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CHAOTIC QUANTIZED FEEDBACK STABILIZERS: THE SCALAR
CASE~
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Abstract. In this paper we consider practical stabilization strategies of scalar linear systems
by means of quantized feedback maps which use a minimal number of quantization levels. These
stabilization schemes are based on the chaotic properties of piecewise affine maps and their perfor-
mance can be analyzed in terms of the mean time needed to shrink the system from an initial interval
into a fixed target interval. We show here that this entrance time grows linearly with respect to the
contraction rate defined as the quotient of the length of the initial and target interval respectively.

Estimations are obtained using denumerable Markov chains arguments.

1. Introduction and problem statement. Control problems where the in-
formation flow between the plant and the controller is an important feature to be
considered in the design, have become very popular in the last few years. See
[1, 2, 5, 6, 7, 12, 13, 14] and the reference therein. Indeed, information flow be-
comes important in situations where a channel with limited information rate has to
be used between the plant and the controller or when the controller needs to be simple
and is only allowed to process a limited number of information per time. We expect
that an information flow constraint will in general degrade the performances of the
feedback loop scheme and we also expect in general a trade-off between performances
and the amount of information exchange allowed in the loop.

The specific problem we consider in this paper is the stabilization problem for a

scalar linear system
(1) Ti41 — AT —+ Uy .

We consider memoryless feedback maps u; = k(x;) which are quantized, namely k is
piecewise constant assuming only a finite number N of values. The number N can be
thought, in this context, as a measure of the flow of information exchanged, at every

time instant, between the system and the controller. The closed loop map
(2) I'(z) = ax + k(z)

is a piecewise affine map with fixed slope a. As a consequence, if |a| > 1, T’ will always
exhibit local instability so that asymptotic stabilization can not be reached by means

of these type of feedbacks [5]. We here consider a sort of practical stability.
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Definition: Given two intervals J C I, we say that I' : R — R is almost (I, J, )-stable
if

1. T is almost-invariant: for almost every xo € I (with respect to the uniform

probability on I), I'(xo) € I.

2. J is almost-invariant: for almost every xo € J, I'(xo) € J.

3. for almost every xg € I, there exists an integer ¢ > 0 such that I'(zg) € J.
A quantized feedback map k : R — R is said to be almost (I,.J)-stabilizing if the
corresponding closed loop map T is (I, J)-stable.

The reason for the use of ‘almost’ is that in previous works [7, 8] we have also
considered the corresponding stronger definition of (I, J)-stability where the three
properties are asked to hold for every xg. In this paper we will not use this stronger
definition, however we have preferred to maintain the old terminology in order not to
create confusion with these other works.

In this paper we will restrict to the situation when both I and J are symmet-
ric intervals with respect to the 0. Notice that linearity yields the following scaling
property: if k(z) is (I, J)- stabilizing, then, nk(n~'z) is (nI,nJ)- stabilizing. This
observation allows to restrict ourselves to study the almost stabilization problem for
intervals of type I = [—1,1] and J = [—¢,¢]. The ratio C = 1/e is called the contrac-
tion rate of the given stabilization scheme.

By varying among all the possible feedback quantized maps k, the closed loop
maps I' which we obtain are all the possible piecewise affine maps with all branches
having fixed slope a and with only a finite number of discontinuities. From this
observation, it is easy too see [5] that, given any interval I, we can make it almost-
invariant for the closed loop map I' by means of a quantized feedback map k& which
has [|a|| quantization levels inside I and this is the minimal number of quantization
levels needed. Therefore if I' is almost (I, J)-stable, there will be always at least
[la|]] quantization levels inside J. The real parameter of interest thus become in this
context the number of quantization intervals inside I \ J which, from now on will
always be denoted by N. In [7] it was shown that [|a|] quantization levels inside
I\ J are also sufficient, to achieve almost (I, J)-stability disregarding how large we
have chosen the contraction rate C. These stabilization schemes are based on chaotic
properties of expansive piecewise affine maps.

The performance of a stabilization scheme in this context can be measured
through the entrance time in the target interval J. The first entrance time func-

tion
T;:1—-NU {+OO}
is defined by

(3) Ty(z) =inf{t e N| T’z € J},
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and by Tj(z) = +oo if Ttz & J for all . The map T is almost surely finite if we
have almost (I, J)-stability. Finally, we define

T = E(T))

the mean value with respect to the uniform probability density on I. For the sta-
bilization schemes proposed in [7] and using [|a|] levels, we have shown that there
exists a constant K > 0, only depending on the slope a, such that for the chaotic

stabilization schemes previously considered the following bound holds true:
(4) T<KChC.

Of course, there exist many others stabilization schemes [8] all having better
performances in terms of the entrance time. There is a scheme, for instance, where T
grows only logarithmically as a function of the contraction rate C, and others where
T is even constant (dead-beat schemes) with respect to C. These higher performances
are paid in terms of number of quantization levels N which, instead of being constant
as in these chaotic schemes, has to grow respectively, logarithmically or linearly in
C. In [8] we have established quit precise bounds showing how this trade-off between
performance and complexity can not be improved. These bounds (in the case when
la] > 2) actually show a surprising symmetry between 7' and N and they forecast
that as there exist stabilization schemes with T constant (asymptotically equal to 1
for C'— +00), with a number of quantization levels growing linearly with respect to
C, in the same way there should exist stabilization schemes with a constant number
of quantization levels and entrance time T growing linearly in C'. This seems to
indicate that (4) is not tight or, possibly, that there should be stabilization schemes
with the same number of quantization levels but with better time performance. In
the case when a € Z and |a|] > 2, we have explicitely constructed such stabilization
schemes in [8]. The main goal of this paper is to extend this construction (with just
the addition of one quantization level) to the case of any a with the condition |a| > 2.
The following is the main result of this paper.

THEOREM 1. Let a be such that |a| > 2. Let I = [—1,1] and J = [—¢, €] where
0 < e < 1. Then, there exists a quantized almost (I,J)-stabilizing feedback map
k: I — R with a number of quantization levels inside I\ J, N < [|a|]+ 1. Moreover,

we have the following estimation for the mean entrance time
T<KC,

where K is a positive constant only depending on a (and not on €) and where C = 1/¢
is the contraction rate.

In the rest of this section we introduce the class of quantized feedback maps
we will consider throughout the paper and we outline the content of the following

sections.
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1.1. Chaotic quantized feedback strategies. Let k; be a quantized feedback
making the interval I almost invariant: there are many possibilities and, as already
mentioned, the minimal number of quantization levels needed is [|a|]. Let T'; be
the corresponding closed loop map. Let J C I be another interval which is not in
general invariant by I';. Let k; be another quantized feedback making the interval J
almost invariant and let I'; be the corresponding closed loop map. Consider now the
new quantized feedback k(; ;) obtained by amalgamating the previous two, formally
defined by

) k() rxed
K (@) = { ki(z)  zel\J

and let I'(; ) be the corresponding closed loop map. Clearly, I'(; ;) leaves both I
and J almost invariant. It is clear that I'(; ;) is almost (I, J)-stable if and only if
the map T'; possesses the following property (P): for almost every = € I there exists
an integer ¢ > 0 such that I')(z) € J. Notice that this property (P) only concerns
the map I'; and the subinterval J. It is not difficult to construct a feedback k; such
that the corresponding map I'; possess property (P) whatever is J: in [7] there are
explicit constructions of such feedbacks requiring just [|a|] quantization levels. The
construction proposed here uses, in general, one level more, but it has a symmetric
structure which turns out to be very useful in the sequel. Consider the piecewise affine

map
() P(z) =az, e (~|a|al™")

extended to R by 2|a|~!-periodicity. Notice that I'(R) C [~1,1] so that in particular
[—1,1] is almost invariant and on it there are only a finite number of discontinuities.
For further use we notice that the continuity partition inside [—1, 1] consists of the

following subintervals:

Lo = (=lal el )+ 2lal T, k] < ko = [ 125
(6) Iip41 = (la| 71 (1 +2k,), 1)
It = (~1,—]a]7(1+ 2K,).

Notice that Iy, 1 and I_;,_1 do not exist if we are in the situation when a is an odd
integer. It can be shown that this map possesses property (P) for any subinterval
J C [—1,1]: this will be a consequence of the considerations done in Section 4.
Notice that the first entrance time map inside J for I'(; j), coincides with the first
entrance time map inside J for I'; (still denoted Ty as the first one). In particular,
they must have the same mean value T' = E(T). Differently from [7] where we used
the decay of correlation results in [11], in this paper we will use symbolic dynamics and
Markov chains to estimate T'. In Section 2 we will introduce the symbolic dynamics

formalism and the denumerable Markov chain associated with the piecewise affine
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maps. This will allow to reformulate the problem in terms of the entrance time for
Markov chains. Section 3 is devoted to a detailed analysis of the spectral properties of
the Markov chain associated to our piecewise affine map. Finally, Section 4 contains

the specific entrance time estimations and the application to the proof of Theorem 1.

2. Symbolic dynamics and Markov chains. We first make some comments
on our definition of quantized map. The feedback map k£ : R — R is piecewise
constant, more precisely, there exist open disjoint intervals I, I, ..., Iy whose union

is dense in R and elements w1, us,...,uy € R such that
k(x) = u; ifeel;.

We do not define k at the boundary points of the quantization intervals. As a con-
sequence the corresponding closed loop map I' is also not defined at the boundary

points. To be able to consider powers of I" we have to restrict ourselves to the subset

N oo
Q=R\J Jr "o

j=1k=0

which differs from R for an utmost denumerable set of points. It is clear that for
the type of properties we want to study, almost stability, mean entrance time, it is
completely satisfactory to work with Q and in the sequel we will always assume that
T" is evaluated at points in €. If the interval I is almost-invariant for the map I", we
will write, with little abuse of notation, I' : I — I. Moreover, if we are only interested
in the behavior of I' inside I, we will disregard how it is defined outside, and with N
we will denote the number of quantization intervals inside I.

The dynamical and ergodic properties of piecewise affine maps as I' introduced
in (2) have been extensively studied in the past [10, 4, 11, 3].

Consider a piecewise affine map T' : I — I (namely I is assumed to be almost-
invariant). Let Zo = {I1, I2, ..., In} be the partition of the interval I into the maximal
open subintervals on which T is affine (this partition is called the minimal partition).
In the sequel we will need to consider different partitions of I. A partition Z of I into
open subintervals is called I'-compatible if for every A € T we have that I is affine on
A. Clearly, Z, is I'-compatible and all other I'-compatible partitions are obtained by
refining the minimal partition. Starting from a given I'-compatible partition Z, we

can construct other I'-compatible partitions by defining the so called powers of 7 as
It = {Ijo mril(Ijl) n--- mrit(Ij )7 jOvjlv"'vjt S {172a7N}}

Particularly important will be the powers of the minimal partition Z%.
Fix a partition Z. With the pair (I, Z), we can associate the language ¥*(I',7)
which is the subset of Z* (the set of all finite words over the finite alphabet )

consisting of all the finite words wows - - - wy, € Z* such that

woNTtwin---NT "w, #0.
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Consider now the directed graph with set of vertices ¥*(I",Z) and set of edges £
given by

(7)) (wowr " wWn = Wow1 -+ Wpwnt1) €E <=  wowi - wpwpt1 € L7 (T, 7).
Consider moreover the following labelling £ on the edges
§(wows -+ wn — WoW1 * * * WpWnt1) = Wnt1-

Notice that ¥*(I',Z) coincides with the set of all the labelled sequences associated
with the finite paths on the graph starting from the empty word e. We have thus
obtained a Markov representation of our subshift. This representation can be sim-
plified by introducing an equivalence relation on the vertices. With each finite word

wowt * - - wy, € X¥(T, T), we associate its symbolic future
futs (wow « - - wp) = {@Woew1 -+ Wk, | Wo = wy, and wowy - - wpwr - - wy € XN(T,7)}

which is a subset of ¥*(T", Z). More roughly, the symbolic future of a word wow - - - wp,
is the set of words whose concatenation with wows - - -wy, is in the language X*(I', 7).

Consider also the geometric future which is
fut(wows « - - wn) =T (we N I 'worn---nN I "w,).

The following result is in [3], see [8] for a detailed proof.
PROPOSITION 1. Let wowy - -+ wy and vouy - - Uy, be two words in ¥*(T', 7). Then

fut(wows - - - wy) = fut(vovy - -« Vi)

(8) < futy(wowy - - wy) = futs(vovy -+ - vm).
Now define X7 to be the quotient of the set ¥*(I", Z) by the equivalence relation

9) Wh e wh S wp cew & futs (W) - w)) = futs (w) -+ wl,).

The elements of X7 will be called states. The symbol (wows - - - wy,) represent the state
coinciding with the equivalent class associated with the word wow; - - - wy, € *(T', 7).
The equivalence relation defining X7 ensures that any state x has a well defined
geometric future fut(x).

Edges and labels can be naturally redefined on X7 to obtain a new labelled graph
which is still a Markov representation of ¥*(I', Z) and so with the property that the
labelled sequences associated to the finite paths on this graph, starting from empty
word, correspond to all the possible sequences in ¥*(I',Z). Elements in Xz will be
denoted, from now on, with bold faces letters like x or y.

We now introduce few notation which will used later on.

x € Xz, v(x) =min{n € N|Jwow; - - wp, € T*(T',7) with x =< wowy « - - wy, >}
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Xzp={xeXs|vx)=1}={<w> |weTl}.

Xz, p is called the set of principal states. It will also be useful to consider the transition
matrix associated with the graph over Xz: if x and y are in Xz, we define ¢, equal
1 if there is an edge connecting x to y, 0 otherwise.

For the sake of simplicity, whenever the partition Z is fixed and clear from the

context, we will use the simplified notation X and Xp.

2.1. The canonical Markov chain. Suppose the partition Z has been fixed.
We now introduce a transition probability matrix (namely a Markov chain) indexed
by the vertices of X = X7z by defining Py, as the probability that I'(x) is in fut(y)

assuming that x is uniformly distributed over fut(x). More formally,

P(fut(x)) 7Y a|P(fut(x)) ’

Pey — P(fut(x) N T~ (fut(y)) ; P(fut(y))

where P denotes the uniform probability on I. The pair (X, P) is called the Markov
chain associated with (I",Z). With a slight abuse of notation with the symbol P we

will also denote the isometric positive operator induced by the Markov chain P:

P:NX) — 1M(X)

T el (X)— (Pr)(y) = > m(x)Pxy -
xeX

Given any probability measure m on X, we obtain a stochastic Markov process

X7 on X whose finite distributions are

PW(X(;r =X, X{ =X1, -, X = Xp) = 7"'(XO)PXOX1PX1X2 o Pe,ix, -

n

7 is called the initial probability distribution. From now on, we will speak of Markov
process when the initial probability distribution has been fixed reserving the term
Markov chain for the pair (X, P).

We now show how the entrance time problem can be reformulated in terms of the
Markov chain. We denote by 7, € I*(X) the probability corresponding to the uniform
probability on I, precisely defined as:

(< w >) =Pw)
mu(x) =0 if v(x)>1.

Let now J = fut(x) C I be a subinterval, not necessarily invariant by T'. Put
Xy ={y e X|tut(y) C J}.
Notice that

Pz e J) =P, (X € X;).
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Hence, if we denote by Tx, and Tx the first entrance time of the Markov process X ™

inside, respectively, X ; and {x}, we have that
(10) T=E(Ty)=E,, (Tx,) <E. (T%)-

Our goal will be to estimate the last term in (10) in order to obtain an estimation of
T.

3. The spectral properties of the Markov chain P. In order to be able
to fruitfully use the discrete symbolic viewpoint we first need to recall a number of
concepts from the theory of denumerable chains and to establish a number of specific
results for this particular type of Markov chains.

We refer to [9] for the results that we will use. First we recall few definitions.
Two states x and y are said to be related iff there exist t; and to such that Pfc; >0
and P;,i > 0. P is said to be indecomposable if any pair of states are related to
each other. Moreover, given two states x and y we denote by Hxy the probability of
reaching state y at some time ¢ > 1, starting from the initial probability distribution
0x at t =0, and by Nyy the mean number of times we hit state y, starting from the
initial probability dx, which is the delta probability concentrated on the state x. The

following formula holds true
+00
N=> P
k=0

A state x € X is said to be recurrent iff Hyx = 1, transient otherwise. In a indecom-
posable Markov chain there are only two possibilities: either all states are recurrent,
or all states are transient. In the first case the Markov chain is said to be recurrent.
It can be shown that in the first case Ny, = 400 for every pair of states, while in the
second case Ny, < 400 for every pair of states. Moreover in the recurrent case we
have that H'xy = 1 for every pair of states x and y. Recurrent states can be of two
different types: a state x is said to be positively recurrent if the mean time of its first
return to x is finite, null recurrent if instead it is infinite. Again, in a recurrent inde-
composable chain, either all states are positively or null recurrent. It can be shown
that if P is positively recurrent (namely consisting of positively recurrent states),
then, there exists exactly one invariant probability measure 7y for the Markov chain
P. On the other hand if a Markov chain P admits an invariant probability measure,
then this probability is concentrated on the positively recurrent states; in particular,
if P is indecomposable, then it must necessarily be positively recurrent.

Finally, P is said to be non-cyclic if it is positively recurrent and, moreover, given
any state x, we have that PX_> 0 if k is large enough. If P is non-cyclic, we have

convergence to the unique probability measure. Namely, if 7 is any finite measure,

we have that

lim |[|[P"r — (7-e)mll1 =0,
n—+00
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where e denotes the sequence in [*°(X) identically equal to 1 and where (, ) denotes
the usual duality pairing between ! and 1.

For finite non-cyclic Markov chains the above convergence is of exponential type
and this yields explicit well known formulas to express the mean first entrance time
into a target state. These formulas can be generalized to the case of denumerable
Markov chains as long as we can recover a type of exponential convergence to the
equilibrium probability measure. This of course would hold if we could prove the
following structure on the spectrum of the operator P: 1 is a simple eigenvalue and
the rest of the spectrum is contained inside a ball of radius » < 1. Unfortunately,
in general P will not have such properties at least on the space (}(X). We will
need to work on a smaller subset and use the spectral theorem of Ionescu-Tulcea and
Marinescu recalled below [4].

THEOREM 2. Let (By,||-||) and (Ba,||| - |||) be two Banach spaces with By C By
and By dense in By (for the norm of Bi). Assume also that the unit ball of Bo
is contained in the unit ball of By and it is compact (for the morm of By). Let
P : By — Bj be a linear bounded operator with ||P|| < 1 and P(B2) C By (and
therefore automatically bounded as an operator on By). Assume moreover that there

is an integer q, a number « € [0,1[ and a number 3 > 0 such that
(11) [[[PRl[| < afl[h[l| + BlIAll  Vh € Bs.

Then,

(i) The set o1 of eigenvalues of P of modulus 1 in By is a finite group (in
particular it contains 1). Each of these eigenvalue has a finite dimensional
eigenspace contained inside Bs.

(i) There exist in By finite rank operators Qx for A € o and an operator R such
that |||R"||] < Cy™ where C is a positive constant and v €]0,1[, and such
that for every X\, \' € o1 we have

QxroQx = Qxoxx, QroR=RoQ)=0,

P = Z AQx\ + R.
A€o
An important consequence of the above result is that the spectrum of P in By
is composed of a finite set of eigenvalues on the unit circle (with finite dimensional
eigenspaces) and of another part contained in a disk of radius smaller than 1.
We now introduce a subspace of [*(X) which will play the role of By in the above
theorem. First define, if 7 € I*(X),

= (X 71/()()
V=2 In0l gy

xeX



62 FABIO FAGNANI

Now put
BV(X) = {77 c'(X) | \/7T < —l—oo} .

(The reason of the symbol BV (X) is that this space will play the role of the space
of bounded variation functions when the spectral theorem is directly applied to the
piecewise affine maps [10, 4]).

On the subspace BV(X) we can consider the stronger norm |||7||| = ||=||1 + / 7.
We have the following result:

PROPOSITION 2. If |a| > 2, then, the triple (I*(X),]|-[1), (BV(X),|||-]ll), P)
satisfies the assumption of the Ionescu, Tulcea, and Marinescu theorem.

Proof. In the case when X is finite, everything becomes trivial; from now on we
will thus assume that X is countable. We now fix a bijection of X with N: n +— x,

in such a way that n — v(x,) is increasing. Write

—C)
P P(fut(xy))

ay diverges to +oo for k — +oo. If m € [1(X), we can write

+oo
V=" Im(xi)l o
k=1

The fact that BV(X) is dense inside [*(X) is obvious since sequences in I!(X)
which are definitely equal to zero, are clearly in BV(X). We now prove that the
embedding of BV(X) inside /! (X) is precompact, namely, that any sequence in BV (X)
which is bounded in the norm ||| - |||, contains a convergent (in the sense of || - ||)
subsequence. Let m, be a sequence in BV (X)) such that |||m,||| < M for all n. Since,
in particular, 7, is bounded in the norm ||-||, a standard diagonal technique shows that
there exist a subsequence m,, converging to some sequence m, pointwisely, namely,
for any k& € N we have that limp,_, 4 oo 7y, (X)) — 7(xx). From now on, for the sake of

simplicity of notation we will denote nj, as n. It is easy to see that

+oo
\/7‘(‘ = Z |7 (xp)|ax < M
k=1

so that, in particular, # € BV(X). Notice now that

Tt X () = ()|
> A (xe) = w(xg)| = 0 FmECTERNGR
k=N k=N +’“
(12) < [sup —} 5 ) — ()
k>N k=N

IN

1
sup — | 2M.
LzRaJ
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Fix now € > 0 and choose N in such a way that the last term in (12) is smaller than
€/2. Then choose ng € N such that

N-1
|7mn (k) — m(xk)| < €/2 Yn > ng.
k=1
This implies that
+oo
Z|7Tn(xk) —m(xk)| < e Vn > ng.
k=1

Finally we need to prove inequality (11). Notice that

\ o B(ut(y))
Py = B [ ap(fut ()

Let m € BV(X). We have that

VPr = > |[(Pr)(x )l—P(fut(Zc))
xeX
< 7'('( ]P(fut(x)) v(x)
(13) xgx y;x | )| [a|P(fut(y)) P(fut(x))
= 2 Z \Eru(y)\ Y u(x),
Tal \ P(fut(y)) <€ F(y)
where
Fly)={xeX : tyx =1}.
Put
0 = minP(A)
AeT

and recall that N is the cardinality of Z. Fix moreover v € N and define

X = {yeX|v(y) <v}
(14) X' = {y eX\X?|P(fut(y)) < d/|al}
X" = {y e X\ X?|P(fut(y)) > ¢/|al}

Notice now that all the elements x € F(y) will satisty the condition v(x) = 1 with
exception of utmost two of them for which it will however hold v(x) < v(y) + 1.

Moreover, if y € X/, then, |F(y)| < 2. With these considerations we can now continue
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the estimation (13):

1 _[n(y)
19 1 2 Fhuoy 2 Y™

€Xeo eF(y) yex’ €EF(y)
+ Z I7(y)| Z V(x)
= Pllut(y))
x€F(y)

L v max ()l v
|+ D 2% 5 2, T 2 By @)+

IN

1 Im(y)l |a|
+m > MT(},))(QV(Y)‘FQ)‘F?N > In(y)

_yEX” yeX
2(1+1/v) 1 v+1 1
TV (5 + 50 e iy ) Il

2(1+1 1
= Mmﬂm +N <_ +
|a| é

IN

v+1 1
o B )
To complete the proof it is now sufficient to notice that since |a| > 2, then there
exists v € N such that

2041/v) _
|al '

O
In the case when 1 is a simple eigenvalue and there is no other eigenvalue on

the unit circle, the decomposition of the transition probability operator P assumes a
particular simple form. The projection operator )7 on the subspace generated by mg
takes the form Qim = (7 - e)mg. We thus have

P=0Q+R,
where
IRl < Cy"
for some C' > 0 and « € [0,1]. This implies that, if 7 € BV(X), we have that
[P — Qurl|| < C"[[|[ll],

namely, exponential convergence to the invariant measure.
Non-cyclicity is the property needed to have such a spectral structure:
PROPOSITION 3. Assume that the Markov chain is non-cyclic. Then, there exists
exactly one mg € BV(X) which is a probability measure and such that Pmg = mo.

Moreover, P does not have any further eigenvalue on the unit circle.
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Proof. First part follows from previous considerations on non-cyclic Markov
chains. To prove the last assertion, recall that P"r — Q7 in norm [' for every
7 € [1(X). This immediately shows that there can not be either eigenvalues of norm

equal to 1. n

4. Expected entrance times for non-cyclic Markov chains. Consider the
Markov chain (P, X) associated with (I',Z). Assume the Markov chain to be non-
cyclic. Let m € BV(X) and let X,, = X7 be the Markov process on the set of states
X with initial distribution 7 as defined above. Let X € X be a fixed target state. We
want to give estimations of E(T%k).

It follows from Proposition 3 and previous considerations that there exists a one-
dimensional projection operator Q1 : I*(X) — I*(X) defined by Q7 = (7 -e)m, where
7o is the only invariant probability measure for P (with mo(x) > 0 for every x € X),
numbers C' > 0 and « € (0, 1) such that for every 7 € BV(X) we have

(16) I[P — Qurl|| < C*[[|=|l]  Vn €N,

Standard considerations show that, if # € BV(X), then

+oo +oo
> [P —mo(®)] =) [(Pr)g — mo(X)]
(17) E,(Tx) = »= (*f)o
To(X

It follows from (16) that the numerator of (17) can be bounded above by

Cc
77— (o=l =+ {1l

On the other hand, we have that

lolll < =224y

P(futx)
(we recall that 0% is the probability measure concentrated on the state x). We thus
obtain
c v(x)
ey T L]
E.(Ty) < 1 -~ | P(fut(x)
mo(x)

The above formula presents a number of problems: in particular, it is not clear if the
numerator can be bounded by a constant. To overcome these difficulties we will take
a slightly different road and we will work with the family of Markov chains associated
with the family of partitions Z"*! and we will concentrate on particular subsets of
their respective principal states. It can be shown that the set of states Xz-+1 can be
identified with the subset of X7 consisting of the (r + 1)-uples (xo,...,X,) such
that the word xq - - - x,, € ¥*(I", Z), equivalently such that

fut(xo) N T (fut(x1) N --- N T " (fut(x,) # 0)).
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Moreover, we have that
fut(xo, . .., %) = fut(xg) N T~ (fut(x1)) N--- NI " (fut(x,)) .
The transition probability is given by

P,,.xr ika:yk+1 IfZO,...,T—].
(18) Plxosoxs) s (yoseyr) = Y .
0 otherwise.

It is a standard fact that this new Markov chain is still non-cyclic. If 7 € I*(X), define
7 € [H(X 1) by

W(T)(Xoa s Xp) = T(X0) Pregxy Prixes =+ P _yx,. -
It is easy to see that the unique invariant probability measure is given by w(()r). More-
over, we have that

BV(X™1) = {7z ¢ I4(X"*1) | 7 € BV(X)}.
Fix now as initial probability measure 7("). The associated Markovian process X7 ™
is simply the (r + 1)-th power of the Markovian process X,,. Namely,

() T ™
X =X X LX)
Fix
X = (X0,%X1, "+ ,Xr) € X",

We will still have exponential convergence to the invariant probability measure so

that we can use the same formula (17) to calculate the expected entrance time of the

Markov process X,’:(T) in the state X. We obtain

Ji {(P(T)) — Wt()r) (g)} — Jf Kp(r))"w(r))f _ Wér)(i)

(19) B (Tx) = =2 y
" (%)

Simple algebraic manipulation permits to transform (19) into

n

(20)
r—1 r—1
S [(P7) ~m @] =X [(P7) 7 - )
E.o)(Te) = 2=0 syn n
Ty (X)

o0 +00
Z (P2 x, — m0(Xo)] — Z [(P"T)%, — m0(Xo)]

+ =0 =0

mo(Xo)

r—1 +00 +oo

INA
3
Il
o

+
3
Il
)
3
Il
)
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We will assume that the state X belongs to the following subclass of principal states:
XU — (%0, %1, %) € X' R0, %, € Xp, Pz, >0h=0,...,r—1}.
Define
91 = min{my(Xo) | Xo € Xp} 02 = min{P(fut(Xop)) | Xo € Xp}.

We then obtain, using (16), that the second fraction in (20) can be bounded by a

constant only depending on 7 as follows

+oo —+oo

> PR s —m0(Xo)] = D (P )z, — m0(X0)] c
n=0 n=0 -1
— §51(1_7) (67t + 1+ [lf=ll] -

It remains to be shown that the numerator of the first fraction can also be bounded
by a constant. In order to see this, we first need to develop some combinatorics. Given

a vector (Xo,X1, -+ ,X,) € X" 7! we define the set of its periods as
Q(ioailv"' air) = {neN\{O};|in+k = X, k:()v"'?T_n}'

If 9(Xo,X1, - ,X,) is empty, we will say that the vector is aperiodic. If it is not

empty, we define the first principal period as

n1 = min Q(Xo, X1, ,Xp)-

A vector having principal period equal to 71 consists of s; equal consecutive blocks

of length my:
(21) (X0, X1, Xm; 1)
and an eventual final one of length r < 7:
(22) (X0, X1, 1 Xpy 1) -
We thus have
r=s8ny+ry, r<ni.

Clearly,

{m1,2m,...,91m1} € Q(X0,X1," ", Xp).
Consider now the last block (22) and let 75 be its first principal period. We will have

1 = SaMg + T2, T2 < Ma.



68 FABIO FAGNANI

Going on in this way, we finally determine positive integers, 71, o, . . ., 7 (called prin-
cipal periods) and s1, g, ..., s; called multiplicities) having the following properties:
k
(23) 0<r—> sn; <, k=1,...1
j=1
k—1
(24) QX0, X1, ,Xp) = Zsjﬁj+sﬁk|1§k§10§j§sk
j=1

Notice that in (24) for kK = [ we may have equality or strict inequality: this last case
happen when, following the procedure above illustrated, at a certain point we end up

with an aperiodic block. We are now ready to begin the estimation of the numerator

of the first addend of (20). Assume that X = (Xo,X1, - ,X,) has principal vectors
ny,No, . ..,n; and multiplicities s1, s2,...,s;. We then have

r—1 n n I sp—1 (kil SiﬁiJrjﬁk)
(25) 3 (p(r))_ =y (p(r))_ =3 (p(r)) = ,

n=0 nepP k=1 j=0

We now need to estimate the right hand side inner summation. Notice that, if j > 0,

] —T 7 =1 o :
Jm U (PR, Pae,s i1 >0

(26) (P) " <

Prx, (PT) P it 1 = 0.
More generally, we obtain, if 7 > 0,
(27)

(£)
Pﬁk—m-i-l Pk i1 Pre (P(T)) =t o if 0
(kil s,-erjm) Xrxo X0xo Xoxr > e
i=1 <

=0 =0 XX
where
Pt pri_ if 1, >0
XrX0o XoXp? k
(29) ap —
Py %, PT* if 7, = 0.

XrXo" XX,
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In any case we can estimate «j as follows

(30) o < PRt

XoXo *

By induction, using (25) and (28), we thus obtain

r—1 n s1—2
r n J
Z (P( )>ﬁ S |t Z (Pfolfo)
n=0 j=0
m sl 22 T 7y \S2-1
(31) + a1 (Piofo) 1 T Z Pxoxo + @2 (Pxoxo) [ ’ ]

We now make use the following simple lemma.
LEMMA 1. There exists ¢ € (0,1) such that

P <q, Yn>1,V¥xy€Xp.

X0,%0
Proof. Notice that P2 <, — To (Xo) < 1 for any Xp € Xp. Hence, if we fix
q € (max{m(X) | X € Xp}, 1)
we have that, if n is sufficiently large,

Pz <q VEQEXP.

X0, xo

Notice now that if Pg - =1 for some ¢ and some n > 1, then, P,’f;’x() =1 for every
k € N and this is impossible for previous considerations. This implies the result.
We are now ready to prove the key result.

PROPOSITION 4.

r—1
$ (P(’“));x <(1-gt vxex®.
n=0

Proof. Since ay, < g and Piﬁo Y, < ¢ for every k, it follows from (31) that

r—1 so—1

> (P (’“)) Zq +q jzzjoq”rq”

n=0

It remains to be shown that the above right hand side expression in ¢ is smaller
than (1 — ¢)~!. This can be proven by induction on I. Call 3(s1,---,s;) the above

expression. If [ =1 we have that

—Y <-g
7=0

Assume it to hold for [ — 1 and notice that

8171

= J 4 g% < .
ﬁ(sla ;Sl) Z ¢ +q 5(527 ,Sl) = 1_q 1_q 1_q
7=0
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O
We thus obtain the following result.

COROLLARY 1. For every m € BV(X), there exist constants A, B > 0 such that

A
E.m»(Tk) < = + B
o (X)
for every x € Xg) and for every r. Moreover, A can be chosen to be independent of
m, while B can be chosen of the type B = By + Bsl||7||| with By and Ba constants

independent of .

4.1. Proof of the main Theorem. As a concrete application of the bound we
have found, we now prove Theorem 1.

Consider the piecewise affine map I" on [—1, 1] defined in (5). Let (X, P) be the
Markov chain associated with I and with the canonical partition. The principal states
< I, > with |k| <k, will be called central states; notice that from any central state
there is a non-zero probability edge to any other principal state.

We now prove the following result.

PROPOSITION 5. If |a| > 2, the Markov chain (X, P) associated with T' on [—1,1]
and with the canonical partition is non-cyclic.

Proof. First, we show that given any x; € X, there is a non-zero probability path
in the direct graph on X which connects the state x; to a central state. Notice that if
there are more than two edges exiting x, then, from the one-dimensional structure of
T, it follows that one of them will surely lead to a central state. If there are one or two
exiting edges, then for sure we can find a state xs such that x;x5 is a possible path and
fut(xz2) > (Ja|/2)fut(x1). Since |a| > 2, it easily follows, by an inductive argument,
that there must be a path in the graph x;xs - - - X, with x,, central state. Notice now
that, since from x,, we can reach in one step every other principal state and since by

definition any state is reachable in a finite number of steps by some principal state

it follows that the chain is indecomposable. Moreover, since P,’fx > 0 for every
k € N and there exists m € N such that P,’fmxl > (0. We obtain that P,’fhxl > 0 for

every k > n + m. To prove that the chain is non-cyclic it only remains to be proven
that it is positively recurrent. Since, invariant probability measures surely exist, it
is actually sufficient to prove that it is recurrent. This will be done by showing that
Ny = +oo for any pair of states x,y € X (we recall that the matrix N has been

defined in Section 3). Recall the decomposition

P= Z/\Q,\-FR.

A€o

Since o7 is a finite group, we have that there exists ng € N such that

PFro — Q4+ RF0 . vk eN,
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where we have posed
Q=) Qxr.
A€oy

Fix any pair of states xg,yo € X such that Qx,,y, 7 0. We thus obtain

n—-+oo +oo

n
lim >°PAS, = im0+ ), + RES, ] = o
k=0

This implies that necessarily
n n
. k . k
xo,yo = lim Z Pl yo = lim ZPXQ‘;O =+400.

n—-+oo
k= k=0

Hence, Ny,,y, = +00. Since the chain is indecomposable, it follows that Ny, = 400

for any x,y € X. This completes the proof. 0
Consider now the principal state < Iy > and notice that I'ly O Iy. Hence, the

(r+1)-uple < Iy >< Iy >--- < Iy > isin Xgﬂ). Notice moreover, that

fut(< Ip >< Iy > <Ip>)=I,NT ) N---NT7"(Ip)
= (—al =+, a0

Using Corollary 1, we obtain

A
<Ip><Io>---<Ip>)

E(T(—ja|-c41 jo)-c1)) < E o (T<ty><io>-<lo>) < O
u 0

+ B = -+ B.

A A
mo(<Io>)(P<rg><19>)" mo(<Io>)lal ="

. Ine !
~ | Inla| |-

Clearly, (—|a|~"*1 [a|=("FD) C (—¢,€) and

Fix now any ¢ > 0 and choose

A
E(T—c) < E(T(—ja-c+0,ja-+1)) € sorzrosyar= + B

A _ A 1
< _Ine—l +B= mo(<Io>)|al € +B.
mo(<Io>)|a| ™™lal

Corollary 1 shows that A and B only depend on the Markov chain P but not on e.

From this, Theorem 1 immediately follows.
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