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Abstract

We study behaviour of T—periodic trajectories in time-perturbed discontinuous sys-
tems, that transversally cross the discontinuity boundary. Sufficient condition of Mel-
nikov-type is stated, under which the original piecewise C!—orbit persists. Applica-
tions of derived result are also given to discontinuous planar systems.
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1 Introduction

Discontinuous systems occur in many physical applications. They describe behaviour of
particles before and after collision with a rigid wall, motion of a body on oscillating belt
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(so-called dry-friction oscillator), switching in electric circuit because of the presence of
a diode or transistor. But they can be found also in biology, medicine and optimal con-
trol theory (for references see [3, 5, 11, 12]). These non-smooth differential equations are
characterized by existence of discontinuity boundary which divides phase space to two or
more parts. Recently in [1], homoclinic orbits were investigated via Melnikov method [7].
It was assumed that the system has a homoclinic solution to a hyperbolic equilibrium and
the sufficient condition was stated under which small perturbation of original system has a
solution close to the homoclinic one. Similar method is used in our paper for the periodic
bifurcation.

The plan of this paper is as follows. In Section 2, we introduce basic assumptions
and the setting of our problem. In Section 3, firstly we show the existence of Poincaré
mapping in a neighbourhood of the T—periodic trajectory of unperturbed system. Then
properties of the mapping are used to determine a sufficient condition for the existence
of T—periodic orbit of perturbed system close to original one. A geometric meaning of
a nondegeneracy assumption on the periodic trajectory is explained in Section 4. Finally,
in Section 5, applications to planar discontinuous systems are given. Firstly, we consider
a piecewise nonlinear equation, then we proceed to piecewise linear one. In both cases,
sufficient bifurcation conditions are derived for concrete values of parameters.

2 Preliminaries

Let Q C R” be a open set in R” and h(x) be a C"'—function on Q, with r > 2. We set Q4 :=
{x€Q|+h(x)>0},Q0:={xcQ|h(x)=0}. Let fr € C"(Q) and g € C"(Q x R x R x R¥),
i.e. the derivative of f1 and g are continuous up to the r-th order, respectively. Furthermore,
we suppose that g is T—periodicin 7 € R. Lete € R, o € R, u € R¥ k > 1 are parameters
and (-, -) denote inner product in R".

We say that a function x(7) is a solution of the equation

x:fi(x)—l_gg(xvt—i_avgnu)v eria (21)

if it is continuous, piecewise C 1 satisfies equation (2.1) on Q4 and, moreover, the following
holds: if for some #y we have x(7)) € Qo, then there exists r > 0 such that for any ¢ €
(to —r,t9) we have x(¢) € Q. and for any ¢ € (19,29 +r) we have x(¢) € Q_.

We assume (see Figure 1)

H1) For € = 0 equation (2.1) has a T—periodic solution y(¢) which has a starting point
Xo € Q4 and consists of three branches

’Yl(l‘) if re [0,[1]
Y1) =1 T(1) if te(n,n] 2.2)
Y5 (1) if re€(n,T]

where (1) € Q fort €[0,11), Y2(¢) € Q_ forz € (t1,1;) and y3(¢) € Q. forz € (1, T
and

xpi=n(t) =n)  €Qo,
X2 =Y (t2) =Y3(f2) € Q, (2.3)
X0 I:’Y3(T) :’Yl(O) cQ,.
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Figure 1. Used notation

H2) Moreover, we also assume that

Dh(xl)fi(xl) <0 and Dh(XQ)fi(XQ) > 0.

3 Existence of periodic orbits close to ()

Let x(t,&)(t,€,u,0t) denote a solution of initial value problem (3.1) which consists of
equation

X = fr(x) +eg(x,r + o€ u) 3.1
and initial condition x (1,&)(t,&,u,0t) = &, and x_ (7,&)(7,€,u,0) denote a solution of sim-
ilar problem (3.2) consisting of equation

x:f,(x)—l—sg(x,t—l—oc,s:,y) (32)

and condition x_(t,&)(t,&,u,a) =&.

For simplicity, we suppose that f1 and g are extended C'—smoothly on R"” and R" x
R x R x R*, respectively, with uniformly bounded derivatives up to the r-th order.

Using Implicit Function Theorem [6] we show that there are some trajectories in the
neighbourhood of y(¢) and then we select periodic ones from these.

Lemma 3.1. Assume H1) and H2). Then there exist €3,r3 > 0 and a Poincaré mapping
P(',E,‘Ll,a) U—LX

for all fixed € € (—€3,€3), u € R, o0 € R where £ = {x € R" | (x —x0, f1(x0)) =0}, U =
LN B(xo,r3) and B(x,r) is the ball of radius r and center in x. Moreover, P is C'—smooth in
all arguments.

Proof. We denote A(t,&,7,&,u,0) = h(x;(7,§)(z,€,u,a)). Since

'q(ovx()atlaonuva‘) =0
ﬂt(ovx()atlaonuva) = Dh(xl)f+(xl) <0
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Implicit Function Theorem gives the existence of Ty, 7,0;,€; > 0 and C"—function
l‘l(',',',',') : (—‘Cl,‘Cl) XB(X(),Fl) X (—81,81) XRk xR — (l‘l —81,2‘1 —1—81)

such that 4(t,&,¢,&,u,0) = 0 for T € (—71,71), § € B(x0,71) C Q. £ € (—€1,81), u € R,
o€Rand? € (1 —8;,t; +61) ifand only if r =1, (7,&, €, u, ).
Next we set

ﬂ(t,ﬁ,t,s,y,a) = h(x,(tl(‘c,g,g,‘u,a),x+(1,§)(t1(1,§,£,y,a),s,y,OL))(t,E,,u,OL)).

Then
@(O,XO,Z‘Q,O,‘U,Q) =0
@t(O,XO,l‘Q,O,‘U,G) = Dh(XZ)f*(XZ) >0

hence Implicit Function Theorem implies that there exist Ty, 72,8;,€; > 0 and C"—function
2‘2(', Sty ) : (—‘CQ,‘CQ) X B(X(),Fz) X (—82,82) X Rk xR — (2‘2 —82,2‘2 —1—82)

such that B(1,&,1,&,u,0) = 0 for T € (—12,72), & € B(x0,72) C Qy,€ € (—€2,8), u € R,
oceRand? € (t; — 8,1, + ;) if and only if r = 1,(7,&, €, u, ).
Once more time we use Implicit Function Theorem on function C defined as follows

C(Tv gv I,€,u, a) :<x+(t2(ﬁcv gv & U, a)vx*(tl (Tv gv & U, a),X+(‘C, g) (tl(Tv gv & U, a),s,y, a))
(IZ(Tv gv & U, a),s,y, a))(tvgnuv a) _x07f+(x0)>

Since
C(07x07 T,0,pu, a‘) =0
Ct(ovx(h T,O,‘Ll,a) = ||f+()€())||2 >0

then there exist T3, 73, 03,&3 > 0 and C"—function
2‘3(',',',',') : (—‘C3,‘C3) XB(X(),F3) X (—83,83) XRk xR — (T—83,T—|—83)

such that C(1,&,¢,€,u,0) = 0 for T € (—13,73), § € B(x0,73) C Q,,€ € (—€3,83), u € R,
o€Randr € (T —8;,T+3;) if and only if t =13(7,&, €, u, ).

Moreover #(0,x9,0,u, &) =11, 1(0,x0,0, u, &) = 1, and #3(0,x9,0,u, ) = T

Now we can define the Poincaré mapping from lemma’s statement

P(&v & u, a) =X+ ([2(0, &7 & U, a)vx*(tl (07 &7 & U, oc),x+(0, &) (2‘1(0, &7 & U, a) 1 &5 Uy a))
([2(0, &7 & U, a) &5 M, oc))(t3(0, &7 & U, a) &5 Uy a)

It is obvious that P maps U to X. O

Our aim is to find 7—periodic orbits, which is the reason for solving the following
system

P(%vgnuva) :g
l‘3(0,§,8) =T
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for & and ¢ sufficiently close to xy and 0, respectively. This problem can be reduced to one
equation N
&—P(%,E,‘u,a) =0 (3.3)

where

ﬁ(%vgnuva) :x+(t2(07§7£nuva)vx*(tl(ovgvgnuva)7x+(07§)(t1(07§787‘uva)vgnuva)) (3.4)
(t2(0,§,£,y,oc),£,y, oc))(T,s,y, a) .

It is easy to see that (§,&,u,0) = (x0,0,u,a) solves (3.3). However, Implicit Function
Theorem can not be used here, what is proved in the next lemma (see [9, 10]).

Lemma 3.2. f’g(xo,O, u,o) has eigenvalue 1 with corresponding eigenvector f(xp), i.e.
Pg(X(),O,‘Ll, a‘)f(x()) = f(x())‘
Proof. Let V be a sufficiently small neighbourhood of 0. Then

Xt (O,X+(O,XO) (tv Oa‘ua a)) (fl(O,X+(O,)C()) (tv Oa‘ua a)v Onua a) ) Oa.ua a) = (3 5)
Xt (vao) (t +h (O,X+(O,x0) (tv Ov‘uv a‘) ) 0,‘Ll, a‘) ) 0,‘Ll, a‘) .

for any t € V, where the left-hand side of (3.5) is from Q¢ and the right-hand side is a point
of y(¢). Thereafter the sum 7+, (0,x,(0,x0)(z,0,u,0),0,u,0) = t1, i.e. it is constant for all
t € V. Similarly
x—(t1(0,x5(0,x0) (2,0, 1, ), 0, 1, 0t), x4 (0,24 (0,x0) (2,0, 1, ) ) (£1(0, x4 (0, x0)
(¢,0,u,),0, 1, 0),0, 1, 00) ) (£2(0, x4 (0, x0) (2,0, 1, ), 0, 1, ), 0, p, 1)
= x_(11(0,x4(0,x0) (7,0, u,0),0, ), x4 (0,x0) (¢1,0,,0))
(£2(0,x4(0,x0) (2,0, u, ), 0, 1, 0),0, 1, O)
x_(t; —t,x4(0,x0)(t1,0,1,)) (£2(0,x4(0,x0) (¢,0, 1, ),0, 1, ), 0, 1, Cx)
_(t1,x1)(£2(0,x5(0,x0) (2,0, 1, ), 0, 1, ) + 7,0, pa, )
and we obtain 7 + 1, (0,x,(0,x0)(¢,0,u,),0,u,00) = t, for allr € V.
With these results we can derive
P(x4(0,x0) (1,0, 1,00), 0,11, t)
= x4 (t2(0,x4(0,x0) (2,0, 1, 0),0, 1, &), x_(#1 (0, x4 (0,x0)(£,0, 1, ), 0, 1, ),
x4 (0,x4(0,x0) (2,0, 1, 0)) (£1(0, x5 (0,x0) (2,0, u, @), 0, 1, ), 0, 1, ) )
(£2(0,x4(0,x0) (2,0, u, ), 0, 1, ), 0,1, 00) ) (T, 0, 1, )
= x4 (t2(0,x4+(0,x0) (2,0, 1,0),0, 1, ), x2) (T, 0, u, Cx)
=x1 (2 —1,%2) (T, 0,1, 0) = x1 (t2,%2) (T +1,0, 4, )

and finally

~ d r~
P@(X(),O,‘u,a)f()q)) = E [P(er(O,xo)(t,O,y,oc),O,y,oc) —0

d
= E [x+(t27x2)(T +t7 0,‘Ll, a)]t:O

= f(x+(t27x2)(T+t70nuva))|t:0 :f(JC())
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In the next step we construct the linearization ﬁg(xo,O,y, o) that will be important in
further work.

Differentiating (3.1) with respect to § at the point (t,&,€) = (0,x0,0) we have

x+§(07x0) (tv 0,u, a) = Df+(x+ (07x0) (tv 0,u, a))x+§(07x0) (tv 0,u, a)
=D (¥(1))x1£(0,x0) (7,0, 4, 1)
x+§(07x0)(0707‘u7 a‘) =1

where I denotes n x n identity matrix. Denote by X (¢) the matrix solution satisfying this
linearized equation on [0, 7], i.e.

Xi(1) =Df (v(t)X:(r)

X,(0)=1 (3.6)

So x+§(07x0)(t7 0,1, 0) = X (2).
By differentiation (3.1) with respect to T at the same point we get
X+1(O,XO) (tv Oa‘uv a) = Df+(x+ (vao) (tv Oa‘ua a))XJr‘C(vaO) (tv Oa‘ua a)
x+‘t(07x0) (07 0,‘Ll, a‘) = _f+ (x+(07x0) (07 0,‘Ll, a))
Hence
x+‘t(07x0) (tv Ov‘uv a‘) =-X (Z)f+()€0)
for t € [0,1;]. Derivative of (3.1) with respect to € at (0,x9,0) will be useful, too. We have

equation

X+g(0,)€()) (tv Oa‘uv a) = Df+(x+ (vao) (tv Ov‘ua a))XJrS(vaO) (tv Oa‘ua a)
+g(x+(0,x0)(t,0,y,OL),t—I—OL,O,,u)
x+8(07x0)(07 O,‘Ll, a) =0

which solved by variation of constants gives equality

12 (0.00) (10,00 = [ X1(OX; (9)g(x(s)5-+ 1.0

holding on [0, #].
First intersection point on Qg fulfills

h(er(‘C, g) (tl(Tv gv &4, OL),E,‘LI, OL)) =0

for all (t,&, €) sufficiently close to (0,x0,0) and g, o.

Dh(x1) (X1 (1) + f+ (x1)11£(0,x0,0, @) ) = 0
B Dh(xl)Xl(tl)
Dh(xy) f4(x1)

Dh(x1)(—=X1(t1) f(x0) + f1 (x1)t12(0,%0,0,4,)) = 0

120,30, 0,1,0) = Dhgzisz}f@gm)

tlg(O,X0,0,‘U, a‘) =
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and

Dh(x) <f+(x1)t18(0,x0,0,y,oc) +/0t1 Xl(tl)Xl1(s)g(’y(s),s—|—ot,0,/,l)ds> =0

Dh(x1) [ X (11)X] ' (5)g(¥(s), s+ &, 0, u)ds
Dh(x1) f+(x1)

Differentiating (3.2) with respect to &, T and € at the point (t,&,€) = (#1,x1,0), respec-
tively, we obtain

t18(07x07 0,‘Ll, a‘) = -

x*ﬁ(tlvxl)(tvonuaa) = Df*(x*(tlvxl)(tvonuaa))xfﬁ(tlaxl)(tvonuaa)
x*ﬁ(tlaxl)(tlvonuva) =1

K_g(tr,x0)(2,0,u,00) = Df_(x_(t1,x1)(¢,0,u,0) )x_z(t1,x1) (2,0, 11, 00)
xf‘c(tlvxl)(tlaonuaa) = _f*(x*(tlvxl)(tlvonuaa))

and

xfs(tlaxl)(tvonuva) = Df*(xf(tlaxl)(tvonuva))xfs(tlaxl)(taonuva)
—I—g(xf(tl,xl)(t,O,,u,OL),t—I—OL,O,y)
xfg(tlvxl)(tlvonuva‘) =0

Using matrix solution X,(#) of the first equation satisfying

Xa(t) =Df-(v(1))Xa(t)

3.7
Xz(l‘l) =1 ©.7)

ie. x_g(t1,x1)(¢,0,u,0) = X5(¢), we can write the other two solutions as
X—a(t1,2x0)(1,0,p,0) = =Xo(1) f~(x1)

xfs(tlaxl)(tvonuva) = /tth(t)Xz1(s)g(y(s),s—|—oc,0,y)ds

forz € [11,1).
Second intersection point is characterized by

h(x* (tl (Tv gv & u, a)ax+(17 g) (tl (Tv gv & u, a) €U, a))(tz(Tv gv & u, a) €U, a)) =0
From that we derive
Dh(x2) (xf‘t(tlaxl ) (t2, 0,4, a)tl§(07x07 0,4, a‘) +x7§(tlaxl ) (t2, 0,4, a‘)

X [x+§(07x0)(t1707‘u7 a‘) +x+t(07x0)(t1707‘u7 a)tl§(07x0707y7 a)]
+x*l‘(t17xl)(t270nu7 a‘)t2§(07x0707‘u7 a)) =0

Dh(xg)Xg(tg)Sle (l‘l)
Dh(x2) f-(x2)

t2§(07x07 0,4, a‘) = -
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Dh()CQ) (xf‘t(tlaxl ) (t2, 0,‘Ll, a‘)tl‘t(ovxov 0,‘Ll, a‘) +x7§(tlaxl ) (t2, 0,‘Ll, a‘)
X [x+‘t(07x0) (tla 0,,Ll, a‘) +x+t(07~x0) (tl ) 0,,Ll, a)tl‘t(ovxov 0,‘Ll, a)]
+x_ (tl,Xl)(tQ, 0,,Ll, a)t21(07x07 0,‘Ll, a)) =0
Dh(x2)X>(12)S1X1(11) f+(x0)
Dh(x2) f-(x2)

tzt(O,XO, 0,‘Ll, a‘) =
and
Dh()CQ) (xf‘t(tlaxl ) (t2, 0,‘Ll, a‘)tls(ovxov 0,‘Ll, a‘) +x7§(tlaxl ) (t2, 0,‘Ll, a‘)

X [x4¢(0,x0) (21,0, 1, ) +x4(0,x0) (1,0, 1, &) 1(0, x0, 0, 11, O )|
+x_¢(t1,x1) (12,0, 11, Q) 126(0, x0, 0, 1, &) +x_¢(t1,x1) (12,0, p,0)) = 0
Dh(x,)
* Dh(xa)f~(x2)

[ e ()elr(s)s-+ .05 )

11
ZQS(O,X(),O,‘U,Q) = <X2(t2)sl/0 Xl (tl)Xfl(s)g(y(s),s—l—oc,O,y)ds

where

(f—(x1) = fy(x1))Dh(x1)
Dh(xy) f4(x1)

Sy =1+ (3.8)

is so-called saltation matrix [13].
Finally we count derivatives of (3.1) with respect to &, T and € at (t,&,€) = (t2,x2,0) to
obtain

erg(l‘z,XQ)(l‘,O,‘u, a) = Df+(x+(l‘2,x2)(l‘,0,y, a))x+§(t27x2)(t70nua a)
x+§(t27x2)(t2707‘u7 a‘) =1

Xpx(f2,2) (1,0,1,00) = Dfy (x4 (22, %2) (1,0, 11, ) )x 4 o(12, %2) (2, 0, 1, 1)
Xix(t2,22) (2,0, 1, 0) = — f (x4 (12, x2) (12,0, 1, @) )
and
Xg(r2,22) (2,0, 0) = D fy (o4 (2,22) (7,0, 1, 00) )1 (82,x2) (7,0, 1, @)
+ 8 (x4 (12,x2) (1,0, 1, 00),1 401, 0, 1)
Xie(t2,x2)(t2,0,u,00) = 0
Matrix solution X3(#) for first equation that for ¢ € [r,, T fulfills

X3(t) = Df+(¥(1))X3(7)

3.9
X3 ([2) =1 ( )

ie. x ¢(t2,x2)(t,0,u,0) = X3(¢), simplifies expressions for the other two solutions
Xpe(t2,x2) (1,0, 1, 0) = —=X3(1) f.(x2)
t
ralta,02) (10,00 = [ Xa(0)X; (9)g(4(s), 5+ €1.0,p)ds
[5)

forr € [, T].
Now we can state the following lemma
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Lemma 3.3. Let P(&,€,u,Q) be defined by (3.4). Then

Pr (x0,0, 1, 00) = X3(T)S2X (12) S1.X1 (11) (3.10)

Pe(x0,0, 1, 00 / A(s ),s+a,0,u)ds (3.11)

where X, (t), Xa(t) and X3(t) are matrix solutions of corresponding linearized equations
(3.6), (3.7) and (3.9), respectively. S is the saltation matrix given by (3.8), S, is a second
saltation matrix given by

(f+(x2) = f=(x2))Dh(x2)

N TS ATS (3.12)
and
X3(T) 2X2([2) 1X1(I1)X (l) ift e [0,[1)
A(t) =1 X3(T)S$2X%(12)X; (1) ift € 11,0) (3.13)
X3(T) ([ ift € [IQ,T]

Proof. Direct differentiation of (3.4) and the use of previous results give statement of the
lemma:

P (x0, 0,11, 00) = x4 (12, %2) (T, 0, 1, ) 12(0, x0, 0, 1, &) + X £ (t2,22) (T, 0, 1, @)
X [x_q(t1,21) (12,0, 1, 0)11£(0, x0, 0, 11, &) +x_g(1,%1) (22,0, 11, 01)

X [x4£(0,x0) (1,0, 1, ) +2x4,(0,x0) (11,0, 1, 0)11£(0, x0,0, 11, )]
x4 (t1,x1) (t2,0, 1, 0)12¢(0, x0, 0, 1, 1) |

B Dh(x2)Xa(22)S1X1 (1) M
=X3(T) f(x2) Dh(ns)f () +X3(T) [Xz(tz)f(X1)Dh(xl)f+(x1)
+ X (0) | X1(11) —foQ%] —f(xz)Dh(gzlzgizz()f;)S(g)l(n)
= X3(T)$2X2(12)S1X, (1))
(3.11) can be shown by the same way. =

We recall the following well-known result (cf. [8])

Lemma 3.4. Let X (t) be a fundamental matrix solution of equation X' = UX. Then X (t)~!
is a fundamental matrix solution of adjoint equation

X)) =-ux(n)™!
We solve equation (3.3) via Lyapunov-Schmidt reduction.

As it was already shown in Lemma 3.2, dim A((I —Pz(xo,O,y, o)) > 1. From now on we
suppose that

H3) dim N(T— P (x0,0,4,0)) = 1
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and therefore codim R (I — Pz(xo, 0,u,0)) = 1. We denote

~ ~ 1
Ry :K(H_Pﬁ(xovonuva))v Ry = [K(H-P@(Xo,o,‘u,a))

Then two linear projections are considered ? : R” — R; and Q : R" — R defined by

SAT)
T =
YTy Y
SAT)
Q=(I-P)y=y vz ¥

where Y € R; is fixed. We assume that initial point & of perturbed periodic trajectory is an
element of X. Equation (3.3) is equivalent to a couple of equations

Q(g_ﬁ(gvenuva)):o T(g_ﬁ(gvgnuva)):o

The first equation can be solved via Implicit Function Theorem which gives the existence
of r9,&p > 0 and a C"—function E:(—£9,80) x R¥ xR — B(xg,r9) N L such that Q(& —
P(&,e,u,0)) =0 for € € (—€¢,&0), u € RF, o € R and & € B(xg,r9) NX if and only if § =

(e, u, o), moreover &(0, u, o) = xo.
Then the second equation has the form

T(g(gnuv a) _ﬁ(g(gnuv a),s,y, a)) =0
(B(e, 1, 0) — P(§(e.p1,00) &, p1,00), W) = O (3.14)

Again € = 0 solves this equation. Differentiation with respect to € at 0 gives
(Ee(0,11,00) = Pe(x0,0, 1, 00Ee(0, 1, 8) — Peloo, 0, 1,0), )

(1= Pex0,0, 11,00 Ec(0, 1, 8) — Pe0, 0,14, 00), )

< (1- Pg x0,0,4, >>as<o,u,a>,w>—<ﬁg<xo,o,u,a>,w>

),s+o,0,u)ds, l|!>

/ s),s+0o,0,u),¥)ds
- e

):s+0,0,u),A(s) "y)ds

where
X (0 X1(1)*SiXa ()" S5X5(T)* if 1 €[0,1)
X2 1* X2 [2 SZX3( ) if re [[1,[2) (3.15)
X, if t¢€t,T]

Note that by Lemma 3.4, A(7)* solves adjomt equation

X' =—fi(y(t)X if 0<t<y
X'=—f(y()X if n<t<n (3.16)
X' =—fi(y(t)X if n<t<T
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Differentiation of (3.14) with respect to € and o at € = 0 gives

T
~ [ r(s)s 0,1, A() W) s
All results together complete the next theorem.
Theorem 3.5. Let conditions H1), H2), H3) hold, y(t) and A(t)* are defined by (2.2) and
(3.15), respectively, and y € Ry. If there is (g, 0) € RF x R, k > 1 such that

T

/0<g(Y(t),t+oco,0,uo),A(t)*w>dz:0 (3.17)
T

[ (e 00),1+00,0,10) A et 0 (318

then there exists a neighbourhood U of the point (0,u) in R x R¥ and a C"~'—function
o(g,u), with a(0,u9) = 0, such that perturbed equation (2.1) possesses a unique T—
periodic piecewise C'—smooth solution for each (€,u) € U.

Proof. Let denote D(g,u,0) = %(&(E,y,a) — P(&(g,u,),€,1,0,), ). Then the assump-
tions (3.17) and (3.18) are fulfilled if and only if

D(0,up,00) =0 De (0, uo, 0p) # 0

Implicit Function Theorem gives the existence of the function ou(€, u) from the statement of
the theorem. It is obvious that equation (3.3) has a unique solution

&, u, e, m)) — P(E(€, 1, (€, 1)) €, 11, 0U(E, 1)) = O
which completes the proof. U

Remark 3.6. If g is discontinuous in x, i.e.

,1, €, ifxeQ
gx,1,8,) = 8+(50,€.4) A
g—(x,t,e,u) ifxeQ_

it is possible to show that Theorem 3.5 still holds. Of course, g has to be T—periodic in ¢.

4 Geometric interpretation of condition H3

Consider the linearization of unperturbed problem of (2.1) along (), given by
x=Dfy(y(r))x 4.1

Then (4.1) splits into two unperturbed equations

x=Df(y(2))x if 1+ €[0,11]U[rr, T]
x=Df_(y(2))x if t € (11,1)
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with impulsive conditions [9, 10, 13]
x(l‘1+) = Slx(tl—) x(l‘2+) = Szx(l‘z—)

where x(z4) = lim,_,+ x(s). We already know (from (3.6), (3.7), (3.9)) that they have the
fundamental matrices X, (r) resp. X3(7) and X, (¢) satisfying X;(0) = X»(11) = X3(r2) = L.
Consequently, the fundamental matrix solution of discontinuous variational equation (4.1)
is given by
Xl(l‘) ifte[O,tl)
X(Z‘)Z Xg(t)Sle(tl) ift e [[1,2‘2)
X3([)SQX2([2)81X1 (l‘l) ift e [[2, T]

Then a T—periodic solution of (4.1) with an initial point § fulfills § = X (T)& or equivalently
(I-X(T))E =0.
Now one can easily conclde the following result

Proposition 4.1. Condition H3) is equivalent to say that discontinuous variational equation
(4.1) has the unique T—periodic solution up to a scalar multiple.
5 Discontinuous planar systems

5.1 Piecewise nonlinear problems

In this section, we consider the following problem

x:0)1(y—5)—|-8g1(x,y,t—|—a,£,u)

f 0
V= O+ €8 (x,y,1 + 0, E, 1) oy
x=nx+w;(y+9) (5.1)
2 211 e
o A0 [Far b+ teni ) g
y = —x+n(y+9)
+ [x2+(y+8)2] [bx—a(y+5)] +8g2(x7y7t+a7£nu)
with assumptions
b
M,8,01,0,0,a >0, becR, 0)2—%>0, g>82 (5.2)

For € = 0 the first part of (5.1) can be easily solved via exponential matrix. For starting
point (xo,yo) = (0,5—1— \/§> and 7 € [0,1] the solution is

vi(t) = <\/gsin0)1t,8—|— \/gcosm1t> (5.3)

t1 and (x;,y;) are obtained from relations A(y;(71)) = 0 for h(x,y) =y and (x1,y1) =v1(t1),

respectively:
1
t; = — arccos (—\/E5>
(O] n
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After transformation x = rcos6, y+ & = rsin0 in the second part of (5.1) with € =0, we
have

i":”r]r—ar3

0= —w+br’

from which, one can see, that the second part of (5.1) with € = 0 possesses a stable limit
cycle/circle with the center at (0,—98) and radius \/g, which intersects boundary Qg =

{(x,y) € R?|y = 0}. Now it is obvious that (x1,y;) is a point of this cycle and direction of
rotation remains the same as in Q; = {(x,y) € R?|y > 0}. Therefore y,(¢) is a part of the
circle, given by

’YQ(Z‘) = (X10080)3(t—t1)—|—88i1’10)3(l‘—l‘1),

54
—0—x;sinms(t—1;) +dcosms(t—11)) ©4

for t € [t1,12], where @3 = @, — na_h Equation %(y2(f2)) = 0 and symmetry of y,(¢) give
couple of equations

xpcosms(ty — 1) +sinms(t — 1) = —x3
—8—)61 sin0)3(t2 —l‘l) —I—SCOS(,O:;(Z‘Q —[1) =0

From them we obtain

1 —& +x7
tp = — [ m+arccot —— | +11

(x2,y2) is a second intersection point of the limit cycle and Q

(12,72) = () = (—\/Ho>

Then orbit y(¢) continues in Q. with

’Y3(l‘) :(XQCOS(,Ol(l‘—l‘Q)—SSil’l(,Ol(l‘—l‘z), (5 5)
d—xsin®; (r —1p) —Scos; (t —12)) ‘

fort € [t,,T]. Period T is found from equation y3(7") = (xo,yo)

T = S arccos (—\/?8> +1
(O] n

The next theorem is due to Diliberto (cf. [4, 14]) and it is used to find fundamental
matrix solution of the variational equation
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Theorem 5.1. Let Y(t) is the solution of the differential equation % = f(x), x € R%. If
Y(0) = p, f(p) # O then the variational equation along Y(t)

V=Df(v(r))V
has the fundamental matrix solution ®(t) satisfying det®(0) = || f(p)||%, given by
(1) = [f(¥(2)), V()]
where [\, \] stands for a matrix with columns Ay and A, and

V() =a(t) f(y(1)) +b(t) f-(¥(1))
a(t)Z/ [ K(Y(s)) [l £ (Y(s)|[ 4+ div f(Y(s)) | b(s)ds
S div F(y(s))ds

af2(x) n af1(x)

9f1(x) afZ( ) div £ (x) = — o ox
] 2

divf(x) = an s

1 :
K(y(1)) = TCOIE [AGN) L2(r(1)) = V() Jix(1))]

Lemma 5.2. For unperturbed system

;zo_)logx_s) for y>0
(5.6)
F=et o +8) + [P+ +8)] [Far b+

y=—x+M(y+8)+ [+ (y+8)?] bx—a(y+38)] y<0

we have, by fulfilled assumptions (5.2), corresponding fundamental matrices (see (3.6)-X|,
(3.7)-X; and (3.9)-X3)

X (1) = cosmit  sinMit
W=\ —sinwyt  coswt

Xo(r) = % M Xs(t) =X (t—1)

Ar ( U(=8x1 8 W +x3W) +V (8 +x3W — 8, W) >
' U(—8 —X3W + 8 W) +V (—8x; + 8 W +x7W)
A (U(xl+52W—|—5x1W)~—|—V(—8x1+5x1W—82~V~V)>

2T\ UGy — o W+ 8W) + V(22 4 8W +8x, W)
U =sinms(t—1) V =cosms(t—1)
b

W=e 1) W=2(1-W)
a

and saltation matrices (see (3.8)-S| and (3.12)-S,)

1 — S(0;+m3) 1 — S(01+w3)
S = ((331x1 Sy, = ((313X1
0 ™ 0 o
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Proof. X)(t) and X3(t) are obtained easily because of the linearity of f. (x,y). Since

—0)18 0)38
fr(xi,y1) = ( ) f-(xiy) = ( )
oo ¥ eVaTY s
—0)18 0)38
f+(x27y2) = (0)1 /% —82> f*(x27y2) = (0)3 /% _82)

so are the saltation matrices. Since (5.6) is 2—dimensional and one solution of the second
part is already known - limit cycle, we can use Theorem 5.1. Then we have a matrix

%) =0 —x U438V UQRW +x W) +V (W —8W)
2T U~V U(—x W+ 3W) + V(W +x, W)

Yl = 4 (8 ™
% (tl)_nm3 <x1 5 >

such that detXs (1)) = ||f_(x1,y1)||> = Q3. If X,(¢) has to satisfy (3.7) then X, ()

= a -
Xz(t)X{l(tl). O
Now the following result can be stated.

Proposition 5.3. Assuming (5.2) unperturbed system (5.6) has a T—periodic orbit to initial

point (xg,y0) = (0,5—1— \/§>
Yl(t) l'fl‘ S [0,[1]

Y(t) = 1a(t) ift € [tr,1)]
’Y3(t) ifl‘E[l‘z,T]

where parts Y1 (t), Y2(t) and y5(t) are given by (5.3), (5.4) and (5.5), respectively. Moreover,
conditions H1), H2) and H3) are satisfied.

Proof. Condition H1) was already verified. Since VA(x,y) = (0, 1) for all (x,y) € R? and
(5.7) holds, condition H2) is also fulﬁlled.

Now suppose that dim A (I — Pz (xo,0,u,00)) > 1. We recall that f. (xo,y0) € A(I—
Pz(xo, 0,u,0)). Since A (I —Pz(xo, 0,u,)) is linear, there is a vector

7 € A(L— P (x0,0, 1, 01))

such that (¥, f(x0,Y0)) = 0. Then we can write ¥ = (0,v)*. Using (3.10) we look for its
image by mapping Pk (xo,0, u, &)

& (w;+m3)
51X1(11)17 — L\/@ ®x; + BErT—
(] n —80)3

& ~
— 1% a —(® _|_O) —Xx1® Z_SOJ Z
Xz(l‘z)Sle(tl)v: —\/j xl( 1 3) 1W1 1~
oYM\ 3w +m3)+30,Z —x;0,Z

Next we have
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where Z = e 21(2~1) and Z = b(1-Z) are values of W and W att =t,, and

_& _(Zor | nos 7
SzXz(tz)Sle(tl)Vzl a (o) — (G40 )Z—|—~80)12

o3\ M () + ®3) + 0w Z —x10,Z
Finally

S otm; | S+, 0 5
X3(T)S2X5(t2)S1 X1 (1) v =v <x1 3 + xlz 3 Z o3 Z>

Since Z < exp {—i—gn} < 1, it is obvious that v = Pz(xo, 0,u,0)vif and only if v = (0,0)*.
The verification of condition H3) is finished. ]

Because, in general, the formula for A(¢) is rather awkward, we move to examples with
concrete parameters.

Example 5.4. We take

a=b=0%0=1,nM=2,01=1, =5

(e, Eap1) = (sinwr,0)*  ify>0 (5.8)
gx7y7 ) ,‘Ll - (0’0)* lfy<0

Then we have 03 = 3, T = 2, initial point (xo,yo) = (0, 1 ++/2), saltation matrices

1 —4 1 -4
_ — 3
=0 2) == )

~ 1 1+32e2"
Pg(xo,yo,O,y,Oc) = <0 63211',

and

Hence R, = span{ (1 + 26*2“,6*2“ — 1)*} and y = (1 —e 2" 1+ %efz") € Ry. After
some algebra we obtain

672n

2

1
M(OL) = gﬁ [((DA +B) sin oL+ (0)C+D) CcOoS (Da]

where
A =4+/2sin (%nm) + (362“\/5—1— \/E) sin (%nm) + (3e*" — 3) sin (2nw)
B=-5-3e""— (\/5—1—3\/562“) cos (%nm) +4v/2cos (%nm) + (5+3e°™) cos (2mw)
C =3e’™ —3 —4+/2cos (%nm) - (\/5—1— 3\/56“) cos (%nm) + (3 —3¢°™) cos (2mw)

D—_ (\/5+3\/§ezn> sin (%nm) +4+/2sin (%nm> + (5+3¢*™) sin (21w)
(5.9
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For ® > 0, ® # 1, M () has a simple root if and only if (@A + B)? + (0C + D)? > 0. Since

2
VB2+D? < ((5+3e2“+f2+3f2e2"+4f2+5+3e2“>

1
2\ 2
+ (5+3e2“+\f2+3fze2“+4\f2> >

—\3 (1 +f2> V/9e4T 130627 125 < 6739

that A and C are 8—periodic functions and according to Figure 2 we have

\/(mA +B)2+ (0C+D)? > 0V/A2+C2 — /B> +D? > 42000 — 6739

and one can see that for ® > 16, T—periodic orbit in perturbed system (5.1) persists for
€ # 0 small. It can be proved numerically (see Figure 2) that

ﬁ\/(m +B) +(@C+D) >0 (5.10)

for w € (0,16). We conclude

Corollary 5.5. Consider (5.1) with parameters (5.8). Then 2n—periodic orbit persists for
all > 0 and € # 0 small.

5000
40004
3000
20004

1000+

Figure 2. Graphs of the functions v/A% + C? and the left-hand side of (5.10)

Example 5.6. Now let

a=b=0%0=1,nM=2,01=1, ;=5

ui (sinwr, 0)* ify>0 (5.11)
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Consequently, Melnikov function is

1 -2
M (o) =My o] [(wA + B) sinoo 4 (0C + D) cos war] + ur E
where A, B, C, D are given by (5.9) and
V2 )
E=——(739—-223¢""
975( 39 —223¢ ")

M (o) possesses a simple root if and only if

1 e2" /(wA+B)2+(oC+D)>

‘We have the next result

Corollary 5.7. Consider (5.1) with parameters (5.8). If ui, ur and ® satisfy (5.12) then
2n—periodic orbit persists for € # 0 small.

Remark 5.8. Inequality (5.12) means that if the periodic perturbation is sufficiently large
(with respect to non-periodic part of perturbation) then the 7—periodic trajectory persists.
Note that the right-hand side of (5.12) can be estimated from above by

V12 +com+c3

@ —1]

for appropriate constants cy, ¢, c3, which tends to 0, if ® tends to . Hence the bigger
frequency , the bigger |u; | for uy # 0 fixed, for persistence of the T—periodic orbit.

5.2 Piecewise linear problems

Here we consider the system

X = b| 4+ €u; sinwt
f

y= —2a1bx+ €, cos ot or y>0

(5.13)

X = —by+€u; sinmt

f 0
y = —2abrx+ € cos ot or y<

where all constants a;, b; for i = 1,2 are assumed to be positive and (u;,u) # (0,0), ® > 0.

The starting point can be chosen in the form (xg,yo) = (0,y9) with yo > 0. Then with
h(x,y) =y we obtain results similar to those by the previous case.

Firstly, it is not difficult to find the trajectory starting from (0,yo) in Q. = {(x,y) €
Ry > 0} to Q_ = {(x,y) € R?|y < 0} and then back.

Lemma 5.9. For any yo > 0, unperturbed system

= —b,

X = b1 X =
y= —2abrx

y=—2aibyx 170

for y<O0 (5.14)
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possesses a unique periodic trajectory containing point (0,yq) given by

Y1(1) = (bit, —arbit* + yo) ift €[0,1]
Y(t) = 4§ Va(t) = (x1 —=bo(t —11),a0(x1 —ba(t —11))* —axx}) it € [11,12]
Y3(t) = (xz +bi(t—12),—ai(xa + by (¢ —fz))z-i-alx%) ift €[, T]

I /yo Yo 2 [yo
1 b\ ar (xl,yl) ( 2’ > 2 by \ 4y +1

= (—x1,0 T=—,/—++t¢t
(x2,y2) = (—x1,0) b; a1+2

Fundamental and saltation matrices are described in the next lemma

Lemma 5.10. Unperturbed system (5.14) has the corresponding fundamental matrices

X (1) = <_2allb1t (1)> Xa(r) = <_2a2b21(t—t1) (1)>

X3(t) = <_2a1b11(t—12) (1)>

and saltation matrices

1 Vai(bi+bs) 1 Vai(bi+bs)
S| = 2a1bi o S, = 2a2b> /50
0 by 0 aiby
apb; asby

Proof. Because of the linearity of this case, fundamental matrices are obtained via equa-
tions

X (1) =& X, (1) = B0 X;(r) = A1)

0 0 0 0
A= (—2a1b1 0> B= <—2612b2 0>

are Jacobi matrices of the functions f, (x,y) and f_(x,y), respectively. Saltation matrices
are given by their definitions in (3.8) and (3.12) where VA(x,y) = (0,1) in Q and

where

by

—by
f+(x17yl) = (-2611171\/%) f*(xlvyl) = (—2612[’)2\/%) S5
(5.15)

b —b
f+(x27y2) = (2611[’)11\/5) f*(x27y2) = (202b2i/£>

O

In this case, the corresponding matrices can be easily multiplied to derive the following
result
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Lemma 5.11. Function A(t) of (3.13) for the system (5.13) possesses the form

1— 2/aibit(b1+by) _ bithy
B Dy if 1€ [0.0)
2a1bt 1
11— 2b; + \/ﬂ(tftl)(hﬁrhz) \/ﬂ(hﬁrhz)
Alr) = bz V3o 2whv | if 1€ [,1) (5.16)
2(y/ayo —arba(t —11)) —a
1 0 .
(2(a1b1(t —1))— Jao) | ifrelnT]

where all constants are assumed to be positive.
Proposition 5.12. Conditions H1), H2) and H3) are satisfied.

Proof. Since we already have the periodic orbit, Va(x,y) = (0,1) in Q and (5.15), condi-
tions H1) and H2) are iminediately satisfied.
Now let dim A((I— P (xo,y0,0,u,0)) > 1. Then there exists

S N(H_ﬁg(x()ayovonuva))

such that (¥, £ (x0,y0)) = 0 and we can write v = (0,v)*. Since

" _v(hHrhz)
Pz (x0,0,0,,0)7 = A(0)7 = | P2v/a0

v
then v =0, dim A/(I —Pz(xo,yo, 0,u,0)) = 1 and the condition H3) is verified. O

Note that there is a lot of periodic trajectories in the neigbourhood of y(7) but none

of them has the same period, because T = 2, /% (hl—l + hl—z> depends on the initial point

a
(XO, yo)~
‘We have

R (1— P (x0,50, 0,41, 0)) = R(I—A(0)) = & x {0}

Then y = (0,1)*and A(t)"y = (Z; 8 > . The assumptions of the Theorem 3.5 are equivalent
to say that

T T
M(a) = [sinmoc (ul/ a; (t) cosotdt —yg/ azz(t)sinmtdt>
0 0

T

T
+ cos o (I«ll/ azl(t)sinmtdt—l—yz/ azz(ﬂcosmtdt)]
0 0

has a simple root. It is easy to see, that this happens if and only if
T
d(o) :/0 e " (max (t) — ypan(t))dr # 0 (5.17)

Similarly to [1], function ®(®) is analytic for @ > 0 and hence the following theorem
holds (see Theorem 4.2 in [1] and [15])
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Theorem 5.13. When ®(w) is not identically equal to zero, then there is at most a count-
able set {®;} C (0,00) with possible accumulating point at +oo such that for any ® €
(0,00)\{®;}, the T—periodic orbit y(t) persists for (5.13) under perturbations for € # 0
small.

Because for general parameters, conditions on u; and tp, so we could decide when
®(m) is identically zero, or the set of roots is finite or countable, are too complicated, we
rather provide an example with concrete numerical values of parameters.

Example 5.14. We take
alzdzzblzbz :y():l (518)

Then from (5.17) we have

—210

P(0) =—4 (2u1 + @y ) sino(cosw— 1)

®2

Thence for ® € (0,0) it holds: if ® = kx for some k € N or o = —%‘ for —% > 0 then
®(w) =0.
We conclude

Corollary 5.15. Consider (5.13) with parameters (5.18). If ® > 0 is such that ® # k= for
allk € N and o # —% with uy # 0 then T—periodic orbit Y(t) persists under perturbations
for € # 0 small.

Finally, if ®(®) is identically zero then higher order Melnikov function must be derived
[2]. We omit those computations in our case, because they are very awkward.
Stability of persisting periodic trajectory will be investigated in our forthcoming paper.
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