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For T # 1, the domain G is T-homogeneous if 7G = G. If 0¢ G, then necessarily 0 € 9G. It is
known that for some p > 0, the Martin kernel K at infinity satisfies K(7x) = T?K(x) for all x € G.
We show that in dimension d = 2, if G is also Lipschitz, then the exit time 75 of Brownian motion
from G satisfies P.(tg > 1) ~ K(x)t ?/> as t— co. An analogous result holds for conditioned
Brownian motion, but this time the decay power is 1 — p — d/2. In two dimensions, we can relax the
Lipschitz condition at 0 at the expense of making the rest of the boundary C2.
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1. Introduction

Let B, be Brownian motion in RY, ¢ =2. For a domain (i.e., an open connected set)
G C R?, denote the first exit time of B, from G by
16 =inf{t>0: B, ¢ G}.

Following the usual convention, we use P, and E, to denote probability and expectation,
respectively, associated with By = x.
If G is smooth and bounded, then it is well known that

log P(tg > t) ~ —Agt as t — o0,

where A¢ is the first Dirichlet eigenvalue of half the Laplacian in G, and we write

f~g as t — 0o
to mean

j:—>1 as t — oo.

g

In addition, if G is simply connected for d =2 or strongly regular for d = 3, then for the
inner radius of G defined by

Inr(G) = sup{d(x, G°) : x € G},

we have
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C C;
= =
Inr(G) 46 Inr(G)

for some positive dimension-dependent constants C; and C, which are independent of G (see
Davies 1989, p. 30, Theorem 1.5.8).

From these considerations, it is clear that if G contains arbitrarily large balls, then the
tail P.(tg > f) cannot have exponential decay as # — oo. Recently several authors have
studied such domains with known expansion rate as a traveller moves out to oo from
within.

For example, given a > 0 and p > 1, consider the ‘parabolic-type’ domain

G=Gap=1{(x,y) ERT'XR: y>alx|'}.
In this case
log P(tg > 1) ~ — Ki(P=D/(p+D) as t — oo. (1.1)

For p=2 and d =2, the liminf/limsup behaviour was determined in Bafuelos et al.
(2001). This was extended to p > 1 and d = 2 by Li (2003). Lifshits and Shi (2002) found
the exact limiting behaviour and explicitly described K.

Convexity and symmetry played a great role in the derivation of (1.1). In DeBlassie and
Smits (2005) we showed that such symmetry is irrelevant and proved analogous results for a
new class of domains — the twisted domains. Such a domain G is generated as follows.
Given a curve C C R?, as a traveller moves out along the curve, the boundary curves of G
are obtained by moving out +g(7) units along the unit normal to C when the traveller is r
units from the origin. The function g is known as the growth radius. 1f, for some y > 0 and
0 < p <1, the growth radius is g(r) = yr? for large r, then it was shown that

log Pu(tg > f) ~ —Ki1=P/0+P) as t — 00,

and K was explicitly determined. Convexity played no role in the analysis, essentially being
replaced by geometric arguments from conformal mapping.

In this paper we take a different point of view for a domain G containing arbitrarily large
balls: The decay rate of P.(tg > t) as t — oo is intimately connected with the growth of
the Martin kernel K*°(x) of G with pole at co. Here are two motivating examples.

Example 1.1. Suppose K C R? is compact and non-polar. Let G = K¢. Such a domain is
called an exterior domain. It is known that the Martin boundary of G at oo is a singleton and
the corresponding normalized Martin kernel K*°(x) satisfies

K™ (x) ~ log|x| as x — oo.
This is proved by Collet et al. (2000); they also show that

Pdtg > 1) ~ 2K®(x)(log£)"!  as t — .

Example 1.2. An open cone in R? is a domain of the form

G={r0:r>0,0¢cQ},
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where Q is a domain in S9!, the unit sphere in R?. It is known that the Martin boundary of
G at oo is a singleton (Pinsky 1995, p. 391, Theorem 6.4). Moreover, it is easy to check
directly that

K®(x) = [x|“m, (i>

|x

d 2 /d
=y (3-1) - (51)

and m; = 0 is the first normalized eigenfunction of the Dirichlet Laplace—Beltrami operator
Aga1 on Q with corresponding eigenvalue Ai:

where

Asd—lnﬁ = —/11m1 on Q,
mioq = 0,
J mido =1
Q

(here do is (d — 1)-dimensional volume measure on S“~'). In Bafiuelos and Smits (1997) it
was shown that

Putg > 1) ~ cK®(x) ™ ?  as t — oo, (1.2)

and ¢ was explicitly identified (see also DeBlassie 1987; 1988).

The hypotheses on G were very general: Q must be regular for the Laplace—Beltrami
operator Ags-1i. When G is Lipschitz, (1.2) was extended in Bafiuelos and Smits (1997) to
the case of conditioned Brownian motion. Recall that if 2> 0 is harmonic in G, then
Brownian motion conditioned by /4 (also known as the h-process or the h-path) is the
process corresponding to the semigroup

[ = W) ELh(B)f(B)1g>].

This process was introduced in Doob (1957); see also Doob (1984). When 7 is the
normalized Martin kernel K of G with pole at y € JG, we use the notation P for the
probability associated with the corresponding A-process starting at x. It is known that as
t — 1g, the h-process converges to y. For this reason it is called Brownian motion
conditioned to converge to y € JG. The Lipschitz nature of G ensures that the Martin
boundary less oo coincides with the Euclidean boundary. The extension of (1.2) is

Pl(tg > )~ H(x, ))t'= 7 as t — cc. (1.3)

The relations (1.2)—(1.3) required the scale invariance of the cone G (i.e., yG = G for all
y > 0) and the boundary Harnack principle in truncations of G. Our main results extend
(1.2)—(1.3) to more general domains that scale only for a discrete set of dilations. Given a
positive T # 1, a domain G C R? is T-homogeneous if TG = G. Thus G is invariant under
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the discrete set of dilations {7" : n € Z}. Clearly any cone is 7-homogeneous for all
T>0.

Remark 1.1. (a) We will always assume 0¢ G, for otherwise G = R?. Notice that a T-
homogeneous domain is unbounded and contains arbitrarily large balls.

(b) Since 0 ¢ G, we must have 0 € 9G.

(¢) If G is T-homogeneous then it is (1/7)-homogeneous. Thus it is no loss to assume
T>1.

(d) Since G is connected, G N {|x| = 1} # &, so after a rotation we can always assume
that (1,0, ...,0) € G.

In what follows we will say that G is a Lipschitz domain if each point x € 0G has a
neighbourhood N for which N NOG is a rotated graph of some Lipschitz function from
R~ to R. Assuming 0 € OG, if we require this condition only for x € 9G\{0}, then we
say that 0G\{0} is Lipschitz. The corresponding definition holds when we say that 0G\{0}
is C%.

The key to our theorems is the following recent result of Azarin et al. (2005).

Theorem 1.1. Suppose G is T-homogeneous and Lipschitz. Then the Martin boundary of G is
0G U {oc}, where OG is the Euclidean boundary. For y € 0GU {co}, denote the
corresponding Martin kernel by K”(-), normalized by K”(1,0,...,0)=1Then there
exists p(G) > 0 such that for all x € G,

K>(Tx) = TP 9D K>(x),
K(Tx) = T4 PO KO(x).

When d = 2, this result is an amalgamation of several results in Azarin et al. (2005). It is not
difficult to check that the arguments in the two-dimensional case can be modified to carry
through to higher dimensions.

Remark 1.2. By Section 5 in Azarin et al. (2005), for dimension d =2, Theorem 1.1
continues to hold if instead of assuming that G is Lipschitz, we assume that the boundary
Harnack principle holds on G N {|z| = 1}. For instance, this is true if G N {|z| = 1} consists
of finitely many arcs and in a neighbourhood of each of these arcs the boundary of G is a
(possibly rotated) graph of a Lipschitz function.

In what follows we will write
f~g as t — oo

to mean, for some positive constants C; and C,,

f

Ci===(0C, as t — o0.
g

We can now state our main results.
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Theorem 1.2. Let G C R? be T-homogeneous and Lipschitz. Then for x € G, with p(G) from
Theorem 1.1,

Putg > )~ KXt P92 as 1 — oo, (1.4)
and for y € 0G,
Pl(tg > t) = KX(x)K?(x) 11 7PO=42 g5 1 — o0 (1.5)
In two dimensions, we can relax the Lipschitz requirement at 0 € G at the expense of
more regularity away from 0. This allows for some interesting examples not covered by
Theorem 1.2. See Section 4 for some examples.

If C is the Riemann sphere, a Jordan curve is a continuous mapping y : [a, b] — C with
y(a) = y(b). The values ¢ = —oo and b = oo are allowed.

Theorem 1.3. Let G C R? be a T-homogeneous domain such that OG is given by a Jordan
curve. If 9G\{0} is C?, then for z € G and y € OG,

P.(tg > ) = K¥x)t "D g5t — o0, (1.6)

and
Pl(tg > ) = KXK' (x) 't 79D as t — 0. (1.7)
This paper is organized as follows. In Section 2 we prove Theorem 1.2 using the

parabolic boundary Harnack principle. In Section 3 we prove Theorem 1.3 using conformal
maps. Finally, in Section 4 we present some two-dimensional examples.

2. Proof of Theorem 1.2

Throughout this section G C R? will be a Lipschitz T-homogeneous domain. We will need
the following result of Davis and Zhang (1994). It is important in the proof of (1.5) for
y = 0. Even though their result was given for the case of a cone, it is not hard to verify
that their proof works for 7-homogeneous domains too.

Lemma 2.1. Let G C R? be Lipschitz and T-homogeneous. Then for p > 0,

d
Eltl) <o e p< p(G)+5— 1.

We will also need the following consequence of the parabolic boundary Harnack principle.

Theorem 2.2. Let u(t, x) and uv(t, x) be positive solutions of the heat equation
Au—0ufot=0 in {(t,x):3<t<2,x€G,|x|<T} vanishing continuously on
{(t,x) :$<1<2,x€0G, |x| < T}. Then for some constant C, if x € G with |x| <1 then
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u(1, x) = Cou(1, x).

Proof. Given r > 0 and x € R?, we will write
By(x)={y:|x—yl <r}

By the parabolic boundary Harnack principle (Kenig and Pipher 1989, Lemma 2.6) applied to
the Lipschitz cylinder

1
{(t,x):§<t<2,x€G, |x|<T},

for each x € 9G with |x| <1 there exist 0 =d(x) and A4 = A(x) such that for all
y € GN Bs(x),

u(l, y) < Av(1, y).

Then since dG N {|x| < 1} is compact and since u(l, y)/v(1, y) is bounded on compact
subsets of G N {|x| < T}, the desired conclusion holds. O

One application below of Theorem 2.2 requires the next result.

Lemma 2.3. The Martin kernel K°(x) of G with pole at 0 satisfies

m% E([l;,~: K°(B)] =0
xeG

Sfor all t > 0.
Proof. By Lemma 2.1, for ¢ < p(G)+d/2 —1

Cy:= sup Et%)<oo. (2.1)
1/T<[x|<1

Since p(G) > 0, we can choose ¢ satisfying
1 d
5[p(G)+d—2]<q<p(G)+E—l. 2.2)
By scaling and the homogeneity property of K°,
Pl(rg > t) = P}, (T *"t6 > 1). (2.3)
Hence for |x| small, choose n = 0 such that
T l<|xsT"

Then by (2.1) and (2.3),
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Exllro=K'(B)] = K° ()Pt > 1)
=K' ) PY, (Tt > 1)
< K'(x)C, T2t 1
< K%(x)Cy 17 9(T)x|)%. (2.4)
By the homogeneity property of K°(x) and the fact that 2 —d — p(G) < 0,

KO(X) _ KO(Tnx)T—n(Z—p(G)—d)

sup  K°(y)| 7@ mO-d)

1/T<|y|s1

< C2|x|27dfp(G)’
where C, is independent of x. Combined with (2.4), we have for some positive constant C
independent of x,
E.[l;,>K°(B)] < C|x[?(@+PO=2)
— 0 as x — 0,
by (2.2). O
We now prove Theorem 1.2. For the rest of this section, fix x € G and consider any

n € Z so large that
|x| < T7". (2.5)

Proof of (1.4). By harmonicity of K>, T-homogeneity of G and scaling,

P(tg >T?")  Pdtg>T")
K°°(x) E[K®(Br2);y=720]

o PxT’”(TG > 1)
Evr-[K(T"B1)Ir,>1]

_ Pirn(tg > 1) (2.6)
T OE [ K®(B)y>1] .

Apply Theorem 2.2 to the functions
u(t, w)y = Py(tg > 1),
u(t, w) = E[K¥(B) ;>4

and use (2.5) to obtain
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PxT*”(tG > 1)
Ep-n[K®(B1)7;>1]

<

1S =

= 2

where C; and C, are independent of n. Using this in (2.6) yields

Po(tg > T*")

779 <
: K>=(x)

< C, T~ "9, 2.7)

Next, given large ¢ > 0, choose m € N such that 72”2 < ¢ < T?". Then
Ptg > T*") < Py(tg > 1) < P(tg > T*"72).
By (2.7),

Px(TG > t)

C, 7m0 <
: K>(x)

< G, 7 1p(O),

After multiplying by t7(@/? we obtain

t \ PG))2 ,p(G)/ZpX(TG > 1) t p(G)/2
1 ( Zm) = o =G ( 2’"72)
T K> (x) T

By choice of m, this yields

tPO2P (15 < 1)
K> (x)

from which (1.4) follows. O

T "0 < < 719,

Proof of (1.5) for y=0. With x and »n as above (see (2.5)),

Po(rg > T?") _ KO(x) "By [K(Br2n) 1,y 120]
Px(TG > TZn) Px(TG > TZn) .

By the homogeneity property of K°, thanks to Lemma 2.3, we can argue exactly as above to
obtain the following analogue of (2.7):

Pz > T*") _

C 7" PO D )t <007 © T
] O(X) Px(rG > T2n)

Cy 7" PO~ D gy (x)~ 1,

Combined with (2.7),

C%Tn(272p(G)fd) K>(x) < Pg(rG > 72 < Cng(272p(G)fd) Koc(x).
KO(x) KO(x)

As above, this yields

1 p(&)-aj2 K*()
KO(x)

as desired. O

Plrg >0 ~t as t — oo,
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Proof of (1.5) for y # 0. In this case, the proof is much more difficult. We need the next two
results for the lower bound.

, we have

KO(w) =~ K”(w), we GN{|w| =2r}.

Lemma 2.4. For r = 2|y

Proof. This is an immediate consequence of Jerison and Kenig (1982, Theorem 5.20). They
consider bounded Lipschitz domains, but the argument depends only on the fact that the local
Lipschitz characteristics at each boundary point can be chosen independent of the boundary
point. Even though G is unbounded, by 7-homogeneity, this independence also holds in this
case. O

Lemma 2.5. Let r = 2|y|. Given ny large, there exists positive Cy such that for all n = ny,

_ E\[K(Bran) Iy =720 prany=2,]
1 ~=
EX[KO(BTzn)ITG>Tz,.]

Proof. By scaling and the homogeneity property of K, the fraction in question is equal to

Er n[KY(B) ro=115,=2,7-1]
Eir -1 [KO(B))Try>1] ’

which in turn is bounded below by

E7 1[K*(B) ;=11 5,227 ]
E.r - [KO(B1) r5>1] .

(2.8)

Hence by Theorem 2.2 and (2.5), for ny large, there is a positive constant C such that (2.8) is
bounded below by C for n = n,. O

We can now prove the lower bound in (1.5) for y # 0. Given ng large, we have for
r=2ly| and n = ny,

P(tg > T?") = K*(x) 'E[K”(Br2n) sy 121]
= KY(x) ' Ed[KY(Br2) Ly gogond |prom=2,]
= CK(x) 'EL[K*(Br2)ly=720] pr2ny=2,]  (by Lemma 2.4)
= CKY(x) "EL[K*(Br2n)];y=721] (by Lemma 2.5)
= CK*(x) ' K°(x) Pz > T*")
= CKy(x)—lKw(x)Tn(Z—Zp(G)—d)’

by the case y = 0 of (1.5) proved above. This easily leads to the desired lower bound.
As for the upper bound, we will use the next result.



122 D. DeBlassie and R. Smits

Lemma 2.6. Let r = 2[|y| V |x|] and set
D = G N By,(0).
Then for some positive constants C and 1,

E.[KY(B)I;,= < CK’(x)e ™, t>0.

Proof. Since h(x) = K”(x) is positive and harmonic in D,
E[KY(B) 1=/ = h(x)P}(tp = 1). (2.9)

Since D is bounded, the first Dirichlet eigenvalue Ap of %A exists and is positive. Since
log Pfc’(rD = 1)~ —Apt as t — oo (see Kenig and Pipher 1989), using A = Ap/2 and (2.9)
we obtain

E.[KY(B)I;,=/] < Ch(x)e ME"[e*"?] = CK”(x)e ™",
as claimed. O

We now prove the upper bound in (1.5). First note that by the strong Markov property,
with D from Lemma 2.6,

EK?(Branlrron Ty <gon]
— Bullry<ro Lepern B Hromrn e K (BT — 7 p ()], (2.10)

where, in an abuse of notation, we have written E%, ) to emphasize that any w within the
conditional expectation is to be regarded as constant. In particular, since KV is harmonic
on G,

EY e vt o K (B(T?" = Tp(w)] = K*(B(Tp)).
Using this in (2.10), we obtain
EAKY(Bra)lpgsranlyy<qan] = Bxllry<oq Iy <720 K¥(B(Tp))]- 2.11)
By the boundary Harnack principle, for some positive C; and Cs,

_ K

=K

=< (,, we GN{|wl =2r}.

Then since 7 < 7 implies |B(tp)| = 2r, (2.11) becomes
E[K”(Bra)lyo=randyy<r2n] < CoEx[ e <o Iry< 20 K(B(T))]-

Note that (2.11) holds for K* replaced by K, since we only have used the fact that KV is
positive and harmonic on G. Hence
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E[KY(Br2n)y=ronlyy<720] < CoEK (Bran)ly=pon ;<720
< GEJ[K (Bran)l ;= 72]
= O K'(x)P(tg > T*")
< G, K®(x) "3 2P(O=d) (2.12)
by the case y =0 of (5). To finish, note that by Lemma 2.6 and (2.12),
PY(tg > T*") = K'(x) "B K¥(Br2n) g 720]
< KY(x) "EL[KY(Bran)l;p=720]
+ K Bl KY(Bron) Ly gon Ly gon]
< Ce™ T 4 G K (x) 1K™ (x) T2~

< CKy(x)_l K%(X)Tn(z—zp(c)—d) .

This leads to the desired upper bound. The proof of Theorem 1.2 is complete. O

3. Proof of Theorem 1.3

Let
H={z=x+iy: x>0}

be the right half-space. By our hypothesis on G, there exists a continuous bijection
F : G — H such that F : G — H is conformal with F(0) = 0. In particular, Re F is positive
and harmonic on G and vanishes on JG. By Remark 1.2, there exists a positive constant ¢
such that for K = K>, Re F = cK. By replacing F by ¢ 'F, there is no loss in assuming
¢ = 1. Thus we can write

F=K+iV, 3.1)

where V' is the harmonic conjugate of K in G. We now derive an important property of F.
Recall from Theorem 1.1, with p = p(G),

K(Tz) = T"K(z), z€G. (3.2)
Lemma 3.1. The function F : G — H satisfies

F(Tz) = T?F(2), zeG.
Proof. 1t suffices to show

V(Tz) = T?V(2), zeG.
By (3.2),
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K(T2) = TP K\(2),
K, (Tz) = TP 'K (2)

where z=x+1y € G and K, = 0K /0x, K, = 0K/0y.
Consider any z; € G. Then

4

V(z) = J — K(r, ydr + K,(r, t)dt + V(zy),

21

where the line integral is along any path from z; to z in G. Let y = (y1, y2)

(3.3)

[0, 1] — R? be

a smooth path in G connecting z; to z. Then Ty is a smooth path in G connecting 7z, to 7z

and so

1z
V(Tz) = V(Tz)) + — K(r, tydr + K (7, t)dt

Tz,

1
V(Tz1) + 0[—Kz(TV(S))TVi(S) + KA(Ty(s)Tyi(s)]ds

1
V(Tz) + 0[—T”71Kt(V(S))TVi(S) + TP K (y()) Tys(s)1ds

1
=V(Tz)+T7 JO[—Kt(V(S))Vi(S) + Ku(y(s))y2(s)lds

=V(Iz)+ T7[V(2) = V(2]
=TV () +[V(Tz1)) — T*V(z))].
Let z; — 0, use continuity of V" and the fact that 7(0) = 0 to obtain
V(Tz) = TPV (z),

as desired.

For &> 0, define

b X
Dg—D(&)—(o,oo>><< 23,

! —82 +— 1 o ( )e D
— _ u—=I(u u .
2 [0u? ulaul 8u2 b2 d

For u = (uy, uy) € Dg and ¢ > 0 set

> u? a/2 a; w\ 2
qe(u, t) = Z B; <2t> 1 Fy <2], a;j+1, _2t) Ecos(ajuz),

where

(by (3-3))

(3.4)

(3.5)
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2j—1
=",
3
[(a;/2+1) Jé/z 2
Bi=—"" —cos(a;0)do
J r(aj + 1) —&n E J

az ala+1)z?
. — . _ >
1Fi(a, b; z) 1+b1!+b(b+l)2!+ (b>0)

aj

and

is the confluent hypergeometric function.
The following two results can be found in Bafiuelos and Smits (1997).

Theorem 3.2. The convergence in (3.5) is uniform for (u,t)= (uj, uy, t) € [0, K] X
[—&/2, /2] X [T, o0) for all positive K and T. Moreover,

linzqg(u, 1) =0, v € (0, c0) X {:tg} and t > 0,

111’13 q§(u, H=1, uc D&,
—
0
Lgs = G on Dg X (0, 00).

Corollary 3.3. 4s t — oo,

A )

qé(uy 1)~ B (2_1t> gCOS(Clluz),
u? /2 2

q.‘S(”a t) ~ B (2_11) ECOS(CI[UQ).

Remark 3.1. (a) Thus if U is the diffusion in D associated with the operator L and
Tpe(u) = inf{t>0: U, ¢ D)},

and as u; — 0,

then
Py(Tpe(w) > 1) = qe(u, ).

(b) Bafiuelos and Smits (1997) proved this for § < 27 because they were interested in the
distribution of the exit time of two-dimensional Brownian motion in a wedge

i & 3
We=14re?  r>0 —2<0<2\.
& {re r>0, > 2
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However, the proof works for arbitrary & > 0, although we lose the interpretation of ¢ as the
distribution of the exit time of Brownian motion from a wedge.

Our next idea is to obtain a map J from G into a region G such that Brownian motion is
converted into a diffusion in G governed by an operator of the form a(z)A, where
0 <inf a < supa < oco. Then because of the next lemma and Corollary 3.3, we will be able

to prove Theorem 1.3.

Lemma 3.4. Suppose U and U are the diffusions in D¢ associated with the operators L and
a(u)L, respectively, where L is from (3.4) and 0 <infpe) a < suppe a < oo. Then for some
constants ¢y and ¢y, for u € Dg and t > 0,

Pu(tpie(U) > c1t) < Py(tpe(U) > 1) < Py(tpe(U) > o).

Proof. Since the first component of U is a two-dimensional Bessel process starting away
from 0, it never hits 0. Then standard time-change arguments yield the desired conclusion.[]

The question is how to define J. In the case p > 1, it turns out J = FV/7 : G — W,

will do the trick. This motivates the following definition. Let J : G — D(5t/p) be given by

J(z) = <|F(z)|1/1’, % arctan %)

Since F(G)=H = {re'’ : r >0, —n/2 < 6 < m/2}, we see that J is onto. Notice that

T
li Jz)=10,£—|,
Zﬁalcl;lg{o} @ ( 2 p)

where the plus sign is chosen if lim, G\ (0} ¥'(2) > 0 and the negative sign is chosen if
the limit is negative. Thus J has a continuous extension from G\{0} onto
(0, 00) X [—7:/2 p, /2 p]. Moreover, J is one-to-one: if J(z;) = J(z,) then

|F(z1)| = |F(z2)] and arctan Izzg = arctan ]ZEZ; .

Now K =0, so either K(z;) > 0 or K(z;) =0. When K(z;) > 0 we have F(z) = F(z,),
which implies z; = z, since F is one-to-one. When K(z;) = 0 we have V(z;) # 0 and

V(Zl) T
Kz 2 sgn(V(z1)).

Hence V(z))V(z) >0 and since |V(z))| = |F(z1)| = |F(z2)| = |V (z2)|, we obtain V(z)
= V(zp). Thus F(z;) = F(z;) again, and so z; = z5.
In what follows, let

arctan

U, = J(B,), (3.6)

L=al, (3.7)
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where L is from (3.4) with § = xt/p and

alw) =5 "0 T @PIF o7 (3.8)
Before proving the next two lemmas, we show how to obtain (1.6) in Theorem 1.3.

Lemma 3.5. The differential operator associated with U in D, A L. Equivalently,
%A(h oJ)=(Lh)oJ for smooth h: Dy, — R.

Lemma 3.6. The function a(u) from (3.8) satisfies

0< inf a< sup a < oo.
D@/p) Di/p)

Lemma 3.7. Up to positive constant multiples, for u = J(z),
K*(2) = uf cos(puy)
and
K°(2) = u; ? cos(pu).
Proof of (1.6). Let U be the diffusion in Dy, associated with L from (3.4), where & = 7/ p.
Then for u = J(z), by Lemmas 3.4-3.6,
Pt > 1) = Pu(Tp@) p(U) > 1)

< Pu(Tp@/p)(U) > cat). (3.9)
By Remark 3.1(a), Corollary 3.3 and the fact that, for & = 7t/ p,
— n —
ay = g =Pp

we have
Pu(Tp) p(U) > 1) ~ Byul cos(pur)(2t) P> as t — .
Hence by (3.9) and Lemma 3.7, for some constant C > 0,
P.(tg > 1) < CK®(x)t */? as t — oo.
A similar argument yields a similar lower bound and the proof of (1.6) in Theorem 1.3 is

complete. O

Proof of Lemma 3.5. The quickest way to see this is to observe that locally, J(z) gives the
polar coordinates of the appropriate branch M(z) of F(z)'/?. More precisely, if u; = |z| and
R(z) = (uy, up) = u gives the polar coordinates of z, then

J(z) = Ro M(z).
It is well known that
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1
EA(h oR)=(Lh)oR
and, since M is conformal,
A(f o M) = |M'(Af) o M.

Hence

%A(ho]):%A(hoRoM)

1
=5 |M'*(A(ho R)o M
= |M'|*(Lh)yo Ro M

1
= |FPIEPI Lk o g

=(aoJ)Lh)oJ
= (Lh)o J,

as desired. Alternatively, one can use the Cauchy—Riemann equations K, =V, and
K, = —V, to compute dU; and then dg(U;) for smooth g. One can read off L from the
latter. =

Proof of Lemma 3.6. Since J is one-to-one, it suffices to show that

0 < inf[|F'P|F[*/7~2] < sup[|F[*|FP/72] < oo.
G

Given z € G, choose n € Z such that
Tl <|z<T"
Then by Lemma 3.1,

1/p—1
’ 1/p—1 _ ’ n 2
\F'(2)F(z)|'/P~! = ‘F (T Tn)

()
Tn

7 1/p-1
F(7)
Tl’l

1/p-1 1/p-1

z
< sup F(—) < 0.
zeG T

Since 1/T < |z|/T" < 1, by continuity of F,

*(73)

0 < inf
zeG

Thus it suffices to show that
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1 1
0<inf{|F’(z)| 1z € G,?S lz| < 1} $sup{|F’(z)| tz € G,?< lz| < 1} < o0.

Since F is conformal on G, |F'(z)| > 0 away from OG, hence we need only consider z near
0G with 1/T < |z| < 1. Notice also that |F'(z)| = [VK(z)|, so we need only study K. Now K
is harmonic on G and vanishes continuously on dG. Since G is C? away from 0, by the
elliptic regularity theorem (Gilbarg and Trudinger 1983, p. 111, Lemma 6.18) we have
K € C*(G\{0}). In particular, VK| is bounded on GN{1/T < |z| < 1}. Furthermore, by
the Hopf maximum principle (Protter and Weinberger 1984, p. 65, Theorem 7), [VK| > 0 on
OG. Then by continuity of VK on G\{0}, |F’| =|VK] is positive for z near G with
1/T < |z| <1, as desired. O

Proof of Lemma 3.7. By Lemma 3.5 the Martin boundaries of G and Dy, corresponding to
A and L, respectively, are in one-to-one correspondence. In particular, by Remark 1.2 the
normalized Martin kernels X> and K° in D, /p corresponding to L with poles at co and 0,
respectively, are well defined. Moreover, up to positive constant multiples,

K>*(x) = £*(J(x)
and

K°(x) = K°(J (x)).
It is easy to check directly that

K>(u) = uf cos(puz) and  K°(u) = u; ? cos(puy),

and the lemma follows. ]
Proof of (1.7). Let U be the process in Dy, corresponding to L from (3.4) with & = n/p
and let U be the process in Dy, corresponding to L from (3.7). Then the Martin boundaries

of Dy, corresponding to L and L coincide. For y € G U {oc} and v = J(y), if K’ is the
Martin kernel in Dy, corresponding to L (or L) with pole at v, then by Lemma 3.5,

K(x) = K? 0 J(x). (3.10)

Write U and U” to denote the K’-processes in Dy, and denote the corresponding
differential operators by LV and L.
First we show that, for v = J(y) and u = J(z),

PY(tG > 1) = Pty p)(U) > 1). (3.11)

Indeed, if we denote the K”-process in G by B” then it suffices to show that the differential
operator associated with J(B”) is L°. Equivalently, we must show that, for smooth
h - Dﬁ /p R,

mA(KV(h o J)) = (L’h)o J.

But by (3.10) and Lemma 3.5,
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Z—II(yA(Ky(h oJ)) = K0 JA((IC” oJ)(hold))
— ]Cvlo ¥ (L(K°h)) o J
=(L’h)o J,
as desired.
In Banuelos and Smits (1997) it was shown that
P(Tpe/ p(U) > ) = KK (w)"'t7  as t — oo. (3.12)

Notice that for v # 0 the K-process never hits 0, whereas for v = 0 the lifetime of the KO-
process is the first hitting time of 0. Since L = aL, we have L’ = al’ and by Lemma 3.6 the
following analogue of Lemma 3.4 holds: for some positive ¢; and c;,

PU(T pay p)(U) > c10) < PoTpy py(U) > 1)
= Pz(tD(n/p)(U) > Czt).
Then by (3.11) and (3.10), (1.7) of Theorem 1.3 follows. O

4. Examples

Example 4.1. Suppose f : R~! — R is continuous with f(0) = 0. If, for some T > I,
f(Ix)=If(x), xeR", 4.1)
then it is easy to check that
G={(x»:y>/0} (4.2)

is T-homogeneous.

If f is locally Lipschitz, then Theorem 1.2 applies. If d =2 and f € C*(R\{0}) then
Theorem 1.3 applies. It is not hard to check that the sufficient condition (4.1) for G of the
form (4.2) to be 7-homogeneous is also necessary.

Example 4.2. Suppose f1, f> : (0, c0) — R are continuous with 0 < f5(r) — f1(r) < 2w for
all » > 0. If for some 7 > 0 there exists an integer n such that

fAT) = il + 20, r>0,i=1,2, 43)
then it is easy to check
G={re” . r>0, fi(r) <0< fa(r)} (4.4)

is T-homogeneous.

If f1 and f, are in C?(0, 0c0), then Theorem 1.3 applies. Notice the condition
0 < f2 — f1 <2m is natural to prevent crossing of the boundary curves. Also, the sufficient
condition (4.3) is necessary for G to be of the form (4.4).
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Example 4.3. Given m >0 and 0 < b < 2w, let
f1(r) = mlogr,
f2(r) = mlogr+ b.
Since log(e*™"r) = 2t/m + log r, we have
S = fi(r) + 2m.
By Example 4.2,
G={re? :r>0, mlogr<6<mlogr+b}

is T-homogeneous for 7 = e*/” and Theorem 1.3 applies. We can explicitly identify the
power p(G).
To this end, observe that G is the image of the strip

b
S:{(x,y):0<y<\/l+_mz}

under the conformal mapping F given by a counterclockwise rotation through an angle of

6y = tan—'m followed by . The Martin boundary of S less the Euclidean boundary consists
of two points we denote by +oo. The Martin kernel with pole at co is a constant multiple of

e awm? + 1
f(x, y) — ™ m>+1/b sin mT_‘_y

Note that F(—oc) =0 and F(oo) = co. Hence by conformal invariance of harmonic
functions, f o F~' must be a multiple of the Martin kernel K> of G with pole at oo.
Computing the composition explicitly, using cos 6y = 1/vm? + 1 and sin 6y = m/v/m? + 1,
we obtain

K®(re'®) = Cexp (g (log r + me)) sin %(9 — mlog ).

If x=re” e G with mlogr < 6(x) < mlogr+b, then by T-homogeneity, 6(Tx)=
6(x) + 2m. Therefore Tx = Tre!®9+2™ and we can write

K*(Tx) = Cexp (% (log Tr + m(6 + 2n))) sin %(0 + 27— mlogTr)
_ Tnbfl(mZH)KOO(x).

Hence p(G) = nb~'(m? + 1).
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