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FUNDAMENTAL SOLUTIONS AND HARMONIC
ANALYSIS ON NILPOTENT GROUPS

A. NAGEL, F. RICCI, AND E.M. STEIN

Our purpose here is to announce results in harmonic analy-
sis related to a large class of hypoelliptic operators on arbitrary
simply-connected nilpotent Lie groups. We find the asymptotic
development of their fundamental solutions, both locally and at
infinity, and study corresponding Riesz transforms and analogues
of the Hardy-Littlewood-Sobolev theorem for fractional integra-
tion. Details will appear elsewhere (see [NRS]).

For linear partial differential operators P = Zlal <m a (x)D*
on domains in R”, a classical approach to studying existence and
regularity of solutions is the procedure of freezing coefficients: for
each point x, one approximates the operator P by the constant
coefficient operator Px0 = D lal=m a (x,)D*. The operator Pxo is

then a translation invariant operator on the group R”, and at least
when P is elliptic, Pxo can be inverted and its inverse studied by
using the harmonic analysis of the Abelian Lie group R”. This
is essentially the idea of the usual calculus of pseudo-differential
operators. For nonelliptic operators, one cannot use this simple
procedure, but starting with the work of [FoS] and [RoS] it is
now known how to analyze certain hypoelliptic operators P by
approximating them at each point by a left invariant differential
operator on an appropriate nilpotent Lie group.

These operators all arise as polynomials in real vector fields,
where the vector fields are assumed to satisfy the Hormander [H]
condition that the Lie algebra they generate spans the tangent space
at each point. The method used is to model the algebra generated
by these vector fields by the Lie algebras of certain nilpotent Lie
groups. Further analysis allowed one to determine at least the
approximate size of the fundamental solutions of these operators
(see [NSW]). Thus the idea of approximating by nilpotent groups
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leads naturally to the question of finding precise descriptions of
these fundamental solutions—and their resulting properties—in
the case of left-invariant operators on general nilpotent Lie groups.
This is the goal of our present work.

There are two ways of arriving at versions of the basic operators
in question. If we take the harmonic analysis of the usual Lapla-
cian A on R” as our model, then one approach is an extrinsic one.
The fundamental solution of A is the potential K, (x) = cnfx|_'“r2
(at least when n > 2), and for suitable f the solution to the equa-
tion A(u) = f isgiven by f*K . The extrinsic approach proceeds
by studying general convolution operators f — f* K , where K is
a Calderén-Zygmund kernel, or a kernel displaying a more general
homogeneity on R” .

A second approach is an intrinsic one. Here one proceeds to
directly study functions of the operator A which can be defined
by using the spectral theorem or the Fourier transform. These
functions include the Riesz transforms,

0 -1/2 8* -1
A I G

and the fractional integration operators AT

For R” these two approaches lead to essentially the same classes
of operators. Both classes of operators commute appropriately
with the dilations x — dx, J > 0, since these dilations are auto-
morphisms of the group R”. The situation is, broadly speaking,
the same when R” is replaced by a nilpotent group which carries
automorphic dilations and when A is replaced by a corresponding
homogeneous operator. However, the situation changes markedly
in the situation of a general nilpotent Lie group; then the oper-
ators that arise in these two classes are essentially different. The
study of singular integrals (the extrinsic approach) was carried out
in [RiS 1] and [RiS 2].

Here we turn to the intrinsic approach on a general simply con-
nected nilpotent Lie group G. The framework in which this is
done is to assign to each suitable partial differential operator &
on G, two other nilpotent Lie groups, G, and G_ which arise
from G by contraction. These two groups have the feature that
they do have automorphic dilations. What is crucial is that one
can show that G, controls the local behavior of the fundamen-
tal solution of %, and similarly G plays an analogous role at
infinity.
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We deal with the following operators .2 . Let X,, X,, ..., X,
be a set of left-invariant vector fields on G which generate the
Lie algebra g of G. Let ¥ = #(X,, X,, ..., X;) be a non-
commutative polynomial in X,, X,, ..., X, , which is homoge-
neous of degree d, once we assign degrees a,, a,, ..., q, to
X, X,, ..., X, , respectively; we also assume that & is univer-
sally hypoelliptic (see below). Examples of such & are
Zf;l(—l)bf ij" +X). , where b; are positive integers (here 2a;b; =
d=a., j=1,...,k—1); also systems {,‘Z;}, such as _CZ; =

X, j=1,....k.

MAIN RESULTS

A feature of our construction is that the homogeneous groups
G, and G__ are realized on the same space as G. Let Q, (and
Q.. ) denote their respective homogeneous dimensions. To .# we
associate variants % (and .Z/_) on G, (and G ), each homo-
geneous of degree d. This is done as follows. The construction of
g, (see below) actually corresponds to a choice of a gradation in
g,le g=> ; @b, where the elements in 3 i<k ®v; have degree
less than or equal to k in the above sense. Let p ; denote the
projection on v, and set Yj =p;(X;)), %= PX,, ..., Xp).
There is a similar definition for £ . Note that this construction
may depend on the particular realization of % as a polynomial
in X, ..., X, . We use the notion of a regular quasi-homogenous
function of degree r on G, (or G_ ) to be a function which is
C* away from the origin and is homogeneous of degree r; and
if r is an integer we allow also terms of the form Qlogp, where
Q is a polynomial of degree r and p is a smooth homogeneous
norm function.

Theorem 1. & has a fundamental solution, which when suitably
normalized has the following complete asymptotic expansion:
(a) Near the origin,

K(x)NiKm(x), x—0,
m=0

where K, is a regular quasi-homogeneous function of degree
—Q,+d+m,and K| is the fundamental solution of the operator
Z, on G,.
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(b) Near infinity,
K(x)~> K,(x), x—+oo0,
m=0

where K, has degree —Q_ +d+m, and K, is the fundamental
solution of £ on G_ .

Remark. On homogeneous groups such as G, G , the existence
of K, (fo) follows from the work of Folland [F] and Geller [Ge].

The applications are as follows. {,‘i’}} is a system as above, of
operators homogeneous of degree d. % = Q(X,,..., X}) isa
homogeneous monomial of degree d', d' < d. Part (a) of the
following theorem is motivated by [V].

Theorem 2.
(a) If 0 <d' <d, we have the a priori inequality

1 (N g6y < € DL (N e
J

forall fe C;°(G),if 1<p, g <oo, aslong as

(b) If d =d’', the inequalities hold for g=p, 1 <p < .

Sketch of proof. We discuss briefly some features of the proof.
The groups G, and G__ arise as follows. Suppose ¥ is the free
nilpotent Lie algebra with generators Y|, ..., Y, , of sufficiently
high step. Then the mapping YJ - X B j=1,...,k,extends to
an isomorphism of % /i with g, where i is a suitable ideal in 7 .
On # we can define (automorphic) dilations D, 0 < d < oo,

by
Dy(Y,)=6"Y;, j=1,...,k

We then set i = D;I(i) , and use the fact that i; tend to limiting
ideals i, and i as d — 0 or J — oco. (See also [Go] and [HuJ]).
Then g, = ¥ /i;, and g = F /i, are the Lie algebras of G, and
G, , respectively. We assume that & is universally hypoelliptic
in the sense that the operator Z(Y,, ..., Y,) is a hypoelliptic
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differential operator on .# . Next, at least heuristically,

K(x):/k(xw)dz; Ko(x)=/1?(x+t)dz;

(1)
K, =/ K(x +1)dt.

where K is the funggmental solution corresponding to a suit-
ably lifted operator . on % . (This is motivated by [RoS] and
[NSW].)

The main difficulties in dealing with (1) are twofold. First, the
integrals above do not converge in general and must be suitably
regularized. Secondly, one needs to see why the leading terms of
the asymptotic expansion of the first integral give the second (or
third) integral at the origin (or at infinity).
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