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1. Introduction. Pareto-type optimization problems with vector valued
cost criteria are of importance in Economics (Pareto, 1896). Recently, there has
been an extensive study of necessary conditions for optimality in such problems.
We only mention here Smale [3], Weinberger [4], and Yu and Leitmann [5].
In the present paper we state existence theorems for Pareto optima in the very
general setting of Banach spaces and ordering defined by cones.

2. The main statement. Let Z be a Banach space and A be a closed con-
vex cone in Z. Given x, y € Z, we write x <, y if y —x € A. Given a non-
empty set A of Z, an element x, € Z is said to be a weak A-extremum of A if
X, belongs to the weak closure of A and there is no x € A, x # x, with x <,
Xo. If Z* is the dual of Z and A* is the polar of A, that is, A* = [z* € Z*|z*\
<0 for all A € A], then x, is a A-extremum if and only if x, is in the weak
closure of A, and for each x € A, x # X, there is some element A* € A* such
that A*x <A*x,. We shall assume below that A has the following angle property
(e): there is an element a €—A* and a number €, 0 < e < 1, such that A C
[zlaz = ellall lIzI1] .

Let (X, 7) be a topological space, (B, || - |[) be a Banach space, and (G, p),
(Y, d), (U, d") be metric spaces. We assume that (G, o, u) is also a finite com-
plete measure space with measure u and o-algebra a of v-measurable sets. We
also assume that Y and U are o-compact, that is, countable union of compact
subsets. Let 4 be any subset of G x Y such that for any ¢ € G the set A(¢) =
[y € YI(t, ) € A] is nonempty. For each (¢, y) € 4, let U(¢, y) be a nonempty
subset of U. Let f(¢, y, u), g(t, y, u) be given functions defined on the set S =
[@ vy, u)€EG x Y x Ul(t, y) €A, u € U, y)] with values in B and Z respec-
tively, or f: S — B, g: S — Z. We assume that A4, S, f and g satisfy a Carathéo-
dory condition (C) on G, that is, given € > 0 there is a compact subset K C G
with (G — K) < € such that the sets A, = [(z, ) E A|t €EK], Sx = [(¢, y, u)
€ S|t € K] are closed and f: S — B, g: S — Z, restricted to Sk » are continuous
(in the weak topology of B and Z respectively).

Given any Hausdorff space H, we denote by u(G, H) the set of all u-meas-
urable functions on G with values in H. For any Banach space B, we denote by
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L, (G, B) the set of all strongly (Bochner) integrable u-measurable functions z on
G with values in B. Let L and M be two operators (not necessarily linear) de-
fined on a nonempty subset X, of X, and having values in L, (G, B), u(G, Y)
respectively, for which we assume that, if x; € X,, x € X, and x,, — x in X,
then we have also x € X, and there is a subsequence [kg] such that Lx; — Lx
weakly in L, (G, B), and Mxy ,— Mx in measure in G as s — .

For (¢, y) € A we consider the sets

z(t, N =1[E%2)€Z xBIz® €gt, y, u) + A,

z=f(ty, w),ucUty)l, &y €A

We say that the sets 5(1‘0, ¥),y € A(ty), satisfy property (Q) at (¢, ¥o) with respect
to y, provided

3(1‘0,)’0) = ego cdeoU [5(’0&’)[)’ € A(to)s da@y, Yo) < €l.

We say that a pair (x, u), x € X, u € (G, U), is admissible provided (Mx)(¢)
EAQW), w(t) € U, Mx(t)), (LxXt) = f(t, Mx(?), u(t)) p-ae. in G, and
g(, Mx(-), u( ")) €LG, Z). We consider the Z-valued functional I [x, u] =
S &(t, Mx(?), u(t)) du defined on a class © of admissible pairs. We denote by
{x}q the set [x € X;|(x, u) € Q for some u]. We say that the class Q is closed
(with respect to the Pareto-Lagrange problem under consideration) provided,
whenever (x;, u,) €EQ,k=1,2,...,x, = xin(X, Z) ask — o, x € X,
and there is some u € u(G, U) such that (x, ) is admissible, then there is also
some u € u(G, U) with (x, u) € Q and I[x, u] <, I[x, u]. This definition is
justified by lower closure theorems (cf, [1]). The class of all admissible pairs is
closed. We assume that Z is reflexive.

THEOREM 1. Under the assumptions above, let S be a nonempty closed
class of admissible pairs such that {x}, is relatively sequentially compact in X.
Let there be a Z-valued function ¢(t),t €G, g €L 1(G, Z), such that o(t) <,
g, y, u) for all (t, y, u) € S. Finally, let the sets Q(t, ¥), y € A(D), satisfy
property (Q) with respect to y in A(t), for almost all t € G. Then, the Z-valued
functional I[x, u] has at least one A-Pareto optimum in S2.

Other existence theorems are given in [1]. In particular, variants of Theo-
rem 1 are given in [2] which make it unnecessary to verify property (Q). Here
we present a special case of Theorem 1 for Pareto-Lagrange problems in Euclid-
ean spaces for ordinary differential equations.

3. A special case. For eacht, 0 <t <1,let A(f) C E" and U(t) C E™,
be given closed subsets. Let S = [(¢, x, u)|0 <t < 1, x € A(¥), u € U(¥)] be
closed. Let B, be a compact subset of 4(0), and B, a closed subset of A(1).
Let g(t, x, u) = 8y, . . . , gy) and f(t, x, u) = (f;, . . . , [,}) be given functions
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continuous on S. Let £ denote the set of all pairs of functions x(¢) = (x,,...,
x,), u(t) = (uy, . ..,u,),0<t<1,x(-)absolutely continuous, u( * ) meas-
urable on [0, 1], satisfying the differential system dx/dt = f(¢, x(¢), u(f)) and
the constraints x(¢) € A(?), u(?) € U(¥) a.e.in [0, 1],8( - ,x( ), u(-)EL, [0, 1],
and the boundary data x(0) € B, x(1) € B,. We consider the problem of Pareto
optimization in £ (with respect to the positive cone A = [(A,, ..., Ay)I\; =0,
i=1,...,N] in EN) for the vector valued cost functional I [x, u] = -

Iy) with I; = f (l) g(t, x(¢), u())dt,j=1,...,N. We need consider here the
sets

5(t,x)= (z,...,2% 2, ... ,z”)|27>g,(t, x,u),j=1,...,N,

* s

z‘=-f,(t,x,u),i=1,...,n,u€U(t)],
forx €EA@®),0<¢t<1.

COROLLARY. With the above notations, let the sets 5(t, ) satisfy prop-
erty (Q) with respect to x in A(t), for almost all t € [0, 1]. Let there be a con-
tinuous scalar function ®(§), 0 < ¢ < +oo, with ®($)/¢ —> +o0 as { — +oo, and
an index jo with 1 <jo <N such that gj,(t, x, u) = ®(If (¢, x, w)l) for all (¢, x, u)
€ S. Further, let there be scalar functions o €L, [0, 1] such that g]-(t, X, u) =
<p](t) forall(t, x, yy€S,j=1,...,N,j#j, Then, there is at least one A-
Pareto optimal solution for I in S2.
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