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Abstract. The object of this paper is to introduce the new family of cracked sets which yields
a compactness result in the W1P-topology associated with the oriented distance function and to
give an original application to the celebrated image segmentation problem formulated by Mumford
and Shah [21]. The originality of the approach is that it does not require a penalization term on
the length of the segmentation and that, within the set of solutions, there exists one with minimum
density perimeter as defined by Bucur and Zolésio in [3]. This theory can also handle N-dimensional
images. The paper is completed with several variations of the problem with or without a penalization
term on the length of the segmentation. In particular, it revisits and recasts the earlier existence
theorem of Bucur and Zolésio [3] for sets with a uniform bound or a penalization term on the density

perimeter in the W1P-framework.

1. Introduction. The object of this paper is to introduce the new family of
cracked sets which yields a compactness theorem in the W1P-topology associated with
the oriented distance function' and to give an original application to the celebrated
image segmentation problem formulated by Mumford and Shah [21]. The originality
of our approach is that it does not require a penalization term on the length of the
segmentation and that, within the set of solutions, there exists one with minimum
density perimeter as defined by Bucur and Zolésio in [3]. The paper is completed
with several variations of the problem with or without a penalization term on the
length of the segmentation. In particular we revisit and recast the earlier existence
theorem of [3] in the W!P-framework. The theory is not limited to 2D problems
and can handle N-dimensional images. Cracked sets form a very rich family of sets
with a huge potential that is not fully exploited in the image segmentation problem.
Indeed they can not only be used to partition the frame of an image, but also to
detect isolated cracks and points provided an objective function sharper than the one
of Mumford and Shah be used. For instance, in view of the connection between image
segmentation and fracture theory [1], the theory may have potential applications in

problems related to the detection of fractures or cracks or fracture branching and
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L Also referred to as the algebraic or signed distance function.
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segmentation in geomaterials [2], but this is way beyond the scope of this paper.
Some initial considerations about the numerical approximation of cracked sets can be
found in [13].

In problems where the shape or the geometry is a design, control, or identification
variable, metrics are used to measure the distance between objects, to specify topolo-
gies to make sense of continuity and compactness, and to obtain meaningful optimality
conditions. From the purely theoretical viewpoint it is now becoming clear that the
metric constructed from the W1P-norm? on the oriented distance function (signed
or algebraic distance function) is playing a central and natural role in the analysis of
such problems. For instance, convergence and compactness in that topology imply
the same properties in all other topologies constructed from distance functions to or
characteristic functions of a set, its complement, or its boundary. Earlier compactness
results using the uniform cone property or the density perimeter or more recent ones
using the uniform cusp property also hold in the finer WP-topology (cf. [6, 7, 8] and
the recent book [11] for an extensive analysis of metrics on subsets of the Euclidean
space). In addition, it also plays a key role in other geometric identification problems
and the characterization of the space of solutions of the evolution equation of the
oriented distance function for initial sets with thin boundary evolving in a velocity
field [12].

In § 2 we review the definitions, properties, and the metrics associated with the
oriented distance function. In § 3 we review the sets with finite h-density perimeter
and introduce the new families of cracked sets. We give the associated compactness
theorems in the strong W!P-metric topology on the oriented distance function. In § 4
we discuss the formulation (§ 4.1) of the N-dimensional image segmentation problem
and give the main existence theorem for cracked sets without penalization term or
bound on the perimeter (§ 4.2). § 4.3 makes use of the h-density perimeter which
is a relaxation of the (N — 1)-dimensional upper Minkowski content in two ways:
an example of a segmentation whose solution has two open connected parts but an
interface of infinite length; and a complement to the existence theorem of § 4.2 by
proving that among all the solutions there is one with minimum h-density perimeter.
In § 4.4 we go back to the formulation of Bucur and Zolésio with respect to the family
of sets with a bounded h-density perimeter. We give an existence theorem in the
case of a uniform bound and no penalization term and in the case of a penalization
term and no uniform bound on their perimeter. Finally, as a corollary, we give the
existence for those two cases within the family of cracked sets.

In this paper the words set, image, and object will be used equivalently.

NoTATION 1.1. Given an integer N > 1, my and Hy_1 will denote the N-

dimensional Lebesque and (N —1)-dimensional Hausdorff measures. The inner product

2This topology was introduced in [9, 10] and further investigated in [11].
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and the norm in RN will be written x-y and |z|. The complement {x eERN x4 Q}
and the boundary Q nCQ of a subset Q of RN will be respectively denoted by CQ or
RN\Q and by 00 or T'. The distance function da(x) from a point x to a subset
A # @ of RN is defined as inf{|y — x| : y € A}.

2. Oriented distance function and its properties.

2.1. Definitions and properties. Given a subset  of RN with boundary

T" £ @, the oriented distance function is defined as

(2.1) bo(z) = do(x) — dpq ().

There is a one-to-one correspondence between by and the equivalence class
(2.2) [ €LY CRY i " =T and @ =0} = {Q C RV : b = bo}.
In general

dg = do < dintq and dg;, 0 = dﬁ = dpq < dgg.»

but we only have
bg < bg < binta-

where int Q and Q are the interior and closure of Q. For convex sets we have bg = ba;
for sets verifying the uniform segment property® we have bg = bg = bingo. When Qis
a closed submanifold of RN of codimension greater or equal to one, then Q = I" and
bo = dq = dr.

The terminology and the notation emphasize the fact that Vbg coincides with
the exterior normal to the boundary (when it exists). The function b offers definite
conceptual and technical advantages over the function dg and makes it possible to
simultaneously deal with open N-dimensional subsets and embedded submanifolds of
RY in the same framework. In the literature, it usually appears as the distance to
the boundary dr with a change of sign across the boundary and is referred to as the
algebraic or signed distance function. Definition (2.1) and the associated equivalence
classes seem to have been first introduced in 1994 in [9]. The function by captures
many of the geometric properties of the set €2. For instance, in 1994 it was showed
in [9, 11] that the property that Q is convez if and only if dg is convex remains true
with bg in place of dg.

The function bg is Lipschitz continuous of constant 1, and Vb exists and |Vbg| <
1 almost everywhere in RN. Thus bg € Wl’p(RN) for all p, 1 < p < oo. The points

loc
3Q) is said to satisfy the uniform segment property if
Jr >0, IX > 0 such that Vo € T, Id e RV, |d| = 1,

for which for all y € Br(z) N Q, (y,y + Ad) C int Q.
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of RN where the gradient of by does not exist can be divided into two categories: the
ones on the boundary I' and the ones outside of T'.

DEFINITION 2.1. The set of projections of a point x € RN onto the boundary T
of a set U, ' # &,

ef
Mr(2) < {p € RY - [bo(a)| = |p — [}
since |ba(z)| = dr(z); the skeleton of Q

def

(2.3) Sk(Q) = {z € RN : IIp(z) is not a singleton}

(by definition Sk(Q) C RN\T'); the set of cracks of
C(0) def {z e RN : Vb3 (z) exists but Vbg(x) does not ewist} .

The terminology crack is used here in a very broad sense. C(2) can contain
subsets of arbitrary co-dimension. In dimension N = 2 the corners along a piecewise
smooth boundary belong to C(2). We recall basic properties.

THEOREM 2.1. Let Q be a subset of RN with I # @.

(i) For all x € T, Vb3 (z) exists and Vb3 (x) = 0; for all x ¢ T

Vbg(z) exists <= Vba(z) ezists .
Hence Vbq(x) exists if and only if x ¢ Sk(Q2) UC(R2). Moreover
Sk(Q) = {z € RN : Vb3 (z) does not ewist}

and Sk(Q2) € RN\T and C(Q) C T have zero my-measure.
(i) The projection pr(z) of a point x ¢ Sk(Q2) onto the boundary T of Q is given
in terms of b

1
(2.4) pr(z) =x — §Vb?z(x) =z — ba(x) Vba(x).
(iii) The Hadamard semi-derivative* of b2 always exists
(2.5) Vo € RN, dgbd(z;v) =2 min (z—p)-v.
p€llr(z)

(iv) For all points x ¢ T, the Hadamard semiderivative of bq exists and

1
2.6 Vo e RN, dpbo(x;v) = —— mi —p)-v.
(2.6) v rba(z;v) bol®) pelglrr(lx)(x p)-v

For all points x € T, dgbq(x;v) exists if and only if

bo(x + tv)

(2.7) Yo e RN, lim exists.
t\.0

Proof. (i) and (ii) Cf. [11], Chapter 5, Theorem 4.4 and Chapter 8 § 5, § 2, § 3,
and p. 369). (iii) Cf. [11], Theorem 3.1 (iii), p. 164. (iv) Obvious. 0

4A function f: RN — R has a Hadamard semi-derivative in z in the direction v if
def . flz+tw) — f(@)
d : = 1 —_ 7 ‘-7

af(x;v) Jim ;

w—v

exists

(cf [11], Chapter 8, Definition 2.1 (ii)).
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2.2. Strong, weak, and uniform metric topologies.

2.2.1. Definitions and sets with thin boundary. DEFINITION 2.2.

(i) The boundary T of a subset Q of RN is said to be thin® if my(T) = 0;
otherwise it is said to be thick.

(ii) Given a nonempty subset D of RN, define the families

(2.8) Cy(D) L {bo: QC D and T # 2}

(2.9) (D) ¥ {by € C(D) : my(T) =0}.

The space CP(D) corresponds to the subfamily of subsets of RN with a thin

boundary that is a more natural family than the family Cy(D) in applications.

2.2.2. Strong metric topologies. In this paper we specialize to the following

complete metrics® associated with bg over the subsets of a bounded open hold-all D

def

(2.10) pco) (2], 19) = lbor — ballop) = max [bor () — ba ()]

def

pWLP(D)([Q/]v [Q]) = Hbﬂ’ - bQHWW(D)

(2.11) 1/p
= {/ |be - bQ|p + |VbQ/ — VbQ|p dx} .
D

The space Cp(D) is a complete metric space for the metrics (2.10) and (2.11), but the
space CP(D) is complete only with respect to the metric (2.11) (e.g. [11], Chapter 5)".
The metric (2.10) is the analogue with bq of the Hausdorff metric defined from dq. For
the purpose of the paper we shall use the convenient terminology Hausdorff metric,
but it should be remembered that this metric with bg is different from the classical
Hausdorff metric with dg. The W!P-topologies are all equivalent for 1 < p < oo (cf.
[11] Theorem 5.1, Chapter 5, p. 226).

2.2.3. Weak W'? and Hausdorff metric topologies. C,(D) is also com-
plete for the weak W!'P-topologies which are also all equivalent for 1 < p < co. The
weak W1P-convergence of sequences of oriented distance functions is equivalent to
the strong convergence in the C(D)-topology of uniform convergence (cf. [11] Theo-
rem 5.2 (i)-(ii), Chapter 5, p. 228).

For sets with thin boundaries the strong and weak W1'P(D)-convergences of ele-
ments of CY(D) to an element of CP (D) are equivalent.

LEMMA 2.1. Given a bounded open subset D of RN, let {Q,} be a sequence of
subsets of D such that T, # @ and m(T,) = 0. Further assume that there exists

5This terminology is not to be confused with the one of thin set in Capacity Theory.

60ther complete metrics can be defined with dq, dpg, dr in place of bq.

"The completeness of the metric (2.10) is not a trivial consequence of the classical proof in
[14] of the completeness of the Hausdorff metric associated with dg. To our best knowledge the
metrics (2.10) and (2.11) were first introduced by [9] in 1994.
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Q C D such that T # @ and m(T') = 0. Then
ba, — bo in Wh2(D)-weak = bg, — b in W'2(D)-strong,

and hence in WYP(D)-strong for all p, 1 < p < co.

Proof. Same proof as in part (ii) of the proof of Theorem 10.1 in [11]. Since, for
alln > 1, m(T),) =0 =m(T), |Vba| =1 = |Vbq, | almost everywhere in D (cf. [11],
Theorem 3.2, p. 215). As a result

/ |Van - VbQ|2d.23 :/ |Van
D D

22/(1—Vb9n-ng)dl‘—>2/(1—|VbQ|2)dl‘=2/ xrdzr = 0.
D D D

2 4 |Vbg|? — 2Vbg, - Vbg dz

Therefore Vbg, — Vbq in L?(D)N-strong and b, — bg in W12(D)-strong, since
the convergence by, — b in L%(D)-strong follows from the weak convergence in
W12(D). The convergence in W1P(D)-strong follows from the equivalence of the
topologies on Cy(D) (cf. [11]. Chapter 5, Theorem 5.1 (i)). 0

2.2.4. Other metric topologies. The following theorem is central. It shows
that convergence and compactness in the metric py1.»(py will imply the same prop-
erties in all other topologies (cf. [11], Theorem 5.1, Chapter 5, p. 226). Recall that
by = da, by = dgg, and |bo| = dr, and that Xinto = |Vdgal, Xinco = |Vdal, and
xr =1 —|Vdr| a.e. in RN.

THEOREM 2.2. Let D be a bounded open subset of RN. The map

(2.12)  bo — (b, bg, Ibal) = (da,dgg, doq) = Cy(D) C WHP(D) — WP (D)?
and for all p, 1 < p < oo, the map

bo — (xo0, Xint @, Xinsea): WP (D) — LP(D)?
are continuous.

3. Some families of sets. In this section we review families of sets and their
properties that will be used in the paper: the sets with a finite density perimeter and
the new cracked sets. We give the main associated compactness theorems to deal with
the existence of minimizing solutions in § 4.

NOTATION 3.1. Given h > 0 the open and closed tubular neighborhoods of a set
A are defined as

(3.1) Un(A) ' {z e RY : da(x) <h} A, & {zeRN : da(zx) <h}.

Recalling that dp(x) = |ba(z)| we also have Up(T) = {z € RN : |bo(x)| < h}.
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3.1. Sets with finite density perimeter. This family of sets introduced in
1996 by Bucur and Zolésio [3] is based on a relaxation of the (N — 1)-dimensional
upper Minkowski content which leads to the compactness Theorem 3.1. We recall
the definition and give the proof of the compactness for the WP-topology under a
uniform bound on the h-density perimeter.

DEFINITION 3.1. Let h > 0 be a fized real and Q a subset of RN with nonempty
boundary I'. Consider the quotient

(3.2) Po(T) % gup N (Uk(D)
0<k<h 2k
Whenever Py, (T') is finite, we say that 0 has a finite h-density perimeter.

It was shown in [3] that, whenever P,(T') is finite, for all 0 < &k < h, I' C
Uk(T') and m(T") < m(Ug(T')) < ke. By letting k go to zero we get m(I') = 0. The
compactness result of [3] can now be sharpened and recast in the W1 P-topology from
which convergence in all other topologies of Theorem 2.2 follows. We also recover the
lower semicontinuity of the h-density perimeter.

THEOREM 3.1. Let D # & be a bounded open subset of RN and {Q,}, T, # 2,

be a sequence of subsets of D. Assume that
(3.3) 3h > 0 and ¢ > 0 such that Vn, Py(T,) <ec.

Then there exist a subsequence {Q,,} and a subset Q, T # @, of D such that

(3.4) P, (T") <liminf P,(T'y) < ¢
(3.5) Vp, 1 <p<oo, bq, — by in WHP(Uy(D))-strong.

np

Proof. The proof essentially rests on Lemmas 2.1 and the fact that P,(T") < ¢
implies my(I") = 0. Since D is bounded, the family of oriented distance functions
Cy(D) is compact in C(D) and WP(D)-weak for all p, 1 < p < oo (cf. [11], The-
orem 2.2 (ii), p. 210, and Theorem 5.2 (iii), p. 228). So there exist b € Cy(D)
and a subsequence, still indexed by n, such that bg, — bq in the above topologies.
Moreover, for all k, 0 < k < h,and alle, 0 < e < h — k,

AN (e) > 0 such that Vn > N(e), Ug_c(T'y) C Up(T') C Upse(T'y)

(cf. proof of part (i) of Theorem 9.2 in [11], p. 251). As a result for all n > N (¢),

mN(Uk,E(Fn)) k—e¢ < mN(Uk(F)) mN(Uk+€(Fn)) k+e < k+e

2h—e) k= 2k = 2+ kK -°F
mN(Uk(F)) mN(Uk E(Fn))k+5 k+e
TR 2(/4:15) p S b=
(3.6) _, v (U(T) limianh(Fn)k+E.

2k n—oo k
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Going to the limit as € goes to zero in the second and fourth terms

I
%Ij()) <liminf P, (T,,) < ¢

= P(T') <liminf P, (T';)) < c= my () =0.

n—oo

Vk, 0 <k < h,

The theorem now follows from the fact that my (") = 0 and Lemma 2.1. 0
COROLLARY 3.1. Let D # @ be a bounded open subset of RN and Q, T # @, be
a subset of D such that

(3.7) 3h > 0 and ¢ > 0 such that P,(T) < c.

Then the mapping bo — Pp(I") : Cp(D) — RU{+00} is lower semicontinuous in §
for the WYP(D)-topology.

Proof. Since we have a metric topology, it is sufficient to prove the property for
WbP(D)-converging sequences {bq, } to bg. From that point on the argument is the
same as the one used to get (3.6) in the proof of Theorem 3.1 after the extraction of
the subsequence. 0

REMARK 3.1. It is important to notice that even if {Q,} is a WP-convergent
sequence of bounded open subsets of RN with a uniformly bounded perimeter, the limit
set Q) need not be an open set or have a nonempty interior int Q such that bg = bint -
It would be tempting to say that bq, — b implies dgg  — dgg and use the open set
int = CCQ for which dpg = dpine o to conclude that bg = bingq. This is incorrect as

can be seen on the following example shown in Figure 1. Consider a family {Q,} of

Fig. 1. WYP-convergence of a sequence of open subsets {Qn : n > 1} of R? with uniformly

bounded density perimeter to a set with empty interior

open rectangles in R? of width equal to 1 and height 1/n, n > 1, an integer. Their
density perimeter is bounded by 4 and the b, ’s converge to bq for Q0 equal to the line

of length 1 which has no interior.

3.2. The new families of cracked sets. In this section we introduce new
families of thin sets which are well-suited for image segmentation. They are more
general than sets which are locally the epigraph of a continuous function in the sense
that they include domains with cracks, and sets that can be made up of components

of different co-dimensions. The Hausdorff (N — 1) measure of their boundary is not
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necessarily finite. Yet compact families (in the W!P-topology) of such sets can be
constructed.

First recall the following definitions of the liminf and limsup for the following
differential quotient of a function f : V(z) ¢ RN — R defined in a neighborhood
V(z) of a point z € RN in the direction d € RN

fo+td) — £(2) aor Jw+td) - [(2)

lim inf lim inf
N0 t SN0 0<t<s t
td) — td) —
oy L@ D) = F@) et 1) f(a)
\0 t N0 o<t<s t
t - ef .. . t —
lim inf flz+tw) - f(z) def lim inf fz+tw) - f(z)
t\0 t SN0 0<t<$ t
w—d \w—d|RN<5
(t,w)#(0,v)
tw) — tw) —
oy L@ E0) = F@) et ok tw) = fla)
N0 t ONO - o<t<s t
w—d ‘U)—d|RN<(S
(t,w)#(0,v)

They are lower and upper semiderivatives® of the Dini type. However we shall not
introduce a new notation since the liminf and limsup are more explicit.

DEFINITION 3.2.

(i) A set Q in RN, T # @, is said to be weakly cracked if

d t
(38)  VoelD 3deRN, [d =1, such that limsup TETI) ¢
o
(ii) A set Q in RN, T' # @, is said to be cracked if
d td
(39)  Vael 3deR™ |d =1, such that liminf dr(z +td) _

(iii) A set Q in RN, T # @, is said to be strongly cracked® if

dr(z + td)

> 0.
2|

(3.10) Vr €T, 3dec RN, |d =1, such that lim inf

Strongly cracked implies cracked, and cracked implies weakly cracked since

lim inf M < lim inf w
t\,0 t t\,0 t
w—d
d td d t
< limsup TEFD ) qup T FH0).
N0 t N0 t

w—d

8Note that the (t,d), 0 < t < 8, is allowed in the inf and the sup of the last two definitions and
the constraint (¢, w) # (0,v) can be removed.
9Here the definition is
td) — td) —
limint L&D = F(@) det ooy fl@ttd) = f(z)
t—0 [t] SN0 0<[t|<s t
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The special terminology of Definition 3.2 is motivated by the fact that the boundary
of such a set has zero N-dimensional Lebesgue measure (cf. Lemma 3.1) and can be

made up of cusps, points, cracks or hairs as shown in Figure 2. This terminology is

Fic. 2. Example of a two-dimensional strongly cracked set

introduced here to provide an intuitive description of the sets.

The weakly cracked property is verified in any point of the boundary where the
gradient of dr does not exist; in boundary points where the gradient exists it is not
identically 0. This is a very large family of sets that includes domains which are
locally the epigraph of a continuous function. There are obvious variations of the
above definitions and the forthcoming compactness Theorem 3.2 by replacing dr by
dq, dgq or bq.

LEMMA 3.1. Let Q, T # @, be a subset of RN, x € T, and d, |d| = 1, be a

direction in RN. If the semiderivative ddr(x;d) does not exist then

. dr(z + tw

lim sup M > 0.
N0 t
w—d

Proof. Since the function dr is Lipschitzian, the limit of the quotient

ddp (x; d) def }{% dr(z + tdt) —dr(z)

exists if and only if the limit of the quotient

lim dF (il,' + tw) — dp ((E)
t\.0 t

w—d

exists (cf [11], Chapter 8, Theorem 2.1(i)). Moreover, by the Lipschitz continuity,

dr (v + tw) — dr(z)
t

= [w] —|d|

o
< | —

and hence the liminf and the limsup of the quotient exist and are finite.
For x € I dr(z) = 0. Therefore ddr(z;d) does not exists if and only if

d t d t
limsup LEFI) i g 0@ F10)
N t t\.0 t

w—d w—d

>0



THE NEW FAMILY OF CRACKED SETS 39

since the last term is nonnegative. This completes the proof. n
THEOREM 3.2.
(i) A weakly cracked set Q is thin, that is m(I") = 0, and

I C int QU int CQ.

Moreover in any point x € T either Vbq(z) exists and is different from zero
or Vbq(z) does not exists (set of cracks).

(ii) Given a cracked set ), for each x € T there ezists a direction d € RN, |d| = 1,
such that

1> 0(z) ¥ lim inf dr(z+td)

t\,0 t
and for all e, 0 < e < £(x), there exists § > 0 such that

Vt,0 <t <6, dr(z+td) > l(x)—e)t
= 2+ C(§cosw,w,d) C RN\T, sinw=£(z) —¢, 0 <w < 7/2
(C(A\,w,d) is the open cone in 0 of direction d, height A and aperture w ).

(iii) Given a strongly cracked set 2, for each x € T' there exists a direction d € RN,
|d| =1, such that

1> () 4 im inf dr(z +td) >0

t—0 |t|
and for all e, 0 < € < £(x), there exists § > 0 such that
Vt, 0 < |t| <8, dr(z+td) > ((x)—e)lt
= 24+ C(dcosw,w,d) C RN\T', sinw=£(z) —¢,0 <w < 7/2.

Proof. (i) We already know that Vdr exists almost everywhere in RN and that,

whenever it exists,

0, ifxel
1, ife gl

|Vdr(z)| =

(cf. [11], Chapter 4, Theorem 3.2 (i)). Therefore if Vdr(z) exists in a point x € T,
Vdr(z) =0 and for all d, |d| =1,

d t d tw) —d
lim sup drlw + tw) = lim sup p(z + tw) - dr(z) =Vdr(z)-d=0
t\0 t t\0 t
w—d w—d

which contradicts the weakly cracked property. Hence the points of I" are points where
Vdr () does not exist which is itself a set of zero measure. Moreover, if Vbq(x) exists
in a point & € 92, then bg(x) = 0 and for all d, |d| =1,
b t b tw) — b
lim 79(56 + tw) = lim o+ tw) — bo(2)
t\.0 t t\.0 t

w—d w—d

= VbQ (:L‘) -d.



40 MICHEL C. DELFOUR AND JEAN-PAUL ZOLESIO

If Vbo(z) = 0, then for all d

b t b tw) — b
i 2@t bal@d ) Zbel) Gy g g
t\.0 t t\.0 t
w—d w—d
o dr(z +tw) i bQ(x—i—tw)‘_O
t\.0 t t\0 t
w—d w—d

and Vdaq(z) = 0 which contradicts our assumption. Therefore if Vbg(z) exists in a
point x € 99, Vbg(z) # 0. For any x € I introduce the notation

/(z) 4f im sup 7d1~ (@ + tw) .

t\0

w—d

By assumption £(x) > 0 and for all § > 0

- d t

U(a) < sup M
0<t<é 3
lw—d|<d

Hence there exist sequences {t,}, t, — 0, and {w,}, w, — d, such that

(2)/2 < dr (z + tpwn,)

0<? < - = R\I's 2, @2 +thw, >

and necessarily I' C int Q U int CQ C int Q U int €.

(ii) Given a cracked set €, for each z € T there exists a direction d € RN, |d| = 1,
such that
d td
r(.l? + ) >

U(x) L Jim inf
N0

0

and for all €, 0 < e < £(x), there exists § > 0 such that
Vt, 0 <t <9, dr(x+td) > (L(z)—e)t.

Recall that since dr is Lipschizian of constant one, we necessarily have 1 > {(x) for
|d| = 1. Therefore

z+C(dcosw,w,d) C RN\T, sinw={(z) —¢,0<w< /2.

(iil) Similar to the proof of part (ii). 0
THEOREM 3.3. Let D be a bounded open subset of RN and o > 0 and h > 0 be
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real numbers'?. Consider the families

I# @ andVx el 3d, |d| =1,

F(D,ha) ¥ {QcD:
(3.11) such that inf M >«
0<t<h t
Cl(D) € by : Q€ F(D,h,a)}.
4% andVx €T, 3d, |d =1,
Fo(D,ha) ¥l acD:
(3.12) such that it L@

0<|t|<h |t] -

(ChoY (D) E by : Q€ Fo(D b))}

Then C’:’“(D) and (C';W)S(D) are compact in WHP(D), 1 < p < cc.

Proof. (i) The family le "*(D) is contained in Cy(D) which is compact in the
uniform topology of C(D) and in the weak topology of W'P(D), 1 < p < oo (cf.
[11], Chapter 4, Theorem 2.2 (ii), p. 210 and Theorem 5.2 (iii). p. 228). Therefore,
given a sequence {bq, } in C’: "*(D), there exist a subsequence, still denoted {bq, },
and by € Cy(D) such that bg, — bg in WHP(D)-weak and C(D). In addition,
by definition of the elements of Clil "*(D), condition (3.9) is verified and each 2,
has thin boundary. We want to show that b € Cl? *(D). Once this is proven, from
Theorem 3.2 (i), Q has a thin boundary. Hence the weak W?(D) convergence implies
the strong WP?(D) convergence by Lemma 2.1. In view of the continuity of the map
bo — dr = |ba| : C(D) — C(D), dr,, — dr in C(D). From Lemma 10.1 in Chapter 5
of [11], given x € T, there exists a subsequence of {bq, }, still denoted {bq, }, and for
each n > 1 points z,, € T',, N B(x,1/n). Hence x,, — x. By assumption

>«

d n+tdy
Vn>1,3d, € RY, |d,| = 1, such that inf OLe(Zntidn)
0<t<h t

Since the d,,’s have norm one, there exist a subsequence, still denoted {d,}, and d,
|d| =1, such that d,, — d. Fix ¢, 0 <t < §. Given ¢ > 0, there exists NV such that for
alln > N

T — x| <et, |dy—d[<ép<e, |dr, —dr|cp) <et

10In view of the fact that the distance function dr is Lipschitzian with constant 1, we necessarily

have 0 < a < 1.
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Fix n = N and consider the following estimates

dolz +td)
t
>drn (xn + tdy,) B |dr, (x + td,) — dr, (z, + td)|
> ; t
|dr(z +td) — dr(zn +td)|  |dr(zn + td) — dr, (2, + td)]
t t
_ dr —d _
>a—e—|d—dn| - | tacnl B [|dr trn”cm > o —de
= Ve >0, inf MZQ—% = inf M>a

0<t<h t 0<t<h t -

Therefore b € Cg "*(D) and this completes the proof of the compactness.
(ii) The proof for (le’o‘)s(D) is identical with obvious changes. 0

4. The segmentation of N-dimensional images.

4.1. Problem formulation. Typically the image segmentation functional of
Mumford and Shah [21] aims at identifying two dimensional objects in a two dimen-

sional frame as shown in Figure 3.

frame D

grey level image 1 open set

Fic. 3. Image I of objects and its segmentation in an open 2-D frame D.

In this section we specialize to the segmentation of N-dimensional images where
the segmentation could potentially be composed of objects of codimension greater or
equal to one. To represent the set of Figure 2 as the boundary of an open set one can
use the unbounded plane R? minus all the curves and the points in Figure 2. If it is
important that the open set be bounded, a fixed open frame D is introduced. The
open set () in Figure 4 is then defined as the interior of the bounded open frame D
minus all the curves and points used to draw the picture.

DEFINITION 4.1. Let D be a bounded open subset of RN with Lipschitzian bound-
ary.

(i) An image in the frame D is specified by a function f € L?(D).
(ii) We say that {Q;}icr is an open partition of D if {Q;}ier is a family of
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open frame D

Fic. 4. The 2-D strongly cracked set of Figure 2 in an open frame D

disjoint connected open subsets of D such that
mN(Uie[Qi) = IIIN(D) and mN(E) Uier Ql) =0.

Denote by P(D) the family of all such open partitions of D.

Given an open partition {€;};e; of D, associate with each ¢ € I, a function
0; € H*(Q;). In its intuitive form the problem formulated by Mumford and Shah
[21] aims at finding an open partition P = {§;};c; in P(D) solution of the following
minimization problem

. . 2 2
41 PEl%{D) icl 4F”"e}‘rlllf(ﬂi) /9,36 Vil Flei = [ de
for some fixed constant € > 0. Observe that without the condition muy(U;jerQ;) =
my (D) the empty set would be a solution of the problem or a phenomenon of the
type discussed in Remark 3.1 and the phenomenon of Figure 1 could occur.

The question of existence requires a more specific family of open partitions or a
penalization term which preserves the “length” of the interfaces in some appropriate
sense:

(42) inf inf /Q E|V(pi|2+ |<,0i —f|2 diL’-f—CHN,l(a Uier Ql)

PeP(D) el pi€H(Q;)

for some ¢ > 0. The choice of a relaxation of the (N — 1)-Hausdorff measure Hy_; is
critical. Here the finite perimeter of Caccioppoli reduces to the perimeter of D since
the characteristic function of U;c€); is almost everywhere equal to the characteristic
function of D. In that context, the relaxation of the (N — 1)-dimensional upper
Minkowski content by Bucur and Zolésio [3] is much more interesting in view of the
associated compactness Theorem 3.1.

Another way of looking at the problem would be to minimize the number I of
open subsets of the open partition, but this seems more difficult to formalize.

As a final remark, it is clear that the image of Figure 4 is not an L?(D)-function
and that its identification would require a sharper detection functional than the one
of (4.2).
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4.2. Cracked sets without the perimeter. In this section we specialize the
compact family of Theorem 3.3 to get the existence of a solution to the following

minimization problem

4.3 inf inf e Vol? — f12 da.
( ) QE]'}(DD,h,a) (pelgl(g)/ﬂ | s0' + |§0 fl X
Q open CD, mn (Q)=mn (D)

This allows for open sets  with Hy_1(I') = oco. The pair (h,«) are the control
parameters of the segmentation. Recall the characterization of Theorem 3.2 (ii) which
says that in each point of the boundary there exists a small open cone of uniform height
and aperture which does not intersect the boundary.

THEOREM 4.1. Given a bounded open frame D C RN with a Lipschitzian bound-
ary and real numbers h, a, and € > 0, there exist an open subset Q* of D in F(D, h, «)
such that my (Q*) = my (D) and y € H*(2*) solutions of problem (4.3).

4.2.1. Technical lemmas. The proof of the existence theorems will require the
following technical results.

LEMMA 4.1. Given a subset A of RN with nonempty boundary A,

3 an open subset @ C RN such that by = bo

if and only if da = dint 4 or equivalently A = int A.
Proof. By definition for 2 open

ba=bo < ds =dgq and dCQ:d[‘.A
which is also equivalent to
A=Qand Q=04 —= A= and Q = int A.

Hence the necessary and sufficient condition finally reduces to int A = A. 0
LEMMA 4.2. Let D C RN be bounded open with Lipschitzian boundary. Then

QC D, T'#a, my[l) =0, and my(Q) =my(D) = intQ =0

my(T) = 0. By assumption my (D) = my(Q) = my(Q) implies my (D N B(x
my (QNB(x, p)) = 0. Since Q C D, there exists x € D such that mx(DNB(z, p

0
But this is a contradiction since D is an open set with Lipschitzian boundary. n

\_/%b

4.2.2. Another compactness theorem. The compactness of the following
special family of cracked sets contained in a frame is a corollary to the compactness
Theorem 3.3.
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THEOREM 4.2. Let D be a bounded open subset of RN with Lipschitzian boundary
and h > 0 and a > 0 be real numbers. Consider the family

Q open C D and my(Q) = mpy(D)

F(D,h,a) fJocp . andVz el 3d, [d]=1,

4.4
(4.4) such that inf M > o
0<t<h t

Cgvh’a(D) d:ef {bQ : Qe ‘/'—-'C(Dvh,()é)} :

Then C"*(D) is compact in WP(D), 1 < p < oo.

Proof. By standard arguments and Lemma 4.2. The conclusion follows from
Theorem 3.3 by adding the constraint my(£2,) = my (D) which will be verified for
the limit set Q for which a subsequence of {bg, } converges to bo in WH1(D) and

hence {xq, } converges to xq in L'(D). 0

4.2.3. Proof of Theorem 4.1. Proof. [Proof of Theorem 4.1] (i) For each open
Q € F¢(D, h,a), the problem

. def
it F(g), F(g) % / eIVl + o — fP da
pEH(Q) Q

has a unique solution y in H!() since the objective function F (€, ¢) is continuous

and coercive on H!(Q). Define

def . . 2 2
= f f e|lV — dx.
" Qefg?D,h,a>¢egll<ﬂ>/Q Vel +le = 1 da

(ii) The minimum is finite since the objective function is positive and

V open Q2 € F(D, h, a), inf /5|V<p|2+|go—f|2da:§/ |f)? dx
peH(Q) Jo Q

by choosing ¢ = 0. Let {£,} be a minimizing sequence of open subsets of D in
F¢(D,h,a) and for each n let y,, € H'(Q,) be the minimizing element of F(Q,,¢)
over H'(€2,,). Therefore,

/ eVynl? + |yn — fI? dz —m
Qn

= Jc > 0 such that Vn, / eIVYnl® + |yn — fI?dz < c.

n

By coercivity the sequence {y,} is uniformly bounded in H'(£2,), that is there exists

a constant ¢ > 0 such that
v, |lynllr2(0,) < cand [Vyn|r2,) < c

By Theorem 4.2 there exists a subsequence of {€2,,} and an open set Q € F¢(D, h, «)
such that bo, — bo in H'(D) and C(D). In particular dg,, — dgg in C(D). By the
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compactivorous property (cf. [11], Theorem 2.4 (iii), p. 162),

VK compact C int 2, 3IN such that Yn > N, K C Q,.

Moreover,
(4.5) xa, — xa € L*(D) = xq, — xa € L™(D)-weakx
(4.6) = fxa, — fxa € L*(D)-weak.

Define the distributions

<17n,s0>d:ef/ ynpdzx, Yo € D(D)

n

< Vi, ® >d:ef/ Vyn - ®dz, VP € D(D)N
Qp

< Vi, ® >= —/ Jn div®dz, Y® e D(D)N.
D

It is readily seen that we can identify g, and % with the extensions of ¥, and
Vyn by zero from Q,, to D. As a result there exist subsequences, still denoted {g,}
and {%Jn}, and § € L*(D) and Y € L?(D)" such that g, — ¢ in L?(D)-weak and
Vyn — Y in L%(D)N-weak.

By the compactivorous property, for all ® € D(Q2), there exists N such that

VYn >N, supp®CQ, = ®eDQ,).
Therefore, for all n > N,

<vgn—%,@>=—/

Yn div ® dx —/ Vyn - ®dr =0
Qn Qp

since y, € H*(Qy,). But D(Q,) C D(D) and by letting n go to infinity,

0:—/ yndiV@dfc—/ Vyn'<I>dx—>—/gjdiv<I>dx—/Y~<I>dx
Q Q D D

n n

= V® € D(Q), /gdiv¢>dm+/Y~<I>dx:0.
D D

Define the new distribution
def ~
<y7<p>:/ys0dfc, Vi € D().
Q
It is easy to check that y € L?(£2) and hence
Yo € D(Q), 0:/gjdiV<I>d:c+/Y-@dx:/gjdiv@dx—k/}"@dx
D D Q Q
= V& € D(), <Vy,<I>>:—/gjdiv<I>dx:/Y'<I>dx
Q Q

= Vy=Yl|q e L*(Q) = yeH(Q).
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(iv) Coming back to our objective function

inf /5|Vga|2+|<p—f|2da:=/ & [Vynl? + lyn — fI do
PEH (M) Jq,, Q

n

2 dx.

- / e [Vl + in — Fxa,
D

By convexity and continuity of the objective function with respect to the pair (g, —
fxa,, Viyn) in L2(D) x L%(D)N and the fact that, from (4.6), (§in — fx, Vi) —
(7 — fxa,Y) in L?(D) x L?(D)N-weak,

2 dx

/s|Y|2+|g—fo|2dxsnminf/ e [Vl + 1 — e,
D n—oo D

n—oo

:liminf/ eVynl> + yn — fI?dz =m

n

= /EIVy|2+|y—f|2dw=/EIVy|2+|y—fol2dx§m.
Q D

By definition of the minimum we have the equality and there exist an open set ) €

Fé(D,h,a) and y € H' () solution of the segmentation problem. 0

4.3. Existence of a cracked set with minimum density perimeter. The-
orem 4.1 gives an existence result for the family F(D, h,«) of open sets € such that
my () = my (D) without constraint on the “perimeter” of 2. Denote by F*(D, h, &)
the set of solutions to problem (4.3). In general, the perimeter can be infinite as can
be seen from the following example.

EXAMPLE 4.1. The function f: D — R is defined as follows

1, ifx e
0, Zfﬂ?EQQ

(4.7) fz) =

where D = {(z,y) : —2 <2 <3, -1 <y <3}, Q=0Q,UQ, Qo = D\Qy, and the
open set 1 is constructed below (see Figure 5). The set Q with y = f is a solution
of problem (4.3) with infinite perimeter.

The set Q is a two-dimensional example constructed by Nicolas Doyon'' of an
open domain satisfying the uniform cusp condition of [11] for the function h(f) = 6¢,
0 <a< 1. It can easily be generalized to an N-dimensional example. Consider the

open domain Oy in R?

0 Y(zy) : —1<z<0and0<y<2}

N{(z,y) : 0<z<1and f(x) <y <2}
N{(zr,y) : 1<z <2and0<y< 2},

HDépartement de Mathématiques et de statistique, Université de Montréal.
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where f:[0,1] — R is defined as follows

CEPIIC! foi 1= get - g |~ R
=0

Associate with 0 < o < 1 and k > 0 the even integer ny, = 2 [(2¥+1) 755 ], where [0] is

Q f=0
frame D 0 f=1
L Y Wi

Fic. 5. The two open components 21 and Qo of the open domain Q2 for N = 2.

the smallest integer greater or equal to 3. Assume that for each k > 0

N /2
def
S Y ks gk lkgovmka 0] - R
j=1
def 1 . . def 1
Thg = L= gp + (= 1)20k, 1 <j <mi/2, o = e 2F T
and that the function gy ; is given by the expression
0, 0<z< Tk,j—1
dof | (@ — 2 -1)%, Trj—1 L& <X j—1 + Op
gr.j(x) =
(2wp, -1 — )%, Thj—1 + 0k < v < g1 + 204
0, T > X1+ 20,

Note that

Ik, (Tk j—1 + 0k) = (6k)"

is independent of j and is the mazimum of the function gy ;.

The uniform cusp property is verified for p = 1/8, A = h(p), and h(0) = 6*. The
boundary of Q1 is made up of straight lines of total length 9 plus the length of the
curve

CY (@ @) : 0<e <1}, C=UZ0Ch, Ci=UlCh;

Ck’j d:ef {({E, f({E)) D Ti—1 <z < T,j—1 + 5]9}
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The length of the curve Cy ; is bounded below by

N /2
Hy 1(Cryj) 22/ (08)? 4 (0r)%?* > 2(6r)* = Hn-1(Cy) > Z Hy_1(Ck5)
j=1

Hy-1(Ck) = 7k2(5k) =k (0k)" = 1k (W> =m' <W>

Hy_1(Cy) > i, (Zk—1+1>a = (2[2 ) <ﬁ>a

> 21—0’(2k+1)0¢ 1 “ _ 21—0’
= 92k+1 -

= Hy-1(C) = ZHNA(CIC) > 40027 = 0.
=0

When at least one solution has a bounded perimeter, it is possible to show that
there is one that minimizes the h-density perimeter.

THEOREM 4.3. Assume that the assumptions of Theorem 4.1 are verified. There
exists an Q* in F*(D, h, ) which minimizes the h-density perimeter.

Proof. If for all Q in F*(D, h,«) the h-density perimeter is +oco the theorem is
true. If for some Q € F*(D,h,«a), Py(T') < ¢, then there exists a sequence {{,} in
F*(D, h, «) such that

Ph (Fn) — inf Ph(I‘)
QeF*(D,h,a)
By the compactness Theorems 3.1 and 4.2, there exist a subsequence and Q*, I'* # &,
such that b, — bo« in WHP(D), Q* € F(D, h,a), my(2) = my (D), and

P, (T) < liminf P,(T),) < ec.

n—oo

Finally by going back to the proof of Theorem 4.1 and using the fact that all the Q,,’s
are already minimizers in F*(D, h, «), it can be shown that Q* is indeed one of the

minimizers in the set F*(D, h, «). 0

4.4. Uniform bound or penalization term in the objective function on
the density perimeter. To complete the results on the segmentation problem, we
turn to the existence of a segmentation for a family of sets with a uniform bound or
with a penalization term in the objective function on the h-density perimeter.

THEOREM 4.4. Given a bounded open frame D C RN with a Lipschitzian bound-
ary and real numbers h > 0 and ¢ > 0'2, there exists an open subset Q* of D, I'* # @,

I2Note that the constant ¢ must be large enough to take into account the contribution of the

boundary of D.
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with finite h-density parameter such that my(2*) = my (D) (P,(I'*) < ¢ for (4.8)),
and y € HY(Q*) solutions of the respective problems

4.8 inf inf Vool Ty
(+5) Q open Clg,Ph(F)gc welgl(ﬂ)/ﬂg| oI" +lp— fI7da
my (Q)=mxy (D)
4.9 inf of 9 ey .
( ) Qo;?n cDh (Pel}_lll(Q)/QE|VSO| +|§0 f| T+ c h( )
my (Q)=mn (D)

Proof. The proof for the objective function (4.8) is exactly the same as the one of
Theorem 4.1. It uses Lemma 4.2 to show that the minimizing set has a thin boundary
and the compactness Theorem 3.1. The proof for the objective function (4.9) uses the
fact that there is a minimizing sequence for which the h-density perimeter is uniformly
bounded and the lower semicontinuity of the density perimeter in the W1 P-topology
given by Corollary 3.1. O

Problem (4.9) was the one originally considered in [3]. The above two identifica-
tion problems can be further specialized to the family of cracked sets F(D, h, «).

COROLLARY 4.1. Given a bounded open frame D C RN with a Lipschitzian
boundary and real numbers h > 0, a > 0 and ¢ > 0'3, there exists an open subset
O of D in F(D,h,a) such that my(Q*) = my(D) (P,(T'*) < ¢ for (4.10)), and
y € HY(Q2*) solutions of the problem

4.10 inf inf Vol> + o — fIPd
( ) Q open CDl,nQE}-(D,h,a) wEllI}Il(Q) /Q c | 90| |SO f| v
Pp(T)<c,mpy(2)=mn (D)

4.11 inf inf Vel? — fI?d Pu(T).
( ) Q open CDl,nQE]:(D,h,,a) cpEl}-lll(Q)/QE| 90| + |SO f| T h( )

Proof. Since the minimizing sequence {bq,} constructed in the proof of Theo-
rem 4.1 strongly converges to bo- in WHP(D) for all p, 1 < p < oo, from property (3.4)
in Theorem 3.1, we have

P, (T*) < liminf P,(T,) < ¢

n—00

and the optimal Q* constructed in the proof of the theorem satisfies the additional

constraint on the density perimeter. 0

I3Note that the constant ¢ must be large enough to take into account the contribution of the

boundary of D.
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