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We study a one-parameter family of attractive reversible nearest particle systems on a finite interval.
As the length of the interval increases, the time at which the nearest particle system first hits the
empty set increases from logarithmic to exponential depending on the intensity of interaction. In the
critical case, the first hitting time is polynomial in the interval length.
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1. Introduction

A nearest particle system on S = {1, 2, ..., N} is a continuous-time Markov chain with the
state space {4 : A C S}. The jump rates are specified as follows:

q(4, A\{x}) =1, if x € 4;

q(4, AU{x}) = B(I(A), r(4)),  if x € S\4;

q(4, B)=0 otherwise.

Here [,(A) and r,(A) are the distances from x to the nearest points in A4 to the left and right
respectively, with the convention that /,(4) (ry(A4)) is oo if y > x (y <x) for all y € 4. We
assume that:

L p(l, r) = p(r, D;

2. (1, r) is decreasing in [ and in r;
3. B(oo, 00) =0, B(1, o) > 0;

4. 3, B, 00) < 0.

There are many choices of (-, -) satisfying the above assumptions.

Example 1 The one-dimensional contact process. (1, 1) =24, (1, r)=p(l, 1) =1 for
I, r>1, and (I, r) = 0 otherwise.

Example 2 The uniform birth rate. B(I, r) = A1/(I+ r —1).
Example 3 The reversible case.
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L p(Dy(r) -~ -~
where
S _ Y(n)
vO>0, D wm=1 SrETEN L
Assume further that
Z n?(n) < oo. (1)

n

For example, y(n) = cn=* for some o > 3 satisfies the above requirement.

It is helpful to associate a subset 4 of S with an element & of {0, 1} and use them
interchangeably: &(x) = 1 if and only if x € A. Each configuration & is given an occupancy
interpretation. We say there is a particle at x if §(x) = 1, and we say the site is vacant if
E(x) = 0. Then the above transition mechanism is interpreted as follows: each particle
disappears at rate 1 independently, and a particle is born at vacant site x at rate
BUL(A), r(A)).

The transition mechanisms also make sense if we replace S = {1,2,..., N} with the
integer lattice Z. The state space {0, 1}? consists of four disjoint subspaces:

(i) all finite subsets of Z;
(ii) all subsets of Z with infinitely many particles both to the left and to the right of
the origin;
(iii) all infinite subsets of Z with finitely many particles to the right of the origin; and
(iv) all infinite subsets of Z with finitely many particles to the left of the origin.

Because of assumption 4, a nearest particle system will remain for ever in one of the four
subspaces. The processes taking values in subspaces (i) or (ii) are called finite and infinite
nearest particle systems, respectively. A comprehensive account can be found in Chapter 7 of
Liggett (1985). The processes taking values in subspaces (iii) or (iv) share many properties of
finite and infinite nearest particle systems, and are indispensable on some occasions (see, for
example, Lemma 4.1 below).

For interacting particle systems one is most concerned with the existence of phase
transition and the critical value. For the infinite nearest particle system with uniform birth
rate (Example 2), the critical value is 1 (see Mountford 1992). For the reversible nearest
particle system (Example 3), the critical value is also 1. For the contact process (Example
1), the critical value is unknown but is between 1.5 and 2, and is denoted as A. throughout
this paper.

Can the critical value of an infinite model be detected by its counterpart on a finite
interval? This interplay was first explored for the contact process in a series of papers by
Durrett and co-workers (Durrett and Liu 1988; Durrett and Schonmann 1988; Durrett et al.
1989). The main results are summarized as follows. Let {Civ 1t = 0} be the contact process
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on {1, 2, ..., N} with the parameter A starting from all sites occupied, and 7, be the first
time it hits the empty set.

Theorem 1.1. (i) If 1 <A, then there is a constant y{(1) >0 such that as N — oo,
n/log N — 1/y1() in probability (Durrett and Liu 1988, Theorem 1).

(i) If A> A, then there is a constant yy(A) >0 such that as N — oo,
(logtyn)/N — ya(d) in probability (Durrett and Schonmann 1988, Theorem 2).

(iii) If A=A. and a, b€ (0, 00), then P(aN <7ty <bN*)— 1 as N — oo (Durrett
et al. 1989, Theorem 1.6).

We believe that these statements hold for a large class of interacting particle systems. In
this paper we study the asymptotic behaviour of the hitting time oy of the reversible
nearest particle systems (Example 3) on a finite interval, as the length of the interval
increases. The results read as follows.

Theorem 1.2. Suppose the initial state is {1,2, ..., N}.
W 17

N Wn)
A 1, —_————— >
= m‘“{ WA S W)w(r)}

then Eoy =< Clog N for some constant C which is independent of N, and
lim P(oy =< CylogN) =1,
N—o0
where {Cy: N =1} is any sequence of increasing numbers such that

limy_,ooCy = 0.
(ii) If A > 1, then there is a constant y > 0 such that limy_.P(oy = e"V) = 1.

Remark. 1t is not difficult to establish estimates in the opposite direction (see Theorems 2.3
and 2.4). We have thus shown that o, increases logarithmically if 4 is small enough and
exponentially if 1 > 1.

For any non-empty set 4 = {x|, xp, ..., x¢}, we assume without loss of generality that
x1 < x <...<x; and define

_ G = x)yY(s —x2) - Pk — Xg—1), if k>1,
V’P(A)_{l if k=1.
probability measure on Sy, with () = 0.

Theorem 1.3. Suppose that 1 = 1 and the initial distribution is w. Let {Cy : N = 1} be any
sequence of increasing numbers such that limy_,., Cy = oco. Then
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N
lim P<C <oy < CNN2> =1.

N—+400 N

We now proceed to prove Theorems 1.2 and 1.3 by three different approaches.

2. Comparison by coupling

We will prove the first part of Theorem 1.2 by establishing a more general conclusion
(Theorem 2.2). Let {X, : ¢ = 0} be a birth and death process on {0, 1, ..., N} with death
rate

a; =i, fori=1,..., N,
and birth rate
b;=(i+ Da, fori=0,..., N—1.
Let =inf{r>0:X,=0} be the first time that {X,: 7= 0} hits 0. Let EV be the
conditional expectation on Xy = N.
Lemma 2.1. Suppose that Xy = N. For large N,
(2log N)/(1 — a), if a <1,

EVr<{ 2NlogN, if a =1,
aVa/(o — 1), if a>1.
Furthermore,
EVe? < 2(EVv)’. )
Proof. Let P’ be the conditional probability distribution on the initial state i, E' be the
expectation with respect to P, and m; = E't for i =0, ..., N. It is shown in Wang (1980)
that
N N

ENT:Ze,-, ENTZ:Z&-,

i=1 i=1

where
N—l—i
1 bibiy1 -+ by 1 ;
2 N—
ei:——|— :*(1+a+a +--a l)’ (3)
ai =0 didit1 " QippQivktl 1
N—1-i
- 2m; 2bibigy -+ bigkmiy g
= .
ai =0 Gidit1 " itk Qitke+1

Notice that m; < my for any i < N. It follows that &; < 2mye;. Therefore,
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N N
EN? = Z g < 2mNZ e; <2myENT = 2(ENr)2.
i=1 i=1

If a <1, then
N N M+1—i N
11—« 2log N
EVr = i = - =< (1 —a) < .
R R ML
If a =1, by (3), e, = (N — i+ 1)/i, and for large N,
N N
EVt =Y e;<NY i'<2NlogN.
i=1 i=1
If a>1, then ENt =YY ¢, < (a— 1), oV < oV J(a — 1) O
Consider a nearest particle system {£Y:7=0} on {l1,2,..., N} starting from
{1,2, ..., N} (not necessarily reversible). Let oy be the first time 5?’ hits the empty

set, and

M = max{maxn Z B, r), Z AL, oo)}.
I

I+r=n

Theorem 2.2. Suppose the initial state is {1,2,...,N}. If M <1, then Eoy <
(2log N)/(1 — M); and for any sequence {Cy : N = 1} of increasing numbers such that
limNHOOCN = 00, thHoo P(ON = CN IOgN) =1.

Proof. Let |&| be the cardinality of the set {x : §(x) = 1, 1 < x < N}. For any configuration
& such that |€] = i, there are at most i + 1 intervals of consecutive vacant sites, separated by
occupied sites; and the rate at which a new particle in each interval is born is no more than
M. Hence the rate at which |§iv | increases by 1 is no more than (i + 1)M. On the other hand,
when |&;| = i, the rate at which |&,| decreases by 1 is equal to 7, the total number of particles.
Compare |&,| with a birth and death process X, with parameter a = M. Since initially
Xo = |EV], there is a coupling of {X, : =0} and {& : 7 =0} such that

PY(x =gV V1= 0) =1, 4)

where PV€" is the coupling measure with initial state (N, £V). By (4), oy is stochastically
dominated by 7, that is, for any ¢ = 0,

Ploy > 1)< PN = ).
Therefore,

2log N
1-M
by Lemma 2.1. By the Chebyshev inequality and (2), for any cy > 0,

Eoy <EVr =<
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P(oy > cyEVT) < PV(1 = cyEVNr) < _EYC < i.
(cnENT2 4

)

For any sequence Cy — oo as N — oo, choose ¢y = Cy(1 — M)/2. Then an upper estimate
of oy may be taken as cyE”V7, and the claims in Theorem 2.2 hold by (5) and Lemma 2.1.
O

By the same argument it is not difficult to establish the following estimates, though a
renormalization argument is used in the proof of the second part of Theorem 2.4. We skip
the proof since it is not needed in proving Theorems 1.2 and 1.3.

Theorem 2.3. Suppose the initial state is {1,2, ..., N}.

(1) If M =1, then Eoy <2NlogN; and limy_Ploy < CyNlogN) = 1.
(ii) If M > 1, then Eoy < MVt /(M — 1)*; and there is a constant y, > 0 such that

lim Poy < ey =1.

Theorem 2.4. Suppose the initial state is {1,2, ..., N}.

(1) For any € >0, limy_P(oy > (1 —¢e)logN) = 1.
(ii) 1/ max, min{} 2 B, 3n — 1), Z?ﬁnﬂ(l, o0)} is larger than the critical value of

I=n
the contact process on Z, then there is a constant y > 0 such that

lim Poy = e’y = 1.

3. A lower estimate of oy

We first extend the notation introduced before Theorem 1.3. For any non-empty set
Az{xl,x2, ...,xk}, xp < x < ...<x;, define

k— .
vy () = { e L S L

a probability measure on Sy, with () = 0.
Lemma 3.1. Ky(A) = CN?e"MYN for A =1, where y(1) =0 and y(A) > 0 if A > 1.

Proof. For § € Sy, recall that |€| is the cardinality of {x : &(x) =1, 1 <x < N}. We have

[N/3] N
Kx@= Y vu®=> > > e, (6)
seSv\{9} x=0 y=[2N/3] E€Sn(x,y)

where
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Sv(x, ) ={5€Sy:Ex) =& =18z =0,VI<z<x,ory<z< N}

In light of (1), by the renewal theorem, v, (Sy(x, ¥)) = 1/(23", nyp(n)) whenever y — x is
large enough. If A = 1, then Ky = CN? when N is large, and we are done. If A > 1, we can
choose a constant 6 > 0 such that

v,({€ € Sy(x, y); |E| = Oy — x|}) = W

This, together with (6), implies the desired conclusion. In particular, we may choose

7(4) = (0/3)log A. 0

We now borrow an idea used in proving Theorem 7.1.20 of Liggett (1985) to prove

lim P”(oN BIEN—M)) =1. (7

N—o00

The first half of Theorem 1.3 readily follows from (7) and Lemma 3.1. Notice that the hitting
time of the nearest particle system starting from {1, 2, ..., N} is stochastically larger than
that starting from the initial distribution st. Therefore the second part of Theorem 1.2 also
follows, with a small change to y.

Proof of (7). The reversible nearest particle system {§ﬁv : =0} is a Markov process taking
values in Sy with jump rate

L if x€ 4, B=A4\{x},
_ ) W)y (r(4)) : -
q(A,B)— Am, 1fx¢A,B—AU{x},
0, otherwise.

It is reversible with respect to s in the sense that m(A4)q(A4, B) = n(B)q(B, A) for
A, B € SN\{Q}

Let {€Y : =0} be a Markov process on Sy, which is a modification of {£Y : r= 0}
so_that particles can be born from the empty set. More specifically, the transition rate of
{EY : =0} is defined as follows:

g4, B), if A+,
§(4, By=1{ q, if A=@ and |B| =1,
0, otherwise,

where ¢ > 0 is a constant to be determined later. Let Ky stand for Ky(4) for simplicity,

~ 14
'Vw({@}) = q71 and 7= I(Nqu_l

Then {EY:r=0} is reversible with respect to & in the sense that
m(A)q(A4, B) = w(B)q(B, A) for any 4, B € Sy.
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Let P be the distribution of {é‘N t =0} with initial distribution 77, and_ E be the

expectation with respect to P. Notice that {SN t= O} is stationary under P. For any
t >0,

2t
273({D :EJ 1 ~ ds
({2 0 {&V=0}

Introduce the stopping time 7 = inf{¢ = 0 : £} = &}. By the strong Markovian property,

2t 2t 2t
E|l 1~ ds:EEJ 1 ~ dsf>>EE(1 J 1 ~ ds.7—">
Jo (e =2) (0 gy YV ) 1 g, 4

T+1 —~
= EE(l{m}J 1{§~N o ds|f,> =Pt < z)E(J 1{~ ds|E) = ®>
T s = 0 s -

Denote by o the first time {E;N : ¢ =0} jumps. Then

t — — t
E(J I~ dslE = @) = E(01(,=y & = ) :J sGoe 1o ds,
0

0 {&'=2}
where g = 3 :G(D, §) = Ng. Hence
~ 2ta({D}) 2tq7! Ng
P <it)=— = . . 8)
. K -1 1 — —Ngt _ Not —Ngt
sqge”9%%ds vt+aq © are
0
On the other hand,
Pr<n= (‘L’<l‘ £N 746) (go 74@) (t<t|§0 ;A@)
Ky
7P oy <t
Kntq (on <1).
This, together with (8), yields that
2tN
P <t = .
(on <) Ky(1 — e Nat — Ngte—Nat)
Letting ¢ — oo, then
Ploy <1t = 2N
N SKy
This implies (7), by choosing t = Ky /(CyN) = Ky(A)/(CyN). O

4. The critical case

In this section we will prove the second half of Theorem 1.3, that is, when 1 =1,
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: 4 < 2\
lim P (ony < CyN?) = 1. 9)

Let {5, : t= 0} be an infinite reversible nearest particle system on Z with finitely many
particles to the right of the origin (subspace (iii) of Section 1); and r; the rightmost particle
in {5, : t =0}, that is, r, := sup{x : #,(x) = 1}. The properties of r, of the critical nearest
particle system are studied in Schinazi (1992). For a recent survey, see Mountford (2003).

Lemma 4.1. (Schinazi 1992, Theorem 1). Let {#n, : t = 0} be the critical reversible nearest
particle system on Z. Suppose the initial configurations have a particle at the origin and no
particle to the right of the origin, and the distribution of particles to the left of the origin
Jfollows the renewal measure Ren(y) with density (-). Then, as a — 0o, rp,/a converges in
distribution to a Brownian motion with diffusion constant D > 0 in the Skorohod space.

Proof of (9). Partition the configurations of Sy by the position of the rightmost particle.
Namely, let
Ay, ={5€ Sy :E&x)=1, and &(y) = 0 for any y > x}

be the set of configurations whose rightmost particle is at x. Denote by P the distribution of
{EV : =0} with initial distribution 7 (introduced before Theorem 1.3), and by Py, the
conditional distribution of the nearest particle system on {l,2,..., N} whose initial
configurations are in A,. Then

N
P=3_ PA)Py,. (10)
x=0

Denote by P the distribution of the nearest particle system on Z with the initial
distribution in Lemma 4.1, and P, the translation of P by x. Thanks to the attractive
property, there is a coupling of P, and Py, such that for all # >0 and all i € Z,

EV(i) < n.(i).
N __

Then under this coupling, &, = & once r, < 1, hence oy < inf{r: r, <1}.
Suppose that limy_.,,Cy = co. For any C > 0 and large N,

Py.(oy < CyN») = Py (oy < C(x — 1)?)
P,(3 t < C(x — 1)* such that r, < 1)
=P(3 t< C(x — 1)* such that r, < —(x — 1))
=P(3 ¢ < C such that r,_1p,/(x — 1) < —1).

Here the first equality holds because P, is the translation of P by x. This, together with
Lemma 4.1, implies that

liminf Py.(oy < CyN?) =P(3 t < C such that B, < —1), Y C >0,

N, x—~+00
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where {B, : t = 0} is a Brownian motion with diffusion constant D > 0. Letting C — +o0,
the right-hand side of the above equation converges to 1. Hence
lim Py.(oy < CyN?) =1.

N, x—+
Consequently, for any & > 0, there exists Ny > 0 such that for any N = x = N,,
Pyi(oy < CyN?) >1-e.

This, together with (10), implies that

N

N
Ploy < CyN?) =) P(A)Py.(on < CyN?) = (1 —2) > P(Ay). (11)
x=1 x=No

On the other hand,

No—1 No—1 «x

Do) = D0 D v(Shr, 1) = N
x=1 y=1

x=1

Therefore, as N — oo,

N
> P(4) =1 N3/(CN?) — 1.
x:No

This, together with (11), implies that liminfy .o, P(oy < CyN?)=1—¢. Let ¢ — 0 and
the result follows. U]
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