalized wavelet on R in L2
A(R) such that

F (h) ∈ L∞
σ (R).

i) For any g ∈ L2
A(R) and for any λ > 0, the best approximate function f ∗

λ,g in the sense

inf
f∈Hs

A(R)

{
λ‖ f‖2

Hs
A
+‖g−Sh f (a, .)‖2

2,A

}
= λ‖ f ∗

λ,g‖
2
Hs

A
+‖g−Sh f ∗

λ,g(a, .)‖2
2,A

exists uniquely and f ∗
λ,g is represented by

f ∗
λ,g(a,x) =

Z
R

g(y)Qλ,h(x,y)A(y)dy,

where

Qλ,h(x,y) =
Z

R

F (h)(aξ)Φix(ξ)Φ−iy(ξ)
λ(1+ |ξ|2)s +[F (h)(aξ)]2

dσ(ξ).

ii) If we take g = Sh f (a, .), then

f ∗
λ,g → f as λ → 0, uniformly .

iii) Let δ > 0 and let g, gδ satisfy ‖g−gδ‖2,A ≤ δ. Then

‖ f ∗
λ,g− f ∗

λ,gδ
‖Hs

A
≤ δ√

λ
.
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4.4 Uncertainty principles of Heisenberg Type

In this subsection firstly we will prove the Heisenberg inequality for the generalized con-
tinuous wavelet transform in special case of Jacobi-Dunkl operator.

Let Dα := [1
2 ,1] if α ≥ 1

2 . For −1
4 < α < 1

2 , Dα :=]1
2 , 2(α+1)

3 ].
In her article [5], R. Ma shows an analogous of Heisenberg’s inequality for the Jacobi-

Dunkl transform given by the following theorem.

Theorem 4.7. (Uncertainty principle of Heisenberg type for F )
For α >−1

4 , assume s, t > 0 and γ ∈ Dα. Then there exists a constant C > 0 such that(Z
R
|x|2t |F ( f )(x)|2dσ(x)

) s
s+t
(Z

R
|y|2γs| f (y)|2A(y)dy

) t
s+t

≥C‖ f‖2
2,A

(4.11)

for all f ∈ L2
A(R).

Theorem 4.8. (Uncertainty principles of Heisenberg Type for Sh)
Let h be a generalized wavelet on R in L2

A(R). For α > −1
4 , assume that s, t > 0 and

γ ∈ Dα. Then there exists a constant C > 0 such that(Z
∞

0

Z
R
|x|2sγ|Sh f (a,x)|2dλA,k(a,x)

) t
s+t

(Z
R
|ξ|2t |F ( f )(ξ)|2dσ(ξ)

) s
s+t

≥CC
t

s+t
h ‖ f‖2

2,A (4.12)

for all f ∈ L2
A(R).

Proof. Let us assume the non-trivial case that both integrals on the left hand side of (4.12)
are finite. We get from the admissibility condition (3.1) for h thatZ

∞

0

Z
R
|ξ|2t |F (h)(aξ)|2|F ( f )(ξ)|2 dσ(ξ)da

a
= Ch

Z
R
|ξ|2t |F ( f )(ξ)|2dσ(ξ).

Using the relation (3.9), we obtainZ
∞

0

Z
R
|ξ|2t |F (Sh f (a, .))(ξ)|2 dσ(ξ)k2(a)da

a2 = Ch

Z
R
|ξ|2t |F ( f )(ξ)|2dσ(ξ). (4.13)

On the other hand, Theorem 4.7 implies that

∀a > 0,

(Z
R
|ξ|2t |F (Sh f (a, .))(ξ)|2dσ(ξ)

) s
s+t

(Z
R
|x|2sγ|Sh f (a,x)|2A(x)dx

) t
s+t

≥C
Z

R
|Sh f (a,x)|2A(x)dx.

Integrating with respect to
k2(a)da

a2 we obtain,

Z
∞

0

[(Z
R
|ξ|2t |F (Sh f (a, .))(ξ)|2dσ(ξ)

) s
s+t

(Z
R
|x|2sγ|SD

h f (a,x)|2A(x)dx
) t

s+t ]k2(a)da
a2
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≥C
Z

∞

0

Z
R
|Sh f (a,x)|2A(x)dx

k2(a)da
a2 .

The left hand side of this inequality may be estimated from above using Cauchy Schwartz
inequality. The right hand side can be rewritten by Plancherel formula for Sh. Therefore,
from (4.13) we get,(Z

∞

0

Z
R
|ξ|2t |F (Sh f (a, .))(ξ)|2 dσ(ξ)k2(a)da

a2

) s
s+t

(Z
∞

0

Z
R
|x|2sγ|Sh f (a,x)|2dλA,k(a,x)

) t
s+t

= C
s

s+t
h

(Z
R
|ξ|2t |F ( f (ξ))|2dσ(ξ)

) s
s+t

(Z
∞

0

Z
R
|x|2sγ|Sh f (a,x)|2dλAA,k(a,x)

) t
s+t

≥CCh|| f ||22,A.

This proves the result.

In this paragraph we establish Heisenberg inequality for the generalized continuous
wavelet transform on Chébli-Trimèche hypergroups . We start with the following hypothe-
ses.

A function f is said to satisfy the condition (H2) if for some µ > 0 and x0 > 0,

Z
∞

x0

xω(µ)|ζ(x)|dx < ∞, where ζ(x) = f (x)−
µ2− 1

4
x2 ,

and if ζ is bounded for x > x0, here ω(µ) = µ+ 1
2 if µ ≥ 1

2 and ω(µ) = 1 otherwise.
In the sequel, we assume that A satisfies the condition (H2) and there exists β ∈ (−1

2 ,µ]
such that A(x) = O(|x|2β+1)(|x| → ∞).

In her article [6], R. Ma shows an analogous of Heisenberg’s inequality for the general-
ized Fourier transform given by the following theorem.

Theorem 4.9. (Uncertainty principle of Heisenberg type for F )
Assume s, t > 0 and γ ∈ D := [β+1

µ+1 ,1]. Then there exists a constant C > 0 such that

(Z
R
|x|2t |F ( f )(x)|2dσ(x)

) s
s+t
(Z

R
|y|2γs| f (y)|2A(y)dy

) t
s+t

≥C‖ f‖2
2,A

(4.14)

for all f ∈ L2
A,e(R) =

{
f ∈ L2

A(R), f even
}

.

Theorem 4.10. (Uncertainty principles of Heisenberg Type for Sh)
Let h be a generalized wavelet on R in L2

A(R). Let s, t > 0 and γ ∈ D. Then there exists
a constant C > 0 such that(Z

∞

0

Z
R
|x|2sγ|Sh f (a,x)|2dλ(a,x)

) t
s+t

(Z
R
|ξ|2t |F ( f )(ξ)|2dσ(ξ)

) s
s+t

≥CC
t

s+t
h ‖ f‖2

2,A (4.15)

for all f ∈ L2
A,e(R).

Proof. The proof uses the same ideas as Theorem 4.8.

Remark 4.11. We note that the analogous result for the Dunkl operator is proved in [7].
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