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1. Introduction. The results announced here are concerned with the Hur-
witz problem of composition of quadratic forms, over a field F characteristic
not two. The possible dimensions of forms admitting composition are stated.
However, determining which quadratic forms do admit composition is a more
delicate question, and answers are known only for small dimensions. The proofs
will appear elsewhere.

It is a pleasure to acknowledge the interest and encouragement of T.-Y.
Lam, A. Wadsworth, and A. Geramita in this research.

2. The Hurwitz problem. We follow the notation of Lam’s book [L].
Throughout this paper, F will denote a field, with char F # 2. All forms con-
sidered will be nonsingular.

DEFINITION. If (V, q) is a quadratic space over F, a map f € End(V) is
a similarity if

q(fv)) = o(f) - q(v), forallv€EV,

where o(f) € F. Let Sim(V, q) = Sim(q) denote the set of all similarities on
7, .

We are interested in the additive structure if Sim(V, q). If S is an F-
linear subspace of End(¥), and S C Sim(¥, q), then the map o: Sim(V, q) —
F becomes a quadratic form when restricted to S. We consider only those sub-
spaces S on which this form is nonsingular.

Notation. For quadratic forms o, q, we write 0 < Sim(q) if ¢ is isometric
to some subspace of Sim(g), using the induced quadratic form.

Using the definition of composition of quadratic forms in [L, p. 133], we
see that ¢ admits composition with ¢ if and only if 0 < Sim(g). The study of
such composition began with the four and eight square problem, and was com-
pleted by Hurwitz in the case when F is algebraically closed [H].

Notation. Following [L], [K2], for a; € F, we write a,, . . . , a,) for
an n-dimensional diagonal form; and (a,, . . ., a,)» for the n-fold Pfister form
@7, (1, ap. For quadratic forms g, q, we write ¢ = q if they are isometric,
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and ¢ < q if ¢ is isometric to a subform of q. We write ¢lq, and say that ¢ is a
factor of q, if there exists a form 7 withqg = ¢ ® 7.

ProrosiTiON 1. Let q be a quadratic form, a, b € F.
(i) (1, @) < Sim(q) if and only if €aMlq.
(i) <1, a, bY < Sim(q) if and only if a, bYq.

Corresponding results for larger subspaces fail, but there is a generalization
in the anisotropic case in Theorem 4.

We get a good upper bound on the dimensions of subspaces of Sim(q) by
tensoring up to the algebraic closure of F and applying the arguments of [H].

DEFINITION OF THE HURWITZ FUNCTION: If n = 2" - ¢, where ¢ is odd
and r = 4a + b, 0 < b < 3, then let p(n) = 8a + 2°.

THEOREM 2. Suppose ¢ and q are quadratic forms, and dim q = n. If ¢
< Sim(g), then dim o < p(n).

Since composition algebras over F exist [J], this bound is achieved if g is
an r-fold Pfister form, and » < 3. In fact, it is achieved for every Pfister form.

THEOREM 3. If q is a quadratic form, dim q = n, and q = ¢ ® 7, where
@ is Pfister and dim 7 is odd, then there exists a form ¢ with o < Sim(q) and
dim o = p(n).

There are two different constructions of such forms 0. One is a tensor
product method, originally given in [G1], [G2]. The other construction is ob-
tained from a natural Clifford algebra structure on the underlying space of the
Pfister form ¢ by suitably twisting the multiplication. In the 3-fold case, we
get a new, close relationship between Clifford and Cayley algebras.

We can also consider Sim( ¥, B) when B is a skew-symmetric form on V
and ask the same questions. More generally, suppose X is a skew field with
involution, where F is the fixed field of the involution. Then Sim,(V, &) can
be defined for a A-hermitian space (V, h) (where A = *1. I1ffe Simy (V, h),
then o(f) € F, so that the subspaces of similarities are still F-quadratic spaces.
When KX is a field, and when K is a quaternion division algebra, the sharp upper
bound functions for dimensions are known. (Compare [W, p. 438].) These
functions are closely related to the Hurwitz function p(n).

3. Pfister factors. Proposition 1 concerns the relationship between sub-
spaces of similarities and Pfister factors. It can be generalized in the anisotropic
case by using the powerful “norm theorem” of Knebusch [K1], [K2].

THEOREM 4. Suppose q is anisotropic, and o is a neighbor to the Pfister
form ¢ (i.e., 0 < ¢ and dim o > % dimy). Then o < Sim(q) implies ¢lq.
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No examples of maximal subspaces of similarities have yet been found
which do not come from Pfister factors. More precisely, we ask the following
question, which is the converse of Theorem 3.

Conjecture. Let q be a quadratic form of dimension n = 2" - ¢, where ¢ is
odd, and suppose there is a form ¢ with ¢ < Sim(q) and dim ¢ = p(n). Does g
have an r-fold Pfister factor?

The decomposition theorem [M], [S] for Clifford algebra representations
reduces this question to the case n = 2". The conjecture is easily seen to be true
when r < 3, and Wadsworth has settled the cases r = 4, 5 by the function field
methods. For 7 > 6, the conjecture has been settled for a certain class of fields
(which includes global fields), but it is unknown in general.
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