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WEIGHTS, SHARP MAXIMAL FUNCTIONS
AND HARDY SPACES!
BY JAN-OLOV STROMBERG AND ALBERTO TORCHINSKY

A considerable development of harmonic analysis in the last few years has
been centered around a function space shown in a new light, the functions of
bounded mean oscillation, and the weighted inequalities for classical operators.
The new techniques introduced by C. Fefferman and E. M. Stein and B. Mucken-
houpt are basic in these areas. It is our purpose here to develop some of these
results in a very general setting, namely that of a metric space (X, d) endowed
with a doubling measure du and a weighted measure dv = wdu with positive
weight w. When there are a constant ¢ and a number ¢ > 0 such that if B(x, r) =
{y €X: d(x, y) <r} then uB(x, rt)) <c tuB(x, r)) forall t = 1,r > 0 and
X € X we say that u satisfies the Dq condition and that u is doubling,oru€D,,,
when u € D, for some q. We further assume that u(B(x, ) is a continuous
function of 7 and that compactly supported continuous functions are dense in
L'(du). Because of the numerous applications of these results we feel that a de-
tailed study is justified and a description of the new methodology needed to de-
velop it follows.

For each B(x, r) = B we define the median value wg as \/t,t, where t; =
sup{t > 0: u{x €B: w(x) <t} <u(B)/2} and ¢, = inf{z> 0: u{x € B: w(x)
>t} < u(B)/2}. Then w satisfies the 4, condition, or w € 4 ,, if v(B)/uW(B) <
cwg. Whenw €4,,,w™1/(P=1 € 4 also for some p > 1 and there is equiva-
lent to saying that w satisfies the usual 4 p condition, or w € 4 p- Aside from the
trivial implications the conditions A ? and Dq are independent. For 4, weights
the following properties are obtained:

(1) Ugw"duw)/u®B) ~ (wg) forr=4, >1and r=-p, <0;

(2) if By C B, then for some 7; > §; and a constant c,

1B BN 2 < B, /MB) < c(u(BuE)' M

(3) a strong version of the P. Jones factorization holds, to wit, if w satis-
fies (1) and (2) then w = w,w, where both w, and w, also satisfy (1) and (2)
with indices 7, — € and 7, + €. In addition w,(x) = cwp and w,(x) < cwg for
all x in B.

The proof of (3) is too intricate to be described here but it requires the
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existence of Lip a functions in X and some ideas, such as telescoping sequence of
balls, which will also be used in considering the sharp maximal functions which
are of interest to us. If fis a locally summable function we set

M¥1G) = supg i, ( [ 1= clde)ucd),
and if f is merely measurable we set
ME  f(x) = supg inf, inf{4d > 0: u{y €B: 1f(y) —cl > A} <su(B)},
where ¢ is a complex number, x €B and 0 <s < 1.

THEOREM 1. If s is sufficiently small and u is doubling, then there are
constants ¢, and ¢, such that u{y € B: 1f(y) = cp [ >N\ MF f(D) <a} <
ciexp(— e Na)u(B).

THEOREM 2. If s is sufficiently small and u is doubling, then

If = el <clMf 0<p <o

LP(du) LP(ap)’

In the present context a tempered distribution f in R™ is in the weighted
Hardy space H},(R™), 0 <p <o, if M(F,, x) = sup|,._y1<¢|F(¥, Dl is in the
class LE(R™) where F (1, t) = (fa¢,) (¥) is the extension of f to R*! by con-
volution with the dilations ¢,(¥) = t~"¢(y/t) of a smooth function ¢ with non-
vanishing integral. Denote [If1l, , = IIM EWI ,p+ Ifw is doubling (for notations
and terminology see the previouswnote) then alsowthe grand maximal function
F**(x) = {sup,M(F, x): ¢ is smooth and |x°(3/3x)P¢(x)| < 1, 0, § sufficiently
large} is also in LZ(R™), and consequently the HE(R™) are intrinsically defined
so that we may set Fy(», t) = F(y, #). Also when w €4, the Lusin and Little-
wood-Paley functions give equivalent norms in H?(R"). Distributions in the
Hardy spaces admit an atomic decomposition which we now describe. Given 1 <
r < oo and an integer N we say that « is an (7, N) atom if (1) supp a C ball B,
@) IIaIIL, < IIXBIIL, and (3) fa(»)y?dy =0, ol <N. Then the following
is obtained.

THEOREM 3. Assume that w €D,, that 0 <p <1 and that N =
[gn/p — 1] where [ ] stands for the greatest integer function <. Then given [
in HP, there is a sequence {a;} of (e, N) atoms, N >N, supported in B, such
that f = Z N, a; and llfllz‘% ~ ZIN Pw(By).

The convergence of the sum of f is understood to take place in the HZ
metric and in the sense of distribution. The converse also holds.

THEOREM 4. Assume that w is doubling, that 1 <p < and that 1 <r
<, Let fbein HE. Then f can be decomposed into a sum of (r, N) atoms
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[= Z N, with supp @, C B and such that ||Z )\kaklle <cllf lal. The
sum converges in the sense of distributions. bt v

On the other hand let 1 <p<r<°°andﬁ= [qn —1]. When r <o in
addition suppose that (x) (fzwC/P))/|Bl <c(f w/IB)/P)'. Then for any
sum XA, a4, of (r, N) atoms, N >N, with supp @, C By, we have that
IZ Ny gl HE S22y xp k" LB: The following estimate for sums of characteristic

functions of balls plays a crucial role in the proof of Theorem 2: IIE)\,,x,BkHL p
w

<“8"E7\kXB,‘”L5, Ay >0, > 1, where the constant § = §(w, p) is related
to p and the 4 » and Dq conditions on w.

THEOREM 5. Let 1 <p <r < ; assume that w € A., N D, and that (¥)
holds. Further assume that N > [qn — 1] and that T is a linear operator which
maps each (r, N) atom ay_into a sum of (r, N) atoms 22'77a,,,, with supp a; ;
c 2’Bk. Then T is a bounded operator on HE, provided v > & = § (W, p). Simi-
larly if T is subadditive and the a; ; are (7, 0) atoms, then T maps HE, boundedly
into L2, Clearly the former remark applies to multiplier and singular integral
transforms and the latter to pseudo-differential operators. In this general con-
text we would like to point out that complex interpolation can be carried out
quite explicitly with the use of atoms and that finite linear combinations of atoms
are dense in the Hardy spaces.

Also central to the theory of weighted Hardy spaces is the extension of an
inequality due to R. Fefferman, Stein and Stromberg in the unweighted case.

THEOREM 6. Let f be a finite linear combination of atoms, F(y, ©) as
above, and g € L1 | (R™). Then for A > 1 we have

I . fg' <c ( JME, 1AM 0 ()11 Aw(x) dx)A
where w € D, and

. 1
M* x) = su, inf | —— -P| ) ,
M* 4 &) () = sup,ep ( P[w(B)A fBlg ]
P = polynomial of degree (nqA — 1). This inequality allows us to show, for in-
stance, that (HE)* = {g €L} .. (R"): (Mifl,p g EL”} when0<p<1and
{8 € LiR™): 10435 gll ,r <o, 1/p + 1/p' = 1} when p > 1.
w
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