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We present here some new developments in the areas of partial differential
equations and real analysis which have as their basis the following result. (See

21)

THEOREM 1. Let T be a curve in the complex plane given by the equation
2(f) = t + ip(D),
where () is a real valued function on the real line with a bounded derivative
and let

_Je

4 ’e = 2m flx—-tl>e z(s) — z(p)

dz(s), €>0;

then there exists a positive number a such that \o'N , < a implies that the oper-
ator sup, IA 1 is of weak type (1, 1) and bounded in L?,1 < p <, and that

lim_,, 4 " ,f exists pointwise almost everywhere for fELP, 1 < p < oo,

Some of these applications were obtained independently by the authors,
others were obtained jointly, and they will be published accordingly. However,
because they are all closely related, the authors believed that they should be
announced simultaneously. What follows is a sampling of these applications and
the results presented are the most typical though not necessarily the most gener-
al ones.

Singular integrals.
THEOREM 2. Let T be a simple closed curve in the complex plane with

a continuously turning tangent. Let f be a function on T which is in LP with
respect to arc length 1 < p < o and let

1 f(W)

20 ST w— z

A2) =5~

Then F(Z) has a limit when z approaches T nontangentially, almost everywhere
with respect to arc-length, and the limit is a function in LP with respect to
AMS (MOS) subject classifications (1970). Primary 30—XX, 30A86, 44—XX. 44A25,

33Hxx, 35125, 31Bxx, 31B25.
1A. P. Calderdn is supported by NSF MCS75-05567.
C

ight © 1978, A Math cal Soci

287



288 A. P. CALDERCI)N, C.P. CALDERéN, E. FABES, M. JODEIT AND N. M. RIVIERE

arc-length provided that 1 < p <oo. If the curve T is merely rectifiable then the
nontangential limit of F(z) exists almost everywhere with respect to arc-length.

Concerning the behavior of the gradient of the Newtonian potential of
mass distributions supported by surfaces we have the following result. (See also
Theorem 7.)

THEOREM 3. Let ®(x) be a function in R" which has a differential almost
everywhere in the sense that ®(x) € T{(x,), 1 < r < oo for almost all x, € R".
Then if ¥; € T{i(xy),i=1,2,...,m, for almost all x, €ER" and if fE L,
1/r+ Z7 1/p; + 1/q = 1, m odd, the limit

tim [ lx=yI + [0~ 902121+ [ [¥,6e) - 00 F0)dy
-0 1

exists for almost all x.

The following may be considered as an extension of the theorem on com-
mutators of R. R. Coifman and Y. Meyer.

THEOREM 4. Let G(W,, . . ., W)) be a function of the complex variables
Wi, - .., Wy, holomorphic in IW;| <R, Let ¥(x) be functions in R" with
distribution derivatives in LPi, 1 <p, <<, and 9,(x),i= 1,2, ...,k functions

with bounded derivatives. Let k(x, z) be homogeneous of degree —n, with
Jiz1=1 k(x, 2)I*do, < oo, where do, is the surface area element of 1z| = 1.
Thenif feEL?,1<qg <>

. m W (x) = ¥, (»)
r =s1:p Lx—y|>5 Ix =yl
G(M,_“,W—%@)k@,x—yw)@l
x -yl lx =yl

is finite a.e. and belongs to LY, 1/q + ZT' 1/p; = 1/ provided that: (i) k(x, —z)
= (- )" k(x, 2), G) GW,, . . ., W) = G Wy, . .., — W), (iiD) If
G(Wy, . .., W) is analytic in |W;| <R; then 1Vg;l < cR;/k where c is a posi-
tive universal constant.

s—=1 m

1 1 s
@iv) O<q+2p,< p +n’ q>s—l’p‘>1'

If k(x, z) = k(z) we may take s = 1 and condition (iv) is replaced by:

®) o<%+zé<1+%, a>1,p,>1.

REMARK. If we replace in (iv) p; > 1 by tlle weaker assumption p; > 1
orin (v) p; > 1,4, > 1by p;>1,q;> 1, then T belongs to weak L” instead.
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Dirichlet and Neumann problems in C! domains. Let & C R” be a do-
main (open, bounded, and connected) with C! boundary, 3. Assume RM\Q
is also connected. In £ we consider

(1) the Dirichlet problem, Au = 0 in , ul,g = g and

(2) the Neumann problem, Au = 0 in £, Z)nula Q=&
where 9, denotes the normal derivative at the boundary. Using the results of
[2] and the previous section we resolve (1) and (2) in the form of a double and
single layer potential respectively. This classical approach reduces the question
of existence to the study of the continuity and invertibility of the corresponding
integral operators on the boundary.

For the Dirichlet problem we have the following result:

THEOREM 5. Suppose g € LP(3R2), 1 <p <, and let N, denote the
unit inner normal to 92 at Q. Then there exists 8, > 0, depending only on Q,
and there exists a unique harmonic function, u(X), defined in S, such that for
any a, 0<a <1,

(i) the function u*(Q) = sup{ lu(X)!: 1X - Q1 <§,,(X-Q, Ng) =
alX — QI} belongs to LP(dD), and "“*"Lp(an) <C, IIgIILP('.m s

(i) u(X) — g(Q) pointwise for almost every Q as X — & and (X - Q,
Ny) = alX-0Ql.

The solution of the Dirichlet problem in C! domains with L? data, 1 <p
< oo, was first found by B. Dahlberg in [8] using the Poisson kernel for the do-
main. Indeed, in the same work Dahlberg solved the Dirichlet problem in any
Lipschitz domain provided the data belongs to LP(0€2), 2 < p < .

The next result concerns regularity properties of the solution to the Dirich-
let problem. First we define LZ(9S2) as the space of functions in LP(9£2) whose
first distribution derivatives (in local coordinates) are functions in L?(92). We
define

A = lifl +ivAl

Li () LP(a9) LP@a)

(See [9] for details about LZ(352).)

THEOREM 6. Let g € LE(0R2), 1 <p <. For the solution u of the
Dirichlet problem with data g, and for 8, and o as in Theorem S, set (Vu)*(Q) =
sup{ IV u(X)!: 1X- 01 <8§,,(X-Q, N> alX - Ql}. Then

(Vu)* € LP(02) and [H(vu)*i <C,lgh

LP(Q) Lheay

For the Neumann problem we obtain the following result.

THEOREM 7. Given g € LP(3Q2), 1 < p < oo, there exists u, harmonic in
Q, such that

*
N(Vu) IIL,,(am<Cp||glle(m) and (Vu(X),NQ)—>g(Q)
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pointwise for almost every Q as X — Q and (X ~ Q, Ny) > alX - Q0l. ((Vu)*
is defined as in Theorem 6.) Moreover the only solutions with zero Neumann
data in the class of harmonic functions such that §(Vu)* | LP(39) < % gre the
constant functions.
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