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1. Introduction. As a generalization of the well-known class number
formula of an algebraic number field, we obtain in [3] a formula for the class
number of an arbitrary algebraic torus defined over the rational number field
Q. With this generalized class number formula, the relative class number of
two isogenous tori can be expressed in terms of their Tamagawa numbers and
certain indices of maps induced naturally by an isogeny between them. To be
specific, let \: T — T be an isogeny of tori defined over Q. The isogeny in-
duces naturally the following maps (cf. [3]):

N T, =T T =T MG TG = TG, Mgt (Mg — (g

For a homomorphism a: G — G’ of commutative groups with finite kernel
and cokernel, we define the g-symbol of & by g(a) = [Cok a]/[Ker a]. Then,
the g-symbols of the above maps are finite, and g(A{) = 1 for almost all v
(cf. [3]). The relative class number hp/hp of T, T' over Q can now be ex-
pressed as (cf. [3]):

0 L | )

In this paper, we apply (1) to the study of relative class numbers of cer-
tain quadratic extensions of algebraic number fields.

2. Relative class numbers. Let k/Q be a finite extension, and K/k be a
Galois extension of finite degree n. Denote by N the norm map
Ry x(G,,) — G,,, where Ry, is the Weil functor of restricting the field of
definition (cf. [4]), and G,,, is the multiplicative group of the universal domain.
We have an exact sequence (V) 0 — Ker N LR x/k(Gy) &, G,, — 0of
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tori defined over k, where i is the canonical inclusion. We attach to (V) an
isogeny N': Rg,(G,,,) — Ker N x G,,, defined by N'(x) = (x"N(x)"*, N(x)).
Applying the Weil functor Ry /q to N, we have an isogeny \: T— T' x T"
defined over Q, where A, T, T', T" denote Rk,Q()\'), Rk 19(G,)s Ry jq(Ker N),
R, /Q(Gm) respectively. From (1), we obtain

THEOREM 1. Let K, k, T', \ be as above. Then we have

h_K=’1T_'. ___51(7\;»)__ H aQ\).
M Trq0)a(M)g) vFe

3. Relative quadratic extensions. If K is a quadratic extension of k, we
can interpret A, in the following way. Consider K together with the norm
N i as a binary quadratic space over k. Then Ker N is nothing but the spe-
cial orthogonal group of the quadratic form Ny, . By fixing a basis, we iden-
tify K with k2. A finitely generated O,-submodule of K of rank 2 is called
a lattice in K, where O, is the ring of algebraic integers in k. In particular,
L= 02 (relative to the fixed basis) is a lattice, called the standard lattice.
The adele group (Ker V), and the group (Ker V), both act on the set of lat-
tices in K (cf. [2]). The orbit of L under (Ker V), is called the class of L.
The orbit of L under (Ker V), is called the genus of L. We see immediately
that the number 4, is the number of classes in the genus of L. Thus, in this
case Theorem 1 establishes a relation among the class numbers of K, k, and
the quadratic form belonging to K/k. In the following examples, we shall ap-
ply Theorem 1 to some interesting cases.

ExAMPLE 1 (Quadratic fields). Let k = Q and K = Q(v/m), where m is
a square-free integer. Computations using results in class field theory show
that 77 = 2, q(Ng) =1, 4Q.) = 1,q(Agy) = 2 if m < 0, or m > 0 and
Ny q(€) = —1 for some € € 0%, q(\) = 4 if m > 0, and Ny o(€) = 1 for
some € € O, and T, ,q(A\S) = 2"+, where ¢ is the number of distinct
prime factors of the discriminant di of K. Hence, Theorem 1 is simplified to

hK {Zt_l ifm<00rm>OandNK/Q(€)='“1,

272 if m > 0 and Ny /ofe) = 1.

This is equivalent to the following well-known result due to Gauss: there are
271 genera of primitive integral binary quadratic forms with discriminant d X
(which are positive-definite if dy < 0).
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ExAMPLE 2 (Prime cyclotomic fields). Let K be the Ith cyclotomic field
over Q, and k the maximal totally real subfield of K, / = 2m + 1 being an
odd prime number. We prove in [3] that q((?x)Q) =1,q9(A,) = 1,a(Agy) =27,
M,.q(AS) = 2™*1 and 7. = 2. Therefore, Theorem 1 in this case gives
hg/hy = hpo. Thus, we have an interpretation for the first factor in the well-
known factorization of /5 due to Kummer. Moreover, we obtain the follow-
ing:

THEOREM 2. Let g be a primitive root modulo I. For any positive inte-
ger s, let g, denote the smallest positive residue of g modulo I. Then there
are

/D™ Y) - 1det(g,, 4 i4j ~ 8ixPo<ijcm—1)

classes in the genus of the standard lattice in K with respect to the binary qua-
dratic form N ;.

ExamrLE 3 (Totally imaginary quadratic extension of a totally real field).
Let k be a totally real number field, and § a totally negative number in k.
Then K = k(+/8) is a totally imaginary quadratic extension of k. Hecke con-
jectured that the relative class number %, /h,. should be expressible in terms
of elementary arithmetic functions of certain types (cf. [1]). We hope that
the relation described in Theorem 1 may throw a new light on Hecke’s con-
jecture.
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