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Let 7 and H be respectively the ladder time and ladder height processes associated with a given Lévy
process X. We give an identity in law between (z, H) and (X, H*), H* being the right-continuous
inverse of the process H. This allows us to obtain a relationship between the entrance law of X and
the entrance law of the excursion measure away from 0 of the reflected process (X, —
infy<, X, t = 0). In the stable case, some explicit calculations are provided. These results also lead
to an explicit form of the entrance law of the Lévy process conditioned to stay positive.
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1. Introduction

Let X be a real-valued Lévy process starting from 0 such that 0 is regular for both (—oo, 0)
and (0, o0). The associated past maximum process X is defined, for a fixed ¢ =0, by
X, = sup,=,X,. It is well known that the reflected process X — X is strongly Markovian. So
we can construct its local time at 0, which we denote by L, in the usual sense (see Bertoin
1996, Chapter IV). The right-continuous inverse of L, Wthh we denote by , is usually called
the ladder time process, and the corresponding height HY x ¢ 1s called the ladder height
process. The ladder processes (v, H) and (, H), associated with X and its dual process
x4 —X, are bivariate subordinators whose respective laws entirely characterize the law of
X. It is normal practice to express the law of functionals of X in terms of the ladder process’

characteristic exponents. Indeed, it is easier to deal with subordinators rather than with the
Lévy process itself and that is an important reason for the study of ladder processes.

This paper is organized as follows. Our first purpose is to reinforce the relationships
recalled in Section 2 between the law of X and the law of the ladder processes. More
precisely, in Section 3, we give a disintegration formula of the identity

1 °° du

?P(X,edx):L 7P(ruedt, Xz, € dx), t>0, (1.1)
discovered, for continuous time, by Bertoin and Doney (1997). For the stable case, some
more explicit relations are stated in Corollaries 2 and 3. Section 4 is devoted to other similar
identities, and we provide some simple applications of the fundamental identity. In Section 5
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we show how identity (3.1) can be applied to derive the entrance law of the reflected
process’s excursion measure away from 0. In particular, we provide a description of the
density between this entrance law and the entrance law of X on (0, co). This result leads to
an explicit formula for the entrance law of the Lévy process conditioned to stay positive
which is closely related to the excursion measure away from 0 of the reflected process. Note
that most of results of this paper have already appeared in Alili and Chaumont (1999).

2. Fluctuation theory in continuous time

We start by recalling the fundamental results of fluctuation theory that will be needed in later
results. Roughly speaking, fluctuation theory is the study of the process (X,, X;, G,), t =0,
where G, stands for the last time before ¢ at which the past maximum was reached, that is,
G, =sup{s < t: X, = X,}. This theory first appeared for random walks in the late 1950s
and 1960s, (see, for example, Spitzer 1956; Feller 1971; Wendel 1960; Port 1963, and was
then developed for continuous time by Rogozin (1966), (see also Fristedt 1974). The
following fundamental result from fluctuation theory specifies the joint double Laplace
transform of G and X taken at an independent exponential time. It is due to Spitzer (1956)
for random walks, and to Rogozin (1966) for Lévy processes. We also refer to Wendel (1960)
and Greenwood and J.W. Pitman (1980), where an elegant proof based on excursion theory is
provided.

Theorem 1 (Spitzer and Rogozin). Let e be an exponential random variable with
parameter A >0, independent of X. Then the following assertions hold:

(i) The couples (G., X.) and (e — G., X. — X,) are independent, and both variables X,
and X, — X, have infinitely divisible laws.
(ii) For any o, =0,

E[exp(—aG, — fX.)] = exp <rodtj (e P _ ) le M PX, € dx)>, (2.1)
0 [0,00)
and

E[exp(—a(e — G.) — B(X. — X.))] = exp (J:Odtj( 0)(e—at+ﬂx _ l)t_le_’“P(X, c dx)).

(2.2)
Denote by 3 the characteristic exponent of X, which is given by
E[eixX,] _ e—ti/)(x), xe R,
and let us introduce the characteristic functions of X, and —(X, — X.,), denoted respectively
by ¢; and ¢;. The so-called Wiener—Hopf factorization identity is the decomposition
A

_ " — owtoT
R Dy Py (2.3)
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which is a straightforward consequence of Theorem 1(i). Another motivation of fluctuation
theory, closely related to the process (G, X), is the study of the law of ladder process
associated with X. It was proved by Fristedt (1974) that the process (r, H) is a bivariate
subordinator. So we have

Elexp(—at, — H)] =e ™D, a, =0, (2.4)

where k(-, -) is the corresponding characteristic exponent. This is specified in the following:

Theorem 2 (Fristedt). For every a, f =0,

k(a, B) = kexp (Joodtj[o )(e_t —e M TIpX, € dx)), (2.5)

0

where k is a constant which only depends on the normalization of the local time L.

Now, as a consequence of (2.1) and (2.5), the processes (z, H) and (G, X) are related by
the formula:
K(A, 0)

E[exp(—aG, — fX.)] = m-

(2.6)

Denote by i the characteristic exponent associated with the ladder process of the dual Lévy
process —X. Then from (2.5) we see that

K(a, 0)i(a, 0) = kk exp (Jw(e-f — e‘“’)t‘ldt>
0

= k'a, 2.7)

where k' and k are positive reals. Now, by gathering (2.3), (2.6) and (2.7) we see that the law
of X is characterized by those of the ladder heights H and H. More precisely, we have

k'y(x) = k(0, —ix)x(0, ix), xeR. (2.8)

For updated proofs of the Spitzer—Rogozin theorem, Fristedt’s theorem, and the above other
fluctuation identities above, see Bertoin (1996, Chapter VI) and the references therein.

3. The fundamental identity.

For a fixed x>0, we denote by o, the time the Lévy process X first hits (x, co), that is,
o, = inf{#: X,>x}. It is known — see, for instance, the proof of Theorem VI.19 in Bertoin
(1996, p. 175) — that the process (Ls,, x = 0) is the right-continuous inverse of (H,, u = 0).
This shows up in the following theorem, which is a refinement of (1.1).
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Theorem 3. On (0, 00)’, we have the following identity between measures:
t7'P(X, € dx, L,, € du)dt = u~'P(z, € dt, H, € dx)du. (3.1)
Proof. This mimics the analytical proof of Theorem 1 in Alili and Doney (1999). In order to
simplify the notation, we set
1%(a, u) = E[r,e ™ P,

To start with, we differentiate (2.5) with respect to a in order to obtain

Pla, u) = —u(a% K(a, ﬁ))E[e-%—ﬁHu] (3.2)
8 (oo}
= M(EE[e“fuﬁHuO L dte™E[e ™1y, - )] (3.3)
o [ _
= —uy-E UO drexp(—a(t +7,) = B(X i + H)) (3,~q | (3.4)

where X is an auxiliary independent copy of the Lévy process X. We then perform the
change of variables s = ¢ 4 7, and apply Fubini’s theorem to obtain

{ X1, >0z, is}]

o = .
Bla, u) = _u_J dse“E[eAXnt g
3u 0

a (o)
=—u— | dse “E[e P9 <st]
u ou L S [ {(Xy> Hypp<: }]
where the latter equality is obtained by the strong Markov property. We now condition on X
and use the fact that (L, , x = 0) is the right-continuous inverse of (H,,, u = 0). By replacing
the event {X;> H,} by {L,, >u, X; = 0}, we finally find that

(0.0}

Iﬁ(a, u) = —uagj

dsefasj e’ﬁZP(XS €dz, Loxy>u, X, =0)
ujo (0,00)

and the result follows by the injectivity of the double Laplace transform (in « and ). O

Remark 1. The difficulty in using the path transform method of Alili and Doney (1999) and
Marchal (2000) relies on the fact that for Lévy processes there are unaccountably many
ladder indices. It would be interesting to find a path-transformation proof of Theorem 3,
following these authors.

The following result is an equivalent form of Theorem 3. Here we express the Laplace
transform of the process ((Lo(x,), X;), t = 0) in terms of the Laplace exponent of (r, H).
This then leads to an expression of the conditional law of Ls(y,) given X, = x, where e is
an independent exponential time.
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Theorem 4. Let e be an independent exponential time with parameter A and o, § = 0. Then
we have

o
KA, 0) 37 B

gk(i O)a +x@, B)’
oL "

E[exp(—aLo(x,) = fX o)X = 0] = (3-3)

Consequently, conditionally on X, = 0, the variable Ly (x, is exponentially distributed with
parameter k(A, 0). Moreover, the law of X. conditionally on X, = 0 and Ls(x,) = x is given
by

0
&K(l’ ﬂ)

0
5770 0)

Ele #X|X, =0, Ly(x,) = x] = )
Proof. Theorem 3 implies that

E[CXP(*O(LU(XE) - ﬁXe)ﬂ{Xezo}] = /'LJ J l‘dl‘uilduef'h*a"E[-[u € dr, efﬁH“]
0 Jo

o.0)
:lJ u~ e E[r,e P dy.
0
Differentiating with respect to a, it follows that
o0
E[LO(XE) exp(—aLa(Xe) — ﬂXe)ﬂ{XEBO}] = AJ du eiauE[Tu eilr“iﬂH”]
0

o[>, _ Ar—
_ auE T,—PHy
= 1_8/1 L due [e ]

= (a + x(4, ﬁ))_zl%;c(l, B).

We conclude by integrating with respect to a. The second statement of the theorem is a
straight consequence of Theorem 4, and the last one follows from

0
1 B (4, B)

ﬁx(ﬂ. O)a+K(/1, B
oL

o0
J e (@ EONE[ePXe X, = 0, Ly(x,) = x]dx =
0

When X has no negative jumps, X is a continuous increasing additive functional of the
reflected process X — X. Moreover, the set of its increase times corresponds to the zero set
of X — X, which means that X is a local time at zero of X — X. Since the local time is
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unique up to a multiplicative constant, we can fix its normalization such that L = X. Then
the variable L,(x,) involved in the above theorem is almost surely equal X.. On the other
hand, it is known that X, is exponentially distributed with parameter x(A, 0); see, for
instance, Corollary VII.2 in Bertoin (1996, p. 190). We then obtain from Theorem 4 that

P(X, € dx) = P(X, € dx|X, = 0), x=0, (3.6)
each member being exponentially distributed with parameter k(4, 0). In the general case, it is
not difficult to check that for every 7> 0 the equalities L &y = Lo, =L hold almost surely.

Moreover, it is well known from excursion theory that L. is exponentially distributed with
parameter x(4, 0). Consequently, identity (3.6) might be generalized as follows:

Corollary 1. Let e be as in Theorem 4. Then
P(Lyx, € d) = P(Ly(x, € dx|X, =0),  x=0. (3.7)

Note also that the identities (3.6) and (3.7) hold at fixed time whenever P(X, = 0) does not
depend on 7. Identity (3.6) was proved in the stable case by Skorohod (1971); see also
Bingham (1975).

4. The stable case

In this section we suppose that X is a stable Lévy process with index a € (0, 2]; that is, for
every s >0, X satisfies the scaling property

(X1 1= 0) £(s Xyap, 1= 0).

We then see that the ladder process (z, H) is stable with index (p, ap). More precisely, from
Theorem 2, we easily deduce that

(Tts Ht: t= 0) é(Sil/prsl:v Sil/aﬂHS[: t= 0)9

where p is given by p = P(X; = 0). This allows us to translate Theorem 3 into the following
identity in law:

Corollary 2. The couple (Ly(x,), X1) conditionally on X, =0 and (1", rfl/aHl) are
identically distributed.

Note that by the scaling property of X, the bivariate process (Lo (x,), X+, t = 0) is also stable
with index (p~!, a). Therefore, the above corollary can be extended to any fixed time ¢ = 0.
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Proof. On the one hand, we have for every 1 >0, and 0, 8 = 0,

J e ME[exp(—6t, — fH,)]du = J e ME[exp(—0u'/Pt — Bu'/* Hy)ldu
0 0

A GRCORGRDIE

where the first equality comes from the scaling property, and the second from the change of
variables u = (¢/71). On the other hand, by applying Theorem 3, we see that

00 i o0 B dt
J e ME[exp — O, — fH,]du = J e "E[Lyx, exp(—ALo(x,) _ﬁXt)ﬂ{X,>0}]7-
0 0

Integrating these identities with respect to 4 and using the scaling property of the process
(Lox,» X1, t = 0) we obtain

evefon( (2 a(2) ")

o d¢
= || e Btexp-ae Ly — X 3,01
0

o dt
= p| e BLexp (20 Loy~ piV X)X = 01T,
0

which is the required result. O

As well as for random walks, the renewal measure associated with the ladder process
(r, H) plays an important role in the study of the Martin boundaries associated with a
killed Lévy process; see Alili and Doney, (2000) for a recent study of the discrete setting.
In the following some results will be expressed in terms of this measure on R™ X Rt for
which we recall the definition:

g(dt, dx) = J P(zr, € dt, H, € dx)du. (4.8)
0
Differentiating (4.8) and following the same reasoning as in the proof of the fundamental
identity (Theorem 3), we obtain the following convolution equation which will be useful
later:
t X X —z
xg(dt, dx) = dtJ J P P.(X -y € dx)g(du, dz), x>0. 4.9
u=0 Jz=0
We refer to Theorem 1 in Alili and Doney (1999) for a discrete-time version of this identity.

Recall that G,, defined in Section 2, is the last time at which X reaches its absolute
maximum before ¢. It is well known (see Theorem VI.3.13 in Bertoin 1996) that the law of
t~'G, is the generalized arcsine law with parameter p:
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sin p7

P(t7'G, € ds) = PN — 9)7Pds, 0<s<l.

Let P(X, € dx|G, :_s) be a regular version, in s, of the conditional law of X, given G,. The
law of the couple (X,, G;) can be characterized in terms of g in the following way.

Corollary 3. For every s and t such that 0 <s <t and x >0, the following identities between
measures hold:

I'(1 - p)s” P(X, € dx|G, = s)ds = E[Ly(x,), X; € dx]ds (4.10)
= sg(ds, dx). 4.11)

We emphasize that the left-hand side does not depend on t.
Proof. Starting from (2.6), we see that for all positive reals, y, § and 4,

jwe-“E[exp(y G, — BX,)]dt
0

=21k, O)JOCE[exp(—(y + V)t — BH,)]du
0
=T(1 - p)’lE Uooroxp exp(—A(x + ,))exp(—yt, — fH,)du dx}
0 Jo

—T( - p)'E “:’rem 1) exp(— T — BH)du dx] ,

where the last equality is obtained by performing the change of variable ¢ = x 4 7,. Inverting
the Laplace transform in A and using the scaling property of (z, H), we obtain

E[exp(—y G, — ﬂ)?t)]

~T(1 - p)*‘J EL(1 — 1) exp(—yTu — BHL1 =y )du
0

=I(1 — p)"J E[(t — u"P70) 7 exp(—yu' /Py — BuM " H\)1 ()0, < 1du.
0

By the change of variables u'/”7) = z, we have

t 1/a
Elexp(—yG, — BX)] = pI(1 — p>—‘sz’—1<t — 2 PeE lrlﬂ exp (—ﬁ (—) H1> ] @z,

71

which shows that

1/a
E[e*ﬂst|Gt =z] = Pr(l - P)ilE |:E1p exp (ﬁ <£> H1>‘| '
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We then obtain the result by using Corollary 2. O

We point out that Corollary 3 provides a better understanding of the exit law of the so-
called stable meander for which we recall the definition. Let g, be the first time before ¢ at
which X reaches its past overall minimum,

g &t inf{u: X, = X,},
where X def inf,<,;X,. The meander m of length s, with s <¢, is a process defined on the
time interval [0, s] with the same law as the process {(X —X)g 1w, 0<u<t— g/}
conditionally on ¢ — g, = s. We refer to Chaumont (1997) for a more complete definition and
study of this process. Note that from the time reversal property of Lévy processes (see
Lemma 2 in Bertoin 1996, Section II.1), we have

P(X; € dx|G,; = 5) = P(X — X); € dx| g/ = 9).

We may now reformulate the identities (4.10) and (4.11) in terms of the meander’s exit law.

Corollary 4. With the above notation, the exit law of the stable meander m, with length s, is
specified by

P(myg € dx)ds =T(1 — p)~'s' 77 g(ds, dx). (4.12)

5. Application to the excursion measure of the reflected process

Consider the process X reflected by its past minimum, which is X — X, where
X def inf,<,X,, for each # = 0. Note that X — X = X - X, where X = —X, so by duality
this process enjoys all the properties of X — X, described in the Introduction. In particular, it
is strongly Markovian and, under our hypothesis, 0 is regular for itself. It then makes sense to
introduce the It6 measure n of its excursions away from 0. In this section we are interested in
the description of the entrance law under n. This measure fulfils the strong Markov property
in a sense which is made precise in (5.3). So, the law of the excursion process (e;);=¢ under n
is entirely determined by both its semigroup and its entrance law. The semigroup under # is
well known and is defined as follows. For fixed positive reals x and ¢, we denote by p?(x, dy),
y = 0, the semigroup of the process X killed when it hits the negative half-line (—oo, 0).
That is, for any bounded or non-negative Borel function f,

ELf(X )] L O, dy), 5.1)

where 7 & inf {t: X,<0}. The semigroup p%(x, dy) is the same as that of the excursion
process (e;)=0 under n. The entrance law, (¢;(dx));>¢, x>0, under n is defined, for any
bounded measurable function f, by

n(f(e), t<0) = L S(x)q(dx), (5:2)
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where { is the lifetime of the generic excursion. With this notation, the measure n can be
described as follows: for every 0<# <...<t?¢,<oo and bounded Borel functions

fls R fns
n(fi(er)) - faler,) i1, <cy)

. . (5.3)
- wal(xo e o @) Pl () - R G, dv).

For a complete description of n, it remains to note that under this measure, the generic
excursion starts from 0 at time ¢ = 0.

In general, the entrance law (g;);>¢ under n is much less known than the semigroup
(p%)=0 described above. However, when X has no positive jumps, we know from Bertoin
(1996, Section VII.3) that

qi(dx) = k'xp(dx), x>0, (5:4)

where (p;);>¢ is the entrance law of X and k is a constant independent of ¢ and x. In the
following proposition, we show how the results of Section 3 allows us to extend relation (5.4)
to all Lévy processes considered here.

Theorem S. For every t >0, we have
g(dx)dt = k"t 'E[L,,, X, € dx]dt, x>0,
= kg(ds, dx),

(5.5)

where k" is a constant independent of t and x, and g is the renewal measure defined in (4.8).

Proof- From the exit formula of excursion theory, (see Bertoin 1996, Section 1V.4), we

obtain
¢ o0
E(J e‘”ﬂe’dt) = i(a, 0)E U ea’ﬂ(XX)’dt}
0 0

Applying the Spitzer—Rogozin identity (Theorem 1), we see that

g K 00 00 —at
—at—fe,; _ K(a’ 0) ( —Bx € )
n(Joe dt) == exp Jo dtjo (e 1) P(X,edx)]. (5.6)

t

On the other hand, from Fristedt’s identity (Theorem 2) and (2.7), we obtain

J J e_at_ﬂxj P(t, € dt, Xy, € dx)du = (k(a, f))'
0 Jo 0

o0 (o) 1
=k exp (J dtJ (em =P e_’);P(X, € dx))
o Jo

_ fc(oz 0) exp (J:Cdtf(e—ﬁx - l)e—tar Pix, € dx)>. (5.7)
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From (5.6) and (5.7) and using Theorem 3, we finaly obtain

n(e, € dx, < E)dt = kJ P(t, € dt, X, € dx)du (5.8)
0
k!/
= —E[Ly,, X, € dx]dr. u

The above result is also motivated by the connection between ¢, and the entrance law of
the Lévy process conditioned to stay positive, which we now introduce. To this end, we first
make two additional assumptions. Suppose that, for each >0, the semigroup P, defined
for every bounded Borel function f by

P f(x) = Ex[f(X )] = E[f (X + x)], xeR, (5.9)

satisfies the strong Feller property. This property is equivalent to the absolute continuity of
the law of X, with respect to the Lebesgue measure for any fixed #>0; see, for instance,
Bertoin (1996). We also suppose that
t—00

Under these additional hypothesis we can introduce the Lévy process conditioned to stay
positive X1*, x>0, as follows (for more details, see Chaumont 1996). Denote by L the local
time at 0 ofAthe process X — X; and for any positive x, let &, be theAﬁrst entrance time in
(x, 00), by X = —X, that is, 6, = inf{s: X,>x}. Now the function % defined by

hx) € E[L; ], x>0, (5.10)

is a positive harmonic function for the semigroup PY(x, dy) and X 1 x>0, is the h-process
in Doob’s sense defined with respect to /4 and p’(x, y). More formally, if pI(x, ), x, y>0,
denotes the semigroup of the process X', x >0, then we have

Pl dyy = 2 o dyy, g x y>o0. (5.11)
h(x)

Obviously, for every x>0, X is a positive strong Markov process starting from x.
Moreover, it can easily be proved that lim, X I’x = 400 almost surely. In the Brownian
case, note that the latter process corresponds to the three-dimensional Bessel process.
Following Chaumont (1996), it is possible to construct a process X 0, starting from 0, whose
semigroup in (0, co) is precisely pl(x, dy). It has been shown that, in some cases, the family
of processes X X x>0, converges weakly towards the law of X 19. gsee, for instance,
Chaumont (1996). From Theorem 3 in Chaumont (1996), the entrance law pI(dy) of X190 is
related to g,(dy) as follows:

pi(dy) = h(y)q(dy). (5.12)

So from Theorem 5 and the above identity, we obtain:
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Proposition 1. For every positive t and x,
Pix) = k"t h(D)E[L,,, X, € dx], (5.13)

where k" is a constant independent of x and t.

We conclude this paper by stating an open problem. A natural problem is to calculate the
conditional expectation

E[Ls,

X, =x] (5.14)

which has appeared throughout this paper. This is actually equivalent to expressing the
renewal measure g(ds, dx) in terms of the entrance law of X, and it allows us to express
explicitly the Wiener—Hopf factors specified in (2.3). Theoretically, from Theorem 4, we
should be able to answer this question by inverting the Laplace transform of (3.5) in A and .
In the case where X has no positive jumps, since L, is deterministic, as we have already
observed, the above conditional expectation is identically equal to x. This example incites us
to formulate the following:

Problem. Identify the class of Lévy processes for which the conditional expectation (5.14)

above does not depend on t. The latter expression is then obviously equal to the harmonic
. def

Sfunction h(x) = E[L; ].

We have checked that this property fails in the case of the symmetric Cauchy process.
To see this, recall that the semigroup of X is then given by P.(X,e€dy) =
pix,dy)=a't(x —y)* +1*)'dy, x, y€R, +=0, and the corresponding renewal
function is, up to a constant, given by A(x) = x'/% Under the above hypothesis and from
Corollary 3, the renewal measure g would be g(dz, dx) = x'/2a~!(x2 4+ *)~! drdx. From
(4.9) we would have

3/2 Xt _ [
xi:nflj dzJ dut "% - Vi (5.15)
x2 412 o Jo t—u(x—22+({—uPz2+u?

But one can easily check that

x3/? J'cflrdzjd x—z t—u Vz
R

22 ut—u(x—z)z—&—(t—u)zzz—&—uz'

So equation (5.15) fails.
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