Bernoulli 5(1), 1999, 163-176

On the relationship between a connections
and the asymptotic properties of predictive
distributions

JOSE M. CORCUERA'* and FEDERICA GIUMMOLE?

1Deparz‘amem‘ d’Estadistica, Universitat de Barcelona, Gran Via de les Corts Catalanes, 5835,
08007 Barcelona, Spain. e-mail: corcuera@cerber.mat.ub.es

2Dipartimento di Scienze Statistiche, Universita degli Studi di Padova, Via S. Francesco 33,
35121 Padova, Italy. e-mail: giummole@hal.stat.unipd.it

In a recent paper, Komaki studied the second-order asymptotic properties of predictive distributions,
using the Kullback—Leibler divergence as a loss function. He showed that estimative distributions with
asymptotically efficient estimators can be improved by predictive distributions that do not belong to
the model. The model is assumed to be a multidimensional curved exponential family. In this paper
we generalize the result assuming as a loss function any f divergence. A relationship arises between o
connections and optimal predictive distributions. In particular, using an a divergence to measure the
goodness of a predictive distribution, the optimal shift of the estimate distribution is related to a-
covariant derivatives. The expression that we obtain for the asymptotic risk is also useful to study the
higher-order asymptotic properties of an estimator, in the mentioned class of loss functions.
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1. Introduction

The main goal of this work is to provide distributions that are close, in the sense of an f
divergence, to an unknown distribution belonging to a curved exponential family

7 = {p(x; O(w) = exp [0"(u)x; — Y(Ou))]}-

In order to obtain this, we could estimate u# by # and consider p(x; &). This kind of
distribution is called an estimative distribution. The procedure ensures that they belong to the
model. However, perhaps we could obtain a better result by considering predictive
distributions, i.e. distributions outside the model.

Let p(x; x;.n) be a predictive distribution obtained by some rule from the sample of size
N, xi~y = (x(1), ..., x(N)). An f divergence Dy of the predictive distribution to the true
one is defined as
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where f is a smooth, strictly convex function that vanishes at 1. We measure the closeness
by

) p(x; u)udx,

E.(Ds(p,p)) = JDf(p(x; u), p(x; x1n)) X1y 1) dxiy - (1)

In order to choose p, we could try to find the distribution that minimizes (1), uniformly in u,
among ‘all probability distributions’ equivalent to p. Since there are some technical pro-
blems in giving a structure of differentiable manifold to this infinite-dimensional space, we
follow the procedure suggested by Komaki (1996) and try to solve the problem only for
distributions belonging to a finite-dimensional model containing & We construct this model
by enlarging & in orthogonal directions. We shall see that, for large samples, there is a
special direction such that the improvement on the estimative density is maximum if and only
if this direction belongs to the tangent space associated to the enlarged model. The solution
does not change if we add more orthogonal directions and in this sense we can consider the
problem solved in the infinite-dimensional space of all probability distributions equivalent
to p.

For simplicity, we shall work with a divergences D, (for their use in statistical inference,
see Amari (1985, Chapter 3)), i.e. f divergences with

4
ﬁ(l — Z(l+a)/2), a 7é :l:l,
f(2) = fulz2) = zlog z, a=1,
—log z, a=-—1.

In the final remark, we extend the results to any f divergence.

2. The enlarged model

Let < be a n-dimensional full exponential family, i.e.
Z ={p(x; 0) = exp[0'x; — ()], 6 € O},

where the probability functions p(x; 0) are densities with respect to some o-finite reference
measure ¢ and

0= {0: Jexp (O'x)u dx<oo}

is an open subset of R”. We consider the model & to be a (n, m)-curved exponential family
of &, m=<n,

P = {p(x; u) = exp [0"(w)x; — P(O(w))], u € U},

with U a smooth m-dimensional submanifold of ©®.
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Let

(1—-a)/2( .. —1 1
L — d TP @=L A,
log p(x; u), a=1,

be the so-called a representation of p(x; u) (Amari 1985, p. 66). From now on, the index a
will be used to denote all that regards a representation of geometric quantities. The tangent
space T, of & in u is identified with the vector space spanned by

Olo(x; u)
ous

Ouly(x; u) = =1,...,m,

that are the components of what we call the a-score function. The first and second derivatives
of I,(x; u) are related to those of I(x; u) = log p(x; u) = Li(x; u) by

Daly = p=212 9,1

and
_ (-a)2 l-a
0.0ply = P 6a6b1+T8u18bl .
Defining
Eu(/(0) = [£(pCx i,
we have that the inner product of vectors 0,1, and 9,1,
<8ala, 8bla>a = Ea(aula Bbla) = J@ala 8bla p“ptdx = Jaalablpﬂdx = <6a1, 61,[),

does not depend on the a representation; it is the (a, b) component of the Fisher information
matrix g,. In the sequel, we omit the subscript a in the inner product and in the expectation,
since it will be clear from the representation used. We indicate by g* the inverse of g,, and
use the repeated index convention.

Following Amari et al. (1987), we can construct a vector bundle on 72 by associating to
each point p(x; u) € 7 a linear space H, defined by

H, = {h(x): Jp“*a)/z(x; u)h(x)udx =0, Jp“(x; w)h(x)u dx < oo}.
If h, g € H, we can define an inner product on H, by

(h, g) = Jp“(x; u)h(x) g(x)p dx.
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Then, since H, is a closed linear subspace of L*(p“u), it is a Hilbert space. It is easy to
see that T, C H, and the inner product defined on 7, is compatible with that in H,.
Attached to different points we have different but isomorphic Hilbert spaces. In order to see
this, let p = p(x; u) and g = p(x; u') be two different points of & and consider the
transformation

u',
1Y H, — Hy,

a2 a/2
Y (;7) h— g2 J SR (;’) hu dx.

In fact, it is easy to see that Izr(h) € H,, since
[tz 1z e = o0

and
2

< +o00. 2)

, a/2
|aetrmpuas = [ - UQMW (g) e d

Moreover, I}, is linear, its inverse is

I (e) = (%) a/z{g R Up<1+a>/z (%) “/zgﬂ dx] / Up<1+a)/2 (%) a/zﬂ dx] }

and, by (2), it is bounded. / Z is then a continuous linear bijection, i.e. an isomorphism
between H, and H, . The aggregate

() = | H,
ucU

constitutes Amari’s Hilbert bundle. It is necessary to establish a one-to-one correspondence
between H, and H,, when p(x; u) and p(x; u") are neighbouring points, in order to express
the rate of variation in a vector field as an element of the Hilbert bundle. If we move in the
direction 9,1, and h, € H,, 0,h, ¢ H, in general. Anyway, if

h: U — F(P)

is a smooth vector field, in the sense that we can interchange the integral and the derivative,

0= aajp(l+(1)/2hﬂdx
1
= JP(HQ)/Z Oyhudx + —42— ¢ Jpa O4ly hudx

1+
— J pUtar? (a,,h +—- 2 p-2E@, 1, h)) wdx.



Predictions and o connections 167

Thus, we can define the a-covariant derivative in .77 as

a 1
Vb= 0uh =% pOPED,1, ),

a .,
whenever V") i € L2(p“u). If h(u) = 0y lo(x; u), we have

ata

& o l+a _
Vf’)//l) Oply = 040ply + B p(l a)/zgab
a ., .,
and the a-covariant derivative in & is the projection of ng/,z Opl, on T,:
a e o a
V out Opla = (V5 Oplas Dela) 8 Dala =T apeg*Dula.

These connections coincide with the a connections defined by Amari (1985, p. 38). We use
the superscripts m and e respectively for the —1 and +1-covariant derivatives.

Let .7 be any regular parametric model containing &> We can consider on .7 the
coordinate system (u, s), where u¢, a=1, ..., m, is the old coordinate system on &’ and
sl, T=m+1,...,r, r>m, are new coordinates on .7 . We suppose that s = 0 for the
points in the original manifold 77 and u and s are orthogonal in &°. The tangent space to
the enlarged model .7 is now spanned by vectors J,l,(x; u, s), a=1,..., m, and
Orly(x; u, s), I=m+1, ..., r. Let hy(x; u) = 0rly(x; u, 8)|5=0, I = m—+1, ..., r; then the
hy values belong to H, and we can formally write

p(x; u, s) = p(x; u) + pU D20 wys by u) + 3)

3. Predictive distributions
We consider predictive distributions p(x; ity (X), §(x)), with §(x) = O,(N "), so that
e I__ _
S() = 35 + 0p(N h, 4)

and #y(X) is a smooth, asymptotically efficient estimator, and hence first-order equivalent to
the maximum-likelihood estimator, of the form

() = (D) + T + 0, (N, ©)

For fixed X, both
loo(X) = lim ity (%)
and
a(®) = lim N{ity() — it ()

depend on N only through X.
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For each N, ity is a map
uy: & — P,

since X can be identified with the point in ¢ having expectation parameters #; = X;. Then,
Ul 1s also a map from £ to 77 and we can associate with &y a family of ancillary (n — m)-
dimensional submanifolds of &, .Z = {A4(u)}, where A(u) = itgol(u). In some discrete cases,
even though the exponential model is regular, ¥ could correspond to the expectation
parameters of a point in ¢ with a probability different from one. However, since this
probability goes to one exponentially in N, we can consider a modification of X, say x™, such
that x* =X + 0,(N~2) and x™* are the expectation coordinates of some point in #. Then, all
the results could be rewritten in terms of x™ instead of X.

Following Amari (1985, p. 128), it can be shown that i, is consistent if and only if
every p(x; u) € 7 is contained in the associated submanifold A(#) and i, is asymp-
totically first-order efficient if and only if A(u) is orthogonal to & in u. On the other hand,
since

Jim oo (x) = lim i1y(3)
in probability and
Jim [NV {inne(x) = u}] = lim [N"?{iy(@) — u}]

in distribution, the results still hold for .

If we introduce a coordinate system v, xk = m+ 1, ..., n on each A(u), every point in
the full exponential family containing &” is uniquely determined by a pair (u, v). It is
convenient to fix v = 0 for the points in & We denote by indices a, b, ¢, ... € {1, ..., m}
the coordinates u in &, by x, A, u, ... € {m+1, ..., n} the coordinates v in 4(u) and by
a, B, v, ... €{1, ..., n} the new coordinates w = (u, v) in &£ . Since ity is asymptotically
efficient,

ga;c(u) =0.
Indices i, j, ... € {1, ..., n} are used to denote the natural parameters 0 in # and indices 1,

J, K, ...e{m+1, ..., r} for the coordinates s that we add to enlarge the model . By the
coordinate system we choose on .7 ,

gar(u) = 0.
Under these assumptions, we have the following theorem.

Theorem 3.1. The average a divergence from the true distribution p(x; uy) to a predictive
distribution p(x; y(X), $(X)) is given by
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Eu { Dal(p(x; uo), p(x; ity (), (X))}

_om 1

= R(H2) A+ (H?
2N+4N2[( 7))+ (H)]

vz 8@ = 3 H g — 3 H ")
1 (-w)/2 iy mooo
+ﬁ Va (Ll _%Hldgl)

1 a
+W(gﬂ§[§] o Hablgabgl)

a—3 (a—11)a—-1) b cd
Ta CTabc b ab _c
T e Tae T 55 Qabea™8
1 ac  bd s e ~ ya 1
+4N2g g (aaabp_rab aep)(acadp_rcd afp)—ptdx

v £ @00 —F 000000~ F st 0 )

m N 1
-7 g”"g”djaap Opp(0:0ap —T ca’ 01 p) el dx
a—+1

+ 5z 878V aTane + o(N7?),

(6)
where all the quantities are evaluated in uy,
u = u(E(x)),
§ = 3(E@X),

Qabcd = E(aalabl 6cl ad l),
Hrst = <% 8,.laasla> 8tla>,
Tape = E(aalablacl)s

e e e
(H2/>) =H“H bdlgcdgk‘lgaba

(Hz/) = Hkla H/nglcyglvgab

a
and V , is the a component of the general covariant derivative of a tensor with respect to the
a connection.
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Proof. Only an outline of the proof is given; see Corcuera and Giummole (1996) for detailed
calculations. Since, from the definition of £,

3

=0, fuly=1, fray=23 poqy- @33

4 B
and 3(x) = O,(N"), the expansion of an a dlvergence from p(x; uy) to p(x; iy, §) is

Do(p(x; uo), p(x; iy, 8)) = Sgap(uo)it“in” + Lgu(ug)3's” + ( T ape(uo) + = Tabc(u0)> i u

a a
+ U apr (o) + 2T ap(u0)) + a Tapr(uo) i ’s’

+ Kapea(uo)it“a" i + 0,(N ),

where # = iy — up and

(a—3)(a—5)J OupOppOcpdap a—3J8 WOppOepOap
abed = 24( 4 p3 ydx P pz dx[6]
0,050.p 0 04,0pp 0.0
- J%wmw]%m[sl). ()

The brackets [ ] refers to the sum of a number of different terms obtained by permutation of
free indices, e.g.

aaabp 6cadp [3] = aaabp acadp + aaacp 8badp + 8aadp 8bacp'

The mean value of D, is

Eu { Dal(p(x; uo), p(x; ity, §)} = $gan(uo) oy [1°1"] + 1 g1y (u0) oy [§57]

+ ( abc(MO) +3 Tabc(”O)) Euo[ua b L]

+ (% ab1(uo) + r an(10) + 0 Tapr (1)) By [1°5"]

+ Kaped (u0) By [0°7" 00T + o(N7?). ®)
The mean squared error of &y can be written as
~ax 1 a c ~a acz. \(7, <
B[] = 3 g+ 0cil g2 + B — g5 — g, ©)
where X; =X, — 9;. We can eas1ly calculate the moments of X:
&ij

Euo[ii] = 0’ Euo[ili‘]] = W:
(10)

Bu [%%%50] = 577 gigm[3] + O(N ™).

. 1
Euo[xixjxk] - ﬁ ljk)
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By using geometrical properties of curved exponential families, it can be shown that

- - M Ba~ ~ 1 _,_ -
i = g%, — 1T Pz, % + 57 @) + 0,(N 7. (11)
Moreover, by (11) and (10),
~a 1 m a_bc 1o a, KA 1 —a -1
Upins = 2Nrbc g 2NHK/1 g+ Nu +o(N7), (12)

where # = u(E,,(X)). If we substitute (11) and (12) in (9), we can finally write

Uow L e
B, [a'u"] = — g” 2P0.(T 2."g™)2] -

m 1 _a
Né Tan? POH g 2]+ 17 87 0T 2]

N2 8

1 m m PN m v 1 m m
+ oz Cea’s™ +H g NI g + H g™ + szl Togg?

1 m m e e
+W(ch/1aHﬂvbglcﬂglv+2H ack rr bdlgcdg;cl)
L . Vo b -2
80 T T e 87 (2] = o W H a7 g7 [2] + o(N 7). (13)

By (4), we also have that
A L, -
E,[$'57] = ﬁslsj +o(N7?), (14)
where 5§ =5(E,,(¥)). By (11) and (10),

. 1 m m
Euo[uaubac] _ ﬁ(Tabc _ %Faﬂagbcgaﬁ[ﬂ _ rab0[3] + gabﬁcB]) + O(N_z), (15)

~ax~ by 1 abs -
E,, [#%u%s"] =78 b5l 4+ o(N7?) (16)
and
~a~b~c~ 1 ab __c -
E, [a‘a"a‘u’] = V28 "g“[3] + o(N 7). (17)

We can now use (13)—(17) and (7) to calculate each term of (8). With some further
calculations we obtain the result. U

From (6) we can obtain a decomposition of the average a divergence from the true
distribution to any predictive one, in two parts:

Eu{ Da(p(x; uo), p(x; iy (%), $(X)))} = Euy{ Da(p(x; o), p(x; ity (X))}
$ g (as's — g +oN ). (19)

The first term in (18) depends on the choice of the estimative distribution and the other on
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the shift orthogonal to the model &, It is well known that the problem of choosing a second-
order efficient estimator #,(x) has not, in general, a unique solution. On the other hand the
following theorem solves the problem of the choice of the optimal shift orthogonal to the
model.

Theorem 3.2. The optimal choice of §'(X), with respect to an a divergence, is given, up to
order N=\, by

H o (y(3)) g™ ity (), (19)

S‘opt(f) = ﬁ

where uy(X) is any asymptotically efficient estimator.

Proof. 1t is easy to see, by finding the derivative of (18) with respect to 5, that the minimum
value of the asymptotic risk corresponds to

a
i —1 I ab
Sopp=3Ha" &

The result follows by (4). O
Let us now define, for a, b=1, ..., m,

By = v(7’> Ol — Y o,1, Ol
. . (20)
— a
= p(l—u)/2 (aaabl + Ta aulabl + %gczb - 1—‘abc acl> .

Vectors h,, are, by definition orthogonal to the original model &°. Moreover they belong to
H,. The following theorem explains the important role that they play in our analysis.

Theorem 3.3. The difference in average a divergence from the true distribution, between the
estimative distribution p(x; ty(X)) and the optimal predictive distribution p(x; itn(X),
Sopt(X)), is maximal if and only if the vector 2%h,y, belongs to the linear space spanned by the
hy. In this case, the optimal predictive distribution is

o R 1 1+a
P(X; i, Sopt) = p(x; uN)[ +ﬁg”” (8 6b1+ 0 18b1+7gab — abcacl>:|

+0,(N71). (21)
., . a
Proof. By (20) and the definition of H ,5;, we have that
1 +a B a c a
(habs hr) = (DaDpla +—— D" gap = Ty clas hr) = H apr. (22)

By substituting (19) in (18),
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Euo{ Du(p(x; uo), p(x; itn(X)))} — Eu{ Du(p(x; uo), p(x; itn(X), Sopt(¥)))}

8N2 ||Hab1gabgljaﬂ I? + o(N"?)

= a0 hus, h) g Bl + 0N ),
which depends only on the projection of g%h,;, on the linear space spanned by the /;. Thus,
it is maximal if and only if g"”hab is included in this space and its maximal value is

g N2 [ hab|* + o(N 7). (23)

In this situation, by (19), (22) and (20), we have that

1 «
Opth1 NHabIgubhl

=N g (B, hr) g hy
(24)

1 ab
= — ha
2Ng b

1 l+a ,
_ (1- a)/2 ab _ c
NP (8 abl+ 2, labl+—2 8 — T 8cl>,
and the result follows by substituting (24) in (3). ]

Remark. Including the vector g“°h,, on the enlarged model allows us to attain the best
improvement on the estimative distribution. For any regular parametric model .7 containing
7 and g“h,;, we obtain the same optimal predictive distribution. In this sense, (21) gives a
predictive distribution that can be considered optimal among all probability distributions
equivalent to p.

In the case when 7 itself is a full exponential family, we can write (21) in a simpler
form

~ 3 ~ a 4 c —
P(; By, Sopt) = plx; UN)<1 + 20l Opl — gap — Tap 8c1) +0,(N7")

~ l-a a a c
= p(x; ”N)<l + W{g b(xa = 0Y)xp — Opyp) — m — g bTab (e — 801/))})
+0,(N7H. (25)
Note that for a = 1 there is no correction, i.e. we do not move out of the full exponential

model. Moreover, for o = —1 we obtain exactly the same result as Vidoni (1995, p. 858,
equation (3.1)).
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Example 3.1. We consider m-dimensional multivariate distributions N(u, 1,,):

m

. 1 1/, iN2
plx; u) = HW exp {—E(x —u)},
where ¢ = (u'), i =1, ..., m, is unknown. We have that

gij(u) =05 and T y(u) =0,

for all a. Now let x(/), /=1, ..., N, be independent of N(u, I,) and i = iiy(X) be any
estimator for the mean vector u, where

59
=—S x(.
N =1

By (20)
h R (LS R
R e e )

By (25),
P 7t Sot) = L ﬂ)(l i{(x iy - 1}) o,V

1 1—a\'? 1 iy .
:(231)1/2 (1— ZN) exp —( )Z( - +op(N 7).

We thus have that the optimal predictive distribution can be written in a close form as

N(ﬂ, (1 - lz_N"‘)lzm).

For a = —1, it coincides, up to order N~!, with the result of Barndorff-Nielsen and Cox
(1994, p. 318). By (23), we can calculate the difference in average a divergence between the
estimative distribution and the predictive distribution:

1 . m .
L e = H 1023 N — 2
8N? 32N2 ;

5 2
= J(Z{(x ﬂf)2—1}> pd

_(1—a)2m
TOl6N2 7
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which does not depend on /i, the efficient estimator used. Now let & be the James—Stein
estimator for u, i.e.

u(x) = (1 —(m— 2)/N Z(}?[)2>Y.
i=1

Then
floo(¥) = lim 1 =7,
A(®) = — ((m -2) / i‘(f")z)f
and

o= () = — ((m - 2)/ Z(ui)2> i
i=1

We can use (6) with s = 0 to compare the two estimative distributions obtained respectively
from the maximum-likelihood estimator [, = X, and the James—Stein estimator:

E.{ Da(p(x; ), p(x; ftmie))} — Eu{ Du(p(x; ), p(x; 1)}
1

—i—i 1 —i _
=~z Silt w —maiﬂ +o(N7?)

1 moo
=5 (m =2 / ;(w)z +o(N7?).

Remark. Let us consider an f divergence Dy as a loss function. Without loss of generality, we
can suppose that f”(1) = 1. Theorem 3.1 can be easily generalized to this case by putting
a=2f"(1)+ 3 and by substituting the coefficient

(a—11)(a—-1)
32
of the term
Qabcdgabng
N2
by

fOMm 21" 4
< .

In fact, in the expansion of Dy, the first- and second-order terms remain unchanged. The
coefficient of the third-order term is
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m 1 + 3 e
%TABC + 3T 45c,
and it can be written as

@
3
with a = 2/"(1) + 3. The coefficient S is calculated by
SO a+1 M) —2/"(1) -4
8 8 8 ‘

a
|
Tapc +5T 48c
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