
BULLETIN OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 81, Number 1, January 1975 
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This paper presents a lattice fixed-point theorem having applications in 
game theory and elsewhere. The results presented here form part of the 
author's Ph.D. thesis in Operations Research, conducted under the supervision 
of Robert Wilson. 

Let L be a complete lattice. Denote elements of L with small letters 
a, b, c, •••, and denote subsets of L with capital letters A, B, C •••. Con
sider a function U: L —• L with property P: for any ACL, U(\A) = 
/\U(A)9 where U(A)= {U(a)\aeA}.2 Denote the composition of U with 
itself by U2. 

Property P implies 

LEMMA 1. (1) a < b implies U(a) > U(b); (2)a<b implies U2{a) < 
U2(b). 

If we define LD(U) = {a^L\a< U(a)} and LD(U2) = {aGL\a< 
U2(a)}, then we have 

LEMMA 2. (1) U2 : LD{U) -+ LD(U); (2) U2 : LD(U2) - * LD(U2). 

LEMMA 3. LD(U2) is a complete join subsemilattice of L. 

We know from Tarski's theorem [1] that U2 has a fixed point in L, 
while it is not generally true that U has a fixed point. We can, however, 
state the following 

THEOREM . There exists an element s GL such that s = U2(s) and 

s < U(s). 
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PROOF. Let D = LD(lf)n L^Ü1). D is nonempty since inf LED. 
Let M be a maximal chain in D, and let s = \JM. Then s E LD(U2) by 
Lemma 3. 

Suppose s Ê̂ U(s). By property P, U(s) = AU(M), so s ^ U(s) im
plies the existence of an m G M such that s *£ U(m). Consequently there 
exists n EM such that n ^ U(m). Now M Ç LD{U) implies m < U(m) 
and « < £/(/z). Furthermore,M is a chain, so either m <n or n <m. 
But « 1Ê m, since « 1Ê U(m). And, by Lemma 1, m < « implies {/(m) > 
U(n) > n, which gives a contradiction. Therefore s < U(s); i.e., 5 G LD(U). 

By Lemma 2, tf2(s) G A Also, 5GZ) implies s < tf 2(s). If 5 < £/(s), 
then the chain M is not maximal, contrary to assumption. So s = f/2(V). 
Q.E.D. 

N.B. The element 5 produced above is maximal in D. A sufficient 
condition to insure s ^ inf L is that there exists an m ED such that 
m > inf Z,. 

To see how functions U with property P arise, consider an arbitrary 
set X on which is defined an arbitrary binary relation > . For each x E X, 
define Dom(jc) = {y E X\x >y } ; and for each S C X, define Dom(5) = 
Uxes Dom(*). Let t/(5) = X - Dom(5), and let L = 2* be the complete 
lattice of subsets of X ordered by set inclusion. Then the function U: 
L —> L has property P. Therefore we can state the following 

COROLLARY . There exists a subset S Ç X such that S = U2(S) and 
SÇ U(S). 

In particular, we can take X to be the set of imputations of a coopera
tive game, and >• to be the domination relation. A set 5 thus produced 
generalizes and closely resembles a von Neumann-Morgenstem solution, which 
is a fixed point of Ut and which fails to exist for some games. Lucas [2] 
produced a game for which no solution exists, but for which the :et S 
discussed here can be interpreted in the manner usually associated with 
solutions. This will be studied in detail in subsequent publications. 
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