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Abstract

In this paper we present a new criterion on characterization of real inner product spaces
concerning the Euler-Lagrange type identity

lraxy = rixa || + I+ raxa||* = (77 4 13) (e || + 2 %) -
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1 Introduction

In 1932, the notion of (complete) normed linear space was introduced by S. Banach [6].
Then P. Jordan and J. von Neumann [12] showed that a normed linear space V is an inner
product space if and only if the parallelogram equality |jx — y||> + [|x+||* = 2||x||> +2||y||?
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holds for all x and y. Later M.M. Day [9] showed that a normed linear space V is an inner
product space if we require only that the parallelogram equality holds for x and y on the
unit sphere. In other words, M. M. Day showed that the parallelogram equality may be
replaced by the condition Ry =4 (||x|| = 1, ||y|| = 1), where Ry = ||x — y||> + [jx + y||%.
Over the years, interesting characterizations of inner product spaces have been introduced
or developed by numerous mathematicians. Among many significant characterizations for
a normed space V, ||.||) to be inner product we mentioned the following items for instance,
see [1,2,3,4,8,10, 11, 13, 17, 19, 23] and references therein for more information.

(i) Forall x,y € V, ||x+y|> + |lx — y[|* ~ 2(||x||> + ||[¥|?), where ~ is (consistently) one
of the relations <, = or >; [22].

(i1) Each Diminnie orthogonally additive functional is additive; [21].

(iii) x,y € V, |lx|| = [l = 1 and x L y imply [[Ax+y| = [x—Ay];; [24].

(iv) For fixedn € N, n > 2,

n 1 &
i_Z] xi—ﬁng
= Jj=

for all xq,---,x, € V; [15, 20].

(v) For x,y in V and a,f in R different from 1 (o, )-orthogonality is either homo-
geneous or both right and left additive, where , x is said to be (., 3)-orthogonal to y if
o= I+ floux — By = 1 — Byl + [ly — our|% 51,

(vi) For each x,y € V with [|x|| = |ly|| = 1,

2 q 2
=) |lxill* —n
=1

=

1 n
§ L

inf{[lex+ (1—=1)y||: 1 €[0,1]} =272 = x Ly,

where x L y means that x is Birkhoff-orthogonal to y, i.e. ||x|| < |[x+Ay[|, A € R; [7].
In this paper we present a new criterion on characterization of inner product spaces
concerning the Euler—Lagrange type identity (see [14])

[rax1 — |2 4 ey + v || = (rf +73) (1P + [|x2]%) -

Our result extends that of J.M. Rassias [18].

2 Main Results

‘We now state our main result.

Theorem 2.1. Let (2, |- ||) be a real normed space, n be a positive real number and
r = (r1,r2) be a pair of nonnegative real numbers. If

R, = ||rax1 — rixa||" + || rixn + x|,

Apn = (rillxt ||+ rallx2[))" +max{ (ra[lxy [ = riflx2|])", (rafloea | = r2fle2l[)"}

and

By = (ri|lxil| + raflx2]])" +min { (raflx1 [ = rillx2 )", (rallxa || = raflxaf[)"} -

Then a necessary and sufficient condition for that the norm || - || over 2 is induced by an
inner product is that
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(D) Ry <Aypforn>2

and
(I) Ry > By for 0 < n <2
forany x1,x, € Z.
Proof. The case r| = r; is known; cf. [18], so let us assume that r| # r.
Necessity.
Assume that the norm || - || on 2 is induced by an inner product (-,-). Hence ||x||*> =
(x,x) (x € Z7). We have
Ry = |rax1 —rixa||" + ||rix1 + raxa "

= (lrox = rixal®)2 + (x4 r2xa )2

= (ay—bcosp)"* + (ay + bcos p)"/?

= Rrsn(p) )
where a1 := 13|x1]|2 + 2 ||x2||?, a2 := r3|x1||? + 73 ]x2]|, b = 2r1m2||x1 || ||x2]| and p is de-
fined in such a way that (x;,xp) = ||x1|| ||x2||cos p. Note that x| < ||x2] if and only if
a; < ap. By the first differentiation we find

n n_
Ri.u(p) = Sl(a1 = beosp)> ™!
—(az+bcosp)>~'bsinp.

Therefore the critical values of R,,,, being the roots of R, ,(p) =0, are p =km (k=0,+1,+2,- -
By the second differentiation we get

R}, (p) = 5[(a1 —bcosp)>~! —(ay+bcosp)2bcos p+ @[(m —bcosp)2 2+ (ay +

bcos p)22]b*sin’p.

If p = 2km, then
R, (2km) = 2 | (a1 = )i~ = (a2 +5) 1" | b

2
<0 ay >ax, n>2,b>452
<0 ay>ax, 0<n<2,0<b< 452
. <0 ar<a,n>2,0<b
) >0 ay>ay,n>2,0<b< 5%
>0 a12a2,0<n<2,b>%
>0 a1 <ay,0<n<2,0<b

If pP= (2k+ 1)7'5, then
n n
R//n((zk + 1)75) = 72 ((12 — b) 5—1 (Cl1 b)Z 1

<0 ay <ax,n>2,b> 5%
<0 a;<a,0<n<2,0<b< 4
) <0 air>a,n>20<b
] >0 ar<ay, 0<n<2, b>24
>0 ay<ay,n>2,0<b< 254
<0 a12a2,0<n<2,0<b
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For n > 2, by utilizing the second differentiation test, we infer that
Apn(2km)
= (nlxll+rnlxl)"+
max { (ra[x1 ]| = rullxe2 )", (rafber | = r2fle2 1)}
— (ar+b)} erax{{(al —b)%,(az—b)%}
= max{R,,(2kn),R,,((2k+ 1))}
= maxR,,(p)
which yields (I). For 0 < n < 2, by applying the second differentiation test, we deduce that
By (2kT)
= (nlxll+rallx|)" +
min { (ra |1 || = raflo2 )", (rafler [| = r2flx2f[)" }
= (a2 +min{{ (a1 =b)? (@2 -)? }
= min{R,,(2kn),R,,((2k+1)m)}
= minR,,(p)

which yields (II).
Sufficiency.
Assume that condition (I) to be held. The continuity of the function n — || - || implies that

Rr,2 < Ar,2 = 2(’”12 + 2’%)

for ||x1|| = ||x2|| = 1. From the pertinent sufficient condition of M.M. Day, it can be proved
the following criterion:

“The necessary and sufficient condition for a norm defined over a vector space 2~ to spring
from an inner product is that R, < 2(r? +2r3) where |, r, are positive numbers and ||x; || =
||x2]] = 17. Due to the fact that this condition holds, we conclude that the norm || - || on .2
can be deduced from an inner product. Similarly, if condition (II) holds, then we get

Rip > A =2(r7 +213)

for ||x;|| = [[x2|| = 1. Applying the same statement as the above criterion except that R,., >
2(r? 42r%), we conclude that the norm || - || can be deduced from an inner product. O

Corollary 2.2. A normed space (|| ||) is an inner product space if and only if
lr2xt = riea| > + [lren 4+ raxa |2 = (rF 4+ 72) (I |2 + [1221%)
for any non-negative real numbers ry,r, and any x1,x; € Z.

We can have an operator version of Corollary above. In fact a straightforward compu-
tation shows that

Corollary 2.3. Let Ty, T> be bounded linear operators acting on a Hilbert space and ry,r>
be real numbers. Then

T =B+ n T+ nh? =+ ) (TP + B,
where |T| = (T*T)"/? denotes the absolute value of T.
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