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The nonparametric minimax estimation of an analytic density at a given point, under random
censorship, is considered. Although the problem of estimating density is known to be irregular in a
certain sense, we make some connections relating this problem to the problem of estimating smooth
functionals. Under condition that the censoring is not too severe, we establish the exact limiting
behaviour of the local minimax risk and propose the efficient (locally asymptotically minimax)
estimator—an integral of some kernel with respect to the Kaplan—Meier estimator.
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1. Introduction

Let (X, Y1), ..., (X,, Y,,) be independent identically distributed pairs of random variables
where X and Y; are independent and have the distribution functions F and G, respectively.
We assume also that the distribution of X is absolutely continuous with density f. The
following model is known as random censorship model. We observe only the pairs (Z;, A;),
i=1,2,..., n with Z; = min(X;, ¥;) and A; = I{X; < Y¥;}. In survival analysis the X; are
called survival times and the Y; censoring times. Estimation problems with censored
observations arise often in lifetime research. In survival analysis, lifetime data are typically
subject to censoring. We suppose F and G are unknown and our goal is, using the observed
data, to estimate the density f(x) at a given point x.

The problem of density estimation under random censorship has been treated by a
number of authors (see, for example, Mielniczuk (1986), Diehl and Stute (1988), Lo et al.
(1989), Hentzschel (1992), Huang and Wellner (1995), Kulasekera (1995) and Liu (1996)).
Hentzschel (1992) investigated the estimator based on the orthonormal system of the
Laguerre series on the positive line and under some assumptions obtained the rates of the
mean integrated square error and the mean square error. Kulasekera (1995) gave the upper
L, bounds for the kernel-type estimator for two classes of densities: monotonically
decreasing densities on [0, co) and densities which are of bounded variation on [0, 1]. For a
decreasing density function, Huang and Wellner (1995) showed that the nonparametric
maximum-likelihood estimator of the density is asymptotically equivalent to the estimator
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obtained by differentiating the least-concave majorant of the Kaplan—Meier estimator and
established the asymptotic distributions of the different estimators at a fixed point.

However, in all the above-mentioned papers the question of optimality has not been
touched on. In a recent paper, Liu (1996) considered the general problem of estimating
functionals of a distribution F for some nonparametric classes defined in terms of the
Hellinger modulus of continuity. With regard to density estimation, minimax Kaplan—Meier-
based kernel procedures were shown, under some conditions, to be of optimal rate and,
moreover, within certain lower and upper bounds.

In the nonparametric minimax estimation context the notion of asymptotic optimality is
usually associated with the optimal rate of convergence of the minimax risk. In order to
derive the exact asymptotics of the minimax risk and to be able to compare the estimators
with the optimal rate of convergence, one may strengthen the optimal rate results by finding
optimal constants when they exist. Results about the optimal constants in minimax density
estimation have only been obtained in a limited number of studies for models with
independent identically distributed observations. The majority of workers have considered
the global minimax risk. However, studying the so-called local minimax risk yields more
exact results. We mention the work of Golubev and Levit (1996) whose results motivated
the present study. In the problem of estimation of an analytic density at a given point, with
independent identically distributed observations, they derived the exact limiting behaviour of
the local minimax risk and proposed an efficient estimator.

To elucidate the ideas of the results, we give here some heuristic arguments. The unknown
underlying density f is assumed to belong to the class of densities with exponentially
decreasing Fourier transforms (analytic densities). This nonparametric class has the advantage
that one can treat the problem of estimating f(x) as if a smooth functional was to be
estimated. In particular, it turns out that any density from this nonparametric class can be
represented in the following asymptotic form (see Lemma 5 below):

1) = Jm(x WDy 0 P), as oo,

locally uniformly in f'in a proper topology, where ¢ ,(y) is some sequence of functions (see the
exact definitions in the next section) which we shall call kernel, treating this notion in a broader
sense than is usual in the literature. The local minimax quadratic risk proves to be of order
(log n)/n and therefore the remainder term can be neglected, while the first term resembles
a “smooth” functional (it is a sequence of functionals because of its dependence on #) to
which one can apply well-developed methods for deriving an optimal estimator and its
asymptotic behaviour. So, in case there is no censoring, one can expect the estimator
fa(x) = | ®u(x — ») dF,(y), with the empirical distribution function F,, to be optimal in some
sense. If for independent identically distributed observations the estimator of the density is some
functional of the empirical distribution function 7'(F,), then in the case of censoring one tries
usually to use the estimator T(F,), with the well-known Kaplan—Meier estimator F,(y) (see
below) instead of the empirical distribution function F,. Thus, it is natural to propose the
estimator

Fo=Ful) = szn(x D AE). (1)
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In this paper we establish, under the condition that the censoring is not too severe, the
exact limiting behaviour of the local minimax risk up to a constant and show that the
estimator of the form (1), with a properly chosen kernel, is locally asymptotically efficient.
We emphasize here that the choice of nonparametric class (analytic densities) has made it
possible. We propose a wide class of kernels on which the estimator can be based, which
turns out to be important in the estimation problem with censored observations. Using the
martingale approach enables us to derive the exact upper bound for the local minimax risk.
The lower bound for the local minimax risk is based on the elementary van Trees inequality
(Gill and Levit 1995).

2. Definitions and main results

In this section we summarize the main results. First we define the notion of efficiency.

Prior information about an unknown density f is usually formalized by assuming f € .7,
for some class of densities .77, Suppose now that we have some topology on .7. For each
neighbourhood V' define the local minimax risk:

Pa(V) = ra(V, x) = i1f1f sup Er{fa(x) — (0}, )

where the infimum is taken over all estimators f »- The most convenient and natural way to
introduce the notion of efficiency is the following: the estimator f,, is called asymptotically
efficient (or just efficient) if for each density f €.7 there exists a neighbourhood V> f
such that, for any neighbourhood ¥V, f € V' C ¥y (from now on we shall just say for any
sufficiently small neighbourhood of f’), for some positive sequence f3,,,

lim sup B (sup E{fu) — F0 — rn(V)> =0,
fev

n—oo
while
liminf B, %r,(V)> 0.
n—0o0
The sequence 3, is called the minimax rate of convergence. Note also that one can write lim
instead of limsup. If the limit

lim lim f,%r,(V) = 0°(fo)
Vifo noc

exists, then o(fy), together with (3, describes the exact behaviour of the local minimax risk
and represents in a way the difficulty of the estimation problem at the point fj. .
Denote from now on the Fourier transform of an absolutely integrable function f by f*:

) = Je“yf(y) dy.

Define now the nonparametric class .7 5 of underlying densities.
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Definition. For given B 0> 0, denote

Fo=7sP)= { 10 (2n)f1Jcosh2(5t)|f(t)|2 dr < P}. 3)

Remark 1. This is a class of analytic functions. Below we describe it more precisely. Let the
class .75 = .Z5(P) consist of functions admitting bounded analytic continuation into the strip
{y+iu, |u] < 6} and [|f(y+10)]?dy < P <oo. In the case where there is no censoring the
nonparametric classes of the type .Zs; were considered first by Ibragimov and Hasminski
(1983), where the minimax rates of convergence in L, were derived. There is a close
relationship between the classes .77 5 and . Zs; for any 5, 0 <[ <9, there exists Q>0 such
that

25(P) C .7 5(P) C As_p(Q).
Indeed, if a density f € .7, then, according to Timan (1963, p. 137), the limit
lim Re{/(y +iu)} = g,(»)

exists for almost all y and f(y) can be represented as a convolution:

-1
fy) = %J{cosb (W) } gr(u)du.

Furthermore, because of the relation (see, for example, Gradshtein and Ryzhik (1980,

equation (3.983.1)))
1 itu Tu - = -1
26 J ) {mh (5>} i = feoshi@ny

J (1) = {cosh(d1)} "' &(1).
By the Parseval formula,
LJcoshz(ét) [ (H)?dr = ng (y)dy <P
27 S >
and hence the first inclusion holds. The second inclusion follows immediately from the
Paley—Wiener theorem (see, for example, Katznelson (1976, p. 174)).
Note also that the class .7 is quite broad; the Gauss, Student and Cauchy distributions

are, among many others, for appropriate J, in this class, as well as their mixtures.

Definition. Let .7 5 be the topology on .7 s induced by the distance

R 1/2
p(f, g) = <Jcosh2(6t) If (1) — é'(t)lzdt) + Jlf(y) - gy)|dy.

Remark 2. This is a strong topology; closeness with respect to p implies, by the formula for
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the inverse Fourier transform, closeness of all derivatives in the uniform topology: for g,
he 7 O»

) 12
sup [ () — K"(p)| < C, (Jtz’"lé(t) — h(t)? dt> < Cap(g, h).
y

In almost every estimation problem with censored data, one faces the well-known
unstable behaviour of the Kaplan—Meier process n‘/z{ﬁ,,(y)—F(y)} (here F, is the
Kaplan—Meier estimator; see definition below) in the right tails of F and G. Therefore, the
lighter the tails of the kernel, the less restrictive conditions on the censoring mechanism are
needed. On the other hand, it turns out that, when constructing an efficient estimator, one
has to use observations distant from x as well as those close to x. Roughly speaking, this
corresponds to the fact that, even for y values distant from x, the values f(y) still carry
some information about f(x); analytic functions have a “long memory”. This is formalized
by imposing the following restriction on the nonparametric class .7 5.

Definition. For given a, 19 >0, m = 1, denote
T o =F5(m) =T s(P)N {fﬁ il;f [ {1 — F()H1 — G} >(1}, 4)

where .7 s(P) is defined by (3) and F is the distribution function corresponding to the density

A
Remark 3. The restriction on the original class .7 5 defined by (3) expresses the requirement

for the censoring mechanism to allow distant observations with positive probability as the
number of observations tends to infinity. Indeed, for some 0 < p <1 let

1/2m
)L log (41
yl’l - T() g log 1 _ p) >

P{Zuw>yn} =1—-[1 ={1 = F(yn) {1 — G(yn)}]"

=1—(1—ae ™"y

1 (1 | log(1 - p))

then

n

= p,
where Z(,) = maXi<ij<,Z;.
Remark 4. Without loss of generality we suppose that m is integer. Indeed, we shall see later

that both the upper bound and the lower bound for the local minimax risk do not depend on
m, nor on o, P and 7.
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Definition. Let T s be the topology induced by .75 on Fs.

Let us establish several conventions; sometimes we shall write I € 7 5, meaning actually
that the corresponding density f €.7s; in the proofs we shall denote generic positive
constants by Cj, C;, Cs, ... and they are assumed to be different in the proofs of different
assertions; all symbols O and o correspond to the asymptotics n — oo unless otherwise
specified; if we say that a particular property holds locally uniformly, this means that for
each f € .7 s there exists a neighbourhood V of f such that this property holds uniformly
over V.

We propose the following class of kernels to be used in the construction of the estimator:

Pu(y) = @u(y, 7, 0, m) = r(y)s(y), 5)
where
in(a, 1
Ho) = rT m ) =" s(3) =50, n, y) = %ayy) “w="y ©

and 7 is any fixed number such that 7> %‘[0, where constant 7 appears in the definition of the
class 7.
Let us state some properties of kernels of the form (5) and (6):

N 1
Pn(t) = E(f * I(—a,,,a,,))(t)a 7
n 1
#2004y =214 o) = 282 14 ), ®

where * is the convolution operation and /s denotes the indicator function of set S. The first
property is merely application of the standard formula for the Fourier transform of the
product of two functions. To get the second relation, split the integral into two terms: integral
over small neighbourhood of 0 and integral over its complement. Further note that the first
term is asymptotically equivalent to

. 2
a,,szJ (sm y) dy = n
y T
and the second is of order O(1).

Note also that the function #(¢) is even. The asymptotic behaviour of (), as |¢| — oo,
has been described by Fedoruk (1977, pp. 213-214, 220). We adapt this result in simplified
form, suitable for our purposes; for some 4;, A, >0,

[#(£)] < Ay exp (— A |t/ )

The constants A4;, A, depend in general on m and 7.
Define now the following estimator:

Fo = Ful) = Jqsn(x — D dEO), (10)

where ¢,(y) is defined by (5) and (6) and F,(y) is the Kaplan—Meier estimator, a well-
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known nonparametric efficient estimator of the distribution function F(y) (see, for example,
Andersen et al. (1993)):

. A(,‘)
~ n—i
F.)=1-]] (4 ) ) (11)
iy n—i+1

with the convention 0° = 1. Here the Z;, denote the ordered sequence of Z; and the A, are
corresponding indicators. A rich literature has been devoted to this estimator and its
properties (see Andersen et al. (1993) and further references therein).

In the next theorem the local asymptotic performance of the estimator f » With respect to
the topology .75 is established. The proofs of the theorems are given in Section 5.

Theorem 1. Let the distribution function G be continuous at point x. Then the relation

Ef{fn(x> — f@)}F < o’(f)

lim sup og
n—00

holds locally uniformly in [ € .7 s, where

S(x)

2 _ 2 _
o =00 = S = 6oy

(12)
and the estimator f 2(x) is defined by (10).

Theorem 1 gives an upper bound for the local minimax risk (2); for a sufficiently small
neighbourhood V(f)

lim sup —— r,,(V) sup o (f).
n—00 1 fev

If we can provide a lower bound for the local minimax risk, coinciding asymptotically with

the upper one, then we clearly determine the asymptotic behaviour of the local minimax risk.

The treatment of the lower bound is similar to that in Golubev and Levit (1996), with the

difference that one has to take into account the censoring mechanism. The next theorem

describes the lower bound for the local minimax risk.

Theorem 2. Let the distribution function G be continuous at point x. Then, for each
neighbourhood V C .7 s,

lim inf (V) = sup GZ(f),

n—oo ogn fev
where the local minimax risk r,(V) and o*(f) are defined by (2) and (12), respectively.

In view of Theorems 1 and 2, the estimator f » 1s efficient. Indeed, for each f € T s and
for any sufficiently small neighbourhood V(f),

<sup E {fu(x) — f(0)}2 — rn(m) =0.
fev

lim
n—oo log n
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Moreover, as an immediate consequence of Theorem 1 and Theorem 2, we obtain the
asymptotic behaviour of the local minimax risk.

Corollary 1. Let f € 75 and let the distribution function G be continuous at point x. Then,
for any sufficiently small neighbourhood V(f),

lim r.(V) = sup a2(f).
S ogn ) sup )

n

Since 02(-) is a continuous functional, this implies also that
L n
lim lim
V1fo n—oo logn

ro(V) = lim sup o 2(f) = o2(fo).
Vifo rev

Remark 5. Note that, the smaller a and the larger P, m, 7y in the definition of the class 7 5»
the less restrictive is this class, while the asymptotic behaviour of the local minimax risk in
no way depends on a, P, m and 7.

Remark 6. Compared with the result of Golubev and Levit (1996), we see that the fact of
censorship does not influence the convergence rate, but it does influence the optimal constant.

Remark 7. Since the Kaplan—Meier estimator is asymptotically normal, it seems plausible
that a central limit theorem for the estimator f,(x) can be given (cf. Yang (1994)):

n 12 D . 2
< > {fa(x) = f(x)} =470, 0°(f, x)) as n — oo,
logn

where o%(f, x) is defined by (12). For related result, see Yang (1994) where a central limit
theorem for the functional fz/;dfn is established; however, one cannot apply the methods of
Yang (1994) to our functional f,(x) directly because of dependence of the kernel ¢, on n.
This problem will not be treated here.

3. Preliminaries: the Kaplan—Meier estimator

Our treatment of the upper bound for the minimax risk relies heavily on the martingale
approach to the Kaplan—Meier estimator (Gill 1980). Below we present necessary
preliminaries, beginning with a suitable adaptation from Gill (1980).

Let N, be the process counting observed X;, and Y be the process giving the number at
risk:

N,,(u) = #{l Zi =u, Ai = 1},
Y.(u) = #{i: Z; = u},
Jn(u) = I{Y,(u)> 0},
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where the symbol # denotes the number of elements in a set. Let X(u—) denote left-hand
limit of X at point u. It is known (see, for example, Gill (1980)) that, for y such that
F(y)<1 and Y,(y)>0,

- YAl = Fy(u—)} J, dF
mm—nwzﬂ—mmL{“_ghﬁag@mw—nwfj%%)

_ YL = Fa(um)} Ju(u)

(= F| e a, o, (13)

where M ,(u) is a square integrable martingale with the predictable variation process

1 — F(u)

7{1 = Fuo)p dF(u), (14)

y
<me:an

while J,(u), F,(u—), Y,(u) are left continuous adapted processes.

We close this section with two technical lemmas which will be needed in the following
section.

For the following result we refer to Weits (1993).

Lemma 1. Let . % = . Z(A, 1) = {F: {1 — F(A)}{1 — G(A)} = 1> 0}. Then, as n — oo, the
relation

E{l_ﬁn(y_)}z-]n(y)_ 1

= O(n?
= FOOP Ty n{l = Foo {1 —Goy o)

holds uniformly over .5 and y, y < A.

The proof of this lemma is essentially contained in the proof of Lemma 4 in Weits
(1993). In the paper of Weits, Y,/n corresponds to our Y,.

Lemma 2. For all n = 2,

Jn(y)
. (Yn(y)

where p = p(y) = {1 — F(y—)}{1 — G(y—)}.

_ n/2
{1 - p(»} n 2

- o n—1
) = s = poyt + B

Proof. Denote

Ju(y) ~ 1 (n .
ﬂ@szwszmQ:;bﬁ<Jﬂa—mﬁ

Reasoning as in Weits (1993), we obtain the following recursive equation for u(n):
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n—1

umy=ny_

n—1 n—1
- pla—pm'+p"
=1 [—1 [

~| —

n

1 . n—1 el
= )mPU— p) ’+<1—p)Z ( l )p’(l—p) "

=1
= (1 1 1 " 1 ! 1)
=n{—A1= (="} + (1 = p—u(n—1)

n n
=14+ (1= p)——u(n—1) = (1 - p)".
Certainly u(n) < A(n), where A(n) satisfies the recursive equation
M =1+(1=p—=in=-1)., AM)=ph=p  n=2

Let C(n) be a solution of the corresponding homogeneous equation:

\

C(n):(l—p)#C(n—l) cy=1, n=2.

Thus,
Cn)y=(1-p)"'n
Let B(n) be such that A(n) = C(n)B(n). Then B(n) satisfies

B(n) = B(n—1)+ {C(n—1)}71, B(1) = p, n=2.

n—1
n(1 —p)
It is easy to see that

B(my=p+Y (1-p)' Fk!
=2
and
Mny=p(l=p)"'n+nd (1—p)" k.
k=2
Denote by |C| the whole part of C.

Now we bound the second term in the last relation

[n/2] n
A-p"fkt=> a-p"F+ (1—-p"*
Z Z MR /z [Ex an/;w

_ \n/2
s%+i
p np
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and hence the claim follows:

(200 st st

L A=p? 2
<spl-p'+—>F  +=
V() P

n n p np’

4. Auxiliary results

In this section we provide further technical results which we shall need in the proof of
theorems.

Lemma 3. Let ¢,(y) be defined by (5) and h(y) be bounded and continuous at the x
function. Then, as n — oo, the relation

h(x)f(x)logn

Jqsi(x — Mh()dF(y) = h<x>f<x>J¢i<y) dy {1+ o(1)} = ==7—5

{1+ o(1)}
holds locally uniformly in F € .7,

Proof. The second relation follows immediately from (8). It remains to prove only the first
identity. Let O.(x) = {y: |x — y| <¢} be the open interval around x radius ¢ = ¢,, €, — 0,
(efllog n)~' = o(1) as n — oco. We have obviously

J¢i<x W) AF() — h(x)f(x)Jsbi(y) dy = j B D)~ K@) d

(d

H B 0 - s ) d,

{00}

So it is enough to prove that the right-hand side of the last identity is of order o(log n) locally
uniformly.
One can bound the function ¢,(x — y) outside the interval O,(x) as follows:

2m
o 2tx—)

2.2
e

Therefore, the inequality

J P2 (x — V(W) — h(x)f(x)|dy < clezzj e 2™ dy = o(log n)
{0.(x)}€ (O(x))¢

holds locally uniformly because our topology is stronger than the topology induced by the
sup norm (see Remark 2). Next, by (8), it is easy to see that
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L,

@

)¢>i(x — WS () — h(x)f(x)} dy = o(l)Jqf,(y) dy = o(log n)
locally uniformly and the lemma follows. Il

Lemma 4. The functional
Yu) = Pu(r, x, F) =j B — 1) dF(u) (15)

is bounded locally uniformly in F € 72 s and uniformly in y.

Proof. Denote  Dy(y) = O.(x) N[y, +00) = (b1, by), Da(») = {O.(x)}€ N[y, +00), where
Oc(x) is the open interval around x of radius €. Then

wn(y):j ¢n(xfu)dF(u>+J Pl 0 dFW)

Di(y) Dy(y

The second term (integral over D,(y)) is clearly bounded. For the first term, we have
that

< ‘f(x)J Pl — 1) du

Di(y)

J B — 1) dF(u)
Di(y)

+

j £t — X o(x — ) du
Di(y)

<C + czj e T dy
Di(y)

= (;

locally uniformly because supuco,|f’(#)| is bounded locally uniformly (see Remark 2)
and

= Cy. O

Jdn(bzx) efr(u/a,,)z’” sin u
— du

an(b1—x) u

J @u(x —u)du

Dy(y)

Lemma 5. As n — oo, the relation
2

b (x) = <J¢n(x -y dF(y) — f(X)> =0(n™")

holds uniformly over Fs.

Proof. Recalling the definition of the class (4), we obtain the following uniform bound:
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2 2
([t = nare - 1) = (5 [e ™ thutn - i ar)

< %Jcoshz(ét)[f(fﬂz d %J&(SQTZ;}E d
< CIJ_ mﬁ;}i dr + CZJM%” m
_ 2C1J:" % dt+0(n™). (16)

Since the function #(u) is even,

J |A(u)| du < J |A(w)| du = J |#(u)| du

u>t+a, u<t—a, u>a,—t

for ¢ € [0, a,]. Now using the last inequality, (7), (9) and the fact that
Jf(u) du = r(0)2nt = 2,

we have that, for 7 € [0, a,],

Pu() — 1] = |21) " (7 % I a))(D) — 1]

= ’(2n)1j(l(—an,an))(t —u) = Di(u)du

=)

J 7(u) du
|[t—u|>ay,

< 2(2n)’1J |#(u)| du

u>a,—t

S5 C3J exp (— A1 @m=1) dy
u>a,—t

< Cyexp {—As(a, — ty*"/@m=D}, (17)



532 E. Belitser

Combining this with (16) completes the proof:

J [Pl =117 ) csrn exp {—24s(an — ™D _ 284} di
o {cosh(d1)}? 0 "

ap
= CSJ exp {—2A2y2m/(2’"_]) —20(a, — y)}dy
0

< Cs5 e 20an J exp (—2A2y2’"/(2”’_1) +20y)dy
0

Lemma 6. As n — oo, the relations

Wn(z(n)) g _ -1
E<1 - F(Zw))) -0

E@Wu(Zw))? = O(n™"),
hold locally uniformly in F € T, where Ya(y) is defined by (15).

Proof. From the definition of the nonparametric class (4) it follows that, for each
Fer o»

HOEP{Zi <y} =1-{1-FO)H1 -G} <1 —ae ™. (18)
Fix some ¢ >0 and note that

Hy)< Hx4+o <1—ae ™ 9" = 4< forall y <x+e.

Further, by the definition of the kernel function (5), it is easy to see that, with some constant
Cl > 09

¢%’(x _ y) < (JTC)_Z e—2r(x—y)2"’ < Cl e—3'l()y2m for all y = x +c.
Also, we have obviously that

2 2. -2
¢,(») S aym .

Now, using the Holder inequality and all the inequalities above, we obtain the second
relation
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loe] 2 o0
E (J Pulx —y) dF(y)> < EJ {Zw < y}¢i(x — »)dF(y)

Z(n) —00

- J H' ()¢ — ) dF()

—00

X+€ lo'e}
- J H' )P — ) dF() + J H' ()¢ (x — ) dF()

—00 x+e€

< q¢"n A F(x+ o)+ CZJ (1 —ae ™"y (x — y)dy
x+€

o0
— _ 2m _ 2
<gq"n 2ai+C3J e (1 —ae ™
x+€

m

)" dy

C

g
< Cye S (log n)* + CGJ (1 — u)" du

0
=0(n"

locally uniformly because f(y) is bounded locally uniformly and 0 < C; < 1.
To prove the first relation, note that from (4)

y)n(Z(n)) 2 o '(/Jn(Z(n)) - 2
() BT Ry 10 = i =)
< CsE{yn(Z(w)}* + 20 *Elexp {270( Z(n) )" H{ Z(ny > x + Y2 Z(w)]-

Therefore, it remains only to show that the second term in the right-hand side of the last
inequality is of order O(n~") locally uniformly:

E[exp{270(Z(m)*" H{ Zny > x + Yo (Z(n))]

{o.¢]

Z(n)

2
= E{ exp{200(Z(w)*" }{ Zin > x + ¢} (J Pulx— ) dF(y))
<E (exp{zroa(n))”}l{z(n) >x+ e}L $o0x— ¥) dF(y))

(n)

< GE (eXP{ZTO(Z(n))zm}I{ Zm>x+ e}J o3 dy)
(n)
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< OF < J i dy)
Z(ny

= G| Hr e dy

2m

< C9J(1 —ae "y gy,

1
= C]()J (1—u)"du
0

=0(n"h

locally uniformly. O
For brevity, denote from now on

F(y)=1-F(y).

Lemma 7. Let the distribution function G be continuous at the point x. Then, as n — oo, the
relation

{1 - Fn(y_)}z Jn(y)
{1—=F(y—)}* Yu(»)

n

Zin - B
E (J {Palx = DFG) = a0} F») dF(y))

logn

=a2(N{1+ o)} (19)

holds locally uniformly in F E.;ﬂs, where o%(f) and vy, are defined by (12) and (15),
respectively.

Proof. By continuity of F(y), we write the left-hand side of (19), for some positive €, as a
sum of two terms:

I =E (Jz {1 = Fu(0)} Ju(»)

_ : _
B = T = P Sy e < xd) dF(y))

and

{1 - Fn(yf)}z Jn(y)
{1=FO)} Yu»)

Z(n) o
L=F (J {Palx = HFG) = 9,0 HZw>x+6) dF(y)) .

To evaluate the first term, observe first that by (18)
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P{Zi<x+ct=Hx+o0=<1—-ae ™" =5<1,

{Pu(x — VF() — pu(N} < 205 (x — MF(Y) + 295(»)

< 4n_2ai g 2=y Fz(y)
= Ci(log n* e " F2(y)

< Cy(log n)> e 3" F2(y) (20)
and J,(y)/Y,(y) < 1. Thus, recalling (4), we bound the first term as follows:

e dF(y)

Iy < Cy(log n)* H"(x + ‘)J 1—F(y)

o0
< Cy(log n)zq”a_lj e I 4B (y)

< Cze @, (21)

For the second term, we split the integral in /, into two parts: the integral over
(=00, x + €] and the integral over (x +¢€, Z,] Since, for y = x +¢,

{Ppu(x = WF() — Yu(} < 2¢%0x — MFA() + 295(»)
< 4(me) 2 e~ 2Ty F(y)
< Cse 3" FA(y),

we bound the expectation of the integral over (x + ¢, Z,] merely by

2m

(T e dF(y)
C .
SL(E (Yn(y)) 1 - F(y)

Thus,

- xhe — 2 {1 - Fn(y_)}z Jn(y)
L<E (Jm{m(x = IF0) = O RS T ) dF(y))

2m

0 e dF(y)
+CSLF(IG(y)) 1= F()

=81+ 8,

say.



536 E. Belitser

To evaluate S,, we make use of Lemma 2 and (4):

* —379 2" Jn(y)) dF(y)
‘ E(Yn(y) 1= F(y)

Sy = CSJ

x+c

0 =370 y2m

{H"2(y)+ n~'}dF(y)
e {1=FWP{1-GOH}

= 2C5J

.¢]

< Cs J e I (] g™ )2 ) f(p)dy

x+¢
Cy

< C7J (1 —u)"?du+ Cen™!
0

= 0(n™)

locally uniformly because 0 <Cg < 1.
Therefore, to complete the proof, it remains only to prove that the relation

"5 = 02 (N{1 +o(1)} (22)

logn

holds locally uniformly.
Since

)2 m

{1-Fx+ o}l - Gx+e}=ae ™t

uniformly over F 5, by (20) and Lemma 1 we have that

Y I 2 {1 = Fy (=)} Ju(y)
sl—E(Jm{m(x WF() — ¥a(»)} T FOOT T0) dF(y))

(APl — WF () — a0} AF(y) )
— Jioo n{l — F(y)}2{1 — G(y—)} + O{(log n)zn 2}

uniformly. Finally, we obtain by Lemmas 3 and 4 that

x+e 12
Pu(x — y)dF(y) 1y _logn ,
S=J "4 0(n )=——-0 1+ o(1
=] T eooy HOuTh == o)
locally uniformly. Thus (22) holds and the proof of Lemma 7 is complete. ]

5. Proofs of theorems

Upper bound: proof of Theorem 1. First we provide the necessary preliminaries. By (13) and
integration by parts, we have
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Z n)

_ 1
e~ DFO) — a9}

—00

— Fu(y=)Ja(»)
aM,
“FO) Taly) M)

Z(n) -
| o= matr - Fon = |
Fu(Ziw) — F(Z(ny)

1= F(Zon)

Yu(Zny)- (23)

Since the first term of (23) is the integral of a predictable locally bounded process
(almost all its sample paths are locally bounded) with respect to a square integrable
martingale with the predictable variation process (14) (see, for example, Gill (1980)), one
can represent its second moment as follows:

2
Z(ny o _F —
E(J = IFG) ) 22T dM,,(y))

- — F(y—) Ya(y)
Z(w _F (p—)12
=E " _ f — Y, 2{1 Fn(y )} Jn(y)F dF ) 24
LO{¢ (= VFO) — v} = FOOF Ta0) (»dF(y) (24)

Recall that F,(y) is constant on [Z(n), 00). So, using (23), (24) and (twice) the
elementary inequality

(a+b? <A +yd>+1+y hHp*, 0<y=<1, (25)

we obtain

—00

00 2
E(J Bl — 1) A{Fo(y) — F(y)})
Z(ny B 2
< (1 +7,)E (J ol — ) A{FA(y) — F(y)}) 1y YE(Zo)

{1 = F,(y—)} Ju(»)
{1=F(y—)}* Yu(»)

Z(n _ —
<(1+7,)E (j ($0 = DF) = 9o (0F ) dF(y))

wn(Z(n))

2
o) IR AR 26)

+@, 2+ Vn)E(

where y, is to be chosen later.
Now we evaluate the risk of the estimator (10). From the last inequality and again the
elementary inequality (25) it follows that

2
E,(fu(v) — () =, (ﬂ(x) - Jm(x ~DAFO) + Jm(x ~D)AFG) — f(x))

2
< (1 +7,E (Jm(x — W AE) - F(y)})
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2
Lty (ij ~WAFG) - f(x))

{1 — F,(y)} J.(»)
{1 = F(y—)}* Yu(»)

Z0) _ —
<1+ 7 [ pu = DFO) - a0 F(») dF(0)

+ (' +3 43y, +2E (My + '+ 24 yB{Ya(Ze)}
" "\ = F(Zw) "

2
+(+7,h (jgbn(x — y)dF(y) — f(x)) :

We choose now y,, such that y, — 0 and (y,logn)~! = o(1) as n — oco. Combining the last
relation with Lemmas 5—7 proves the theorem. Il

Lower bound: proof of Theorem 2. Let fy(y) be an arbitrary density from neighbourhood V'
and let Fy be the corresponding distribution function. Consider the following family of
functions (cf. Golubev and Levit (1996)):

Fo(¥) = fo(3s X, s f0) = o1 + 0{pn(x — ) — Pu(x)}],
where |0| < 0,, ¢,(») is defined by (5) and ¢,(x) = [ ¢ ,(x — »)fo(»)dy. Let 6, be such that
€n = 0, < p,, where the positive sequences ¢, and p, satisfy
-2

S — o), pln=o(l).
nlogn

One can choose for example 6, = n~'/2(log n)~/*.
The proof of the theorem will proceed via the following two claims.

Proposition 1. For sufficiently large n, fo € V.

Proof. Take ¢ >0 such that O.(fy) C V, where

Ofo) = {f € 7o p(f, fo)<e}.

We prove now that fy € O.(fo) for sufficiently large n.
It is easy to check the condition on the nonparametric class (see (4)); for sufficiently
large n,

inf [ {1 = Fon)H1 = G} = inf [e™" {1 = B H1 = GOIH{1 +o(1)} >«

since Fy € F 5-
Denote

Y1) = (1, x) = fo(N)Pulx — y).
First, by the Minkowski inequality and the definition (5) and (6) of the kernel ¢,,
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R L 1/2
Ui 0 = 11 [eost(@0) it )~ B

+ |9|J|fo(y)(¢n(x — ) — $a(x))|dy

1/2

1/2
<20, (Jcosh2 On)|P(t, x)|? dt) + 260,|¢,(x)| <Jcosh2(6t)|fo(t)|2 dt)
+ enj|fo(y>{¢n<x )= B} dy

1/2
<20, <Jcosh2((3t)|12)(t, x)[? dt) + C16,log n.

So it suffices to show that the first term on the right-hand side of the last inequality converges
to zero as n — co. Since

It ) = <2n>*lje’*”fo<t () du,

by the generalized Minkowski inequality (Nikol’skii 1975, p. 20), (4), (7) and (9) it follows

that
1/2 2 \ /2
<Jcosh2 O P(t, x)|2dt> <G (J dt)
) ) . R 1/2
( |0l e £y (¢ + u)¢n(u)2dt> du

Je(’"' e Fo(t -+ u)pa(u) du

‘ . G 1/2
Al ot + u) el @, (uw)? de du
| ¢
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1/2
< C4J(J|e5"| u — t)I(aman)(t)2du) de
cs(

=
= Cq
=

1/2
Jeza‘fl |#(0)? dt) Jeé‘“‘ I(ay.ap(u)du
/2,
Jexp (01| — 2A2|t|2m/(2"”>)dt> Jedlu‘ I a0, (u)du

C7Je("“‘ I(ay.a (1) du

= Cgl’ll/z.
Recalling the condition on the 8,, we obtain finally that
p(fo, fo) < Co0,n'"? + C10,log n < Cop,n'/? + Cip,logn = o(1)

as n — oo. ]

If X; is distributed with density fy(y), then the corresponding observation (Z;, A;) has
the density

foy, ) = [fo){1 = GO g1 = Fo)}1'™, re {0, 1}

The following proposition describes the Fisher information 7(0) about 6 contained in the
observation (Z, A).

Proposition 2. As n — oo, the relation

et (a{logfe(z, A)})zz So@{1 — G} log n

10OYE 5 s {1+ o(1)} 27)

0| <6,

holds uniformly in 0,

Proof. By straightforward calculations,

2
16)=E (8{10g Jg,éz, A)})

_ J {@ax = ) = 2@} fo{1 — GO} dy
1+ 60(pa(x — ¥) — @u(x))

y 2
[J_ fO(”){(Pn(x —u) — 5;7()6)} du| dG(y)
J 1 — Fo(y) '

We split the second term on the right-hand side of the last inequality into two parts: the
integral over (—oo, x + €] and the integral over (x + ¢, o). If we bound the integrands of
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both integrals, then we obtain in fact that the second term in the last inequality is of order
O(1). Since, according to Lemmas 4 and 5, [*_ fo(z){¢.(x — z) — @ .(x)} dz is bounded and

1 = Fo(y) = {1 = FoH1 + o))} = {1 = Fo(x + )}1 + o(1)}
for y € (—o0o, x + €], the integral over (—oo, x + ¢] is bounded. Note that

y 00
j Fo@{Pal — 2) — G} dz = —j Fo@{Palx — 2) — G0} dz
N ,

and the function ¢ ,(x — y) is bounded for y € (x + ¢, co). Therefore, for sufficiently large n,

2 00 . 2
Uy So@{pa(x — 2) — Pu(x)} dz} L Jo@{Pn(x — 2) — pu(x)} dz]

1 — Fo(y) 1 — Fo(y)
00 2
a {j £l dz}
- y
T 1= Fay)

2
¢ {j fo2) dz}
y

1= FomHI + o)}
< {1 - Fo(»)}

=

for y € (x + ¢, 00). Thus, we obtained that

y B 2
| a2 -gme| a6
J [ R - o
uniformly in 6, |6] <6,. According to Lemmas 3 and 4, it is not difficult to see that
J {#n(x = 1) = du@ P fo{1 — GW}dy _ fo@){l — G(x)}logn
1+ 60{¢,(x—y) — %(X)} 2m0

uniformly in 6, |6| <6,. Relation (27) is proved. O

{1+ o(1)}

Now we proceed to prove the theorem. Introduce
V(x) = va(x) = 6, 'vo(6,,'x),

where vy(x) is a probability density on the interval [—1, 1] with finite Fisher information
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1
:J P @ ds,

such that vo(—1) =vo(1) =0 and vy(x) is continuously differentiable for |x|<<1. The
function v(x) is the probability density with support [—6,, 6,]. It is easy to calculate the
Fisher information of the distribution defined by the density v(x):

1) = I,(v) = 16,7

Applying now the van Trees inequality for the Bayes risk below (van Trees 1968, Gill
and Levit 1995, Golubev and Levit 1996) and Propositions 1 and 2, we obtain that, for
sufficiently large n,

rao(V) = inf sup E{f, — f(x)}?

fn f€V

= inf sup Ez,{f, — fo(x)}?
fn 10|1<6,

> inf JEfo F — fo0)}20(6) d6
fn
_ U{0/o0/00}v(0) d6T
n [ 1(0)v(0)d6 + I(v)

_ {/0(x)p.(0)}
n [ 1(0)v(0)do + 1,0,*

_ [4fo(x)log n} /26
n([fo(x){1 — G(x)}log n]/210){1 + o(1)} + Ioc,*

_ Jo(x)log n{1 + o(1)}
T 2m0{1 — G(x)}n

or

So(x)
210{1 — G)}

The function f, was chosen arbitrarily from the neighbourhood V and hence, by the same
reasoning, this relation is valid for any function f € V:

o*(fo)-

liminf —— 1 rn( V)=

11m1nf log (V) = a(f).
Therefore
lim inf (V) = sup 62(f),
n—oo 1 g /'E Vv

which proves Theorem 2. [
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