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1. Let E be a complex Banach space. It is well known that C(E; C),
the space of continuous scalar-valued functions on E endowed with the com-
pact-open topology, always has the approximation property, since there are
continuous partitions of unity. However, for the space H(E; C) of holomor-
phic scalar-valued functions on E, the situation is more complicated. In §2
of this note, we describe this situation. Briefly, there is an exact analogy
between the question of approximation by finite rank linear mappings on compact sets
and the question of approximation by finite rank holomorphic mappings on compact sets.

In §3, we study the theory of compact holomorphic mappings between
Banach spaces. The results of this section can be applied to characterize when
H(E; C) has the approximation property, where H(E; C) is endowed with
topologies other than the compact-open. This is of interest because, for many
purposes, the compact-open topology is not the natural topology on H(E; C)
(see for example [7]). In this note we are particularly concerned with the
Nachbin “ported” topology 7., on H(E; C). In §4, we characterize when
H(E; C), endowed with 7, has the approximation property. This result
relates compact holomorphic mappings to the approximation property for
HE; C), T,) in a similar manner to the way compact linear mappings are
related to the approximation property for (E’, B).

We shall follow [6] for notation and terminology for holomorphic
mappings on Banach spaces and [5] for notation and terminology for the
approximation property.

2. E and F will denote complex Banach spaces. H(E; F) denotes
the space of holomorphic F-valued mappings on E; that is, mappings
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f: E— F which have a Frechet derivative at every point of E. We shall
denote by 7, the compact-open topology on H(E; F), which is generated
by the seminorms f— sup {|lfx)I: x €K}, f € H(E; F), where K isa
compact subset of E. We denote by 7., the locally convex topology on
H(E; F) generated by all seminorms ported by compact subsets of E. A
seminorm p on H(E; F) is said to be ported by the compact set K CE
if for every open set ¥ D K, there is a constant ¢(V)> 0 such that p(f)
<c(V) supyey If @, for all fE€ H(E; F).

THEOREM 1. The following statements are equivalent:
(i) E has the approximation property.
(i) (H(E;C), 1y) has the approximation property.

The implication (i) — (ii) is proved using the fact that a slight mod-
ification in Theorem 1 of [1] yields that H(E; C) ® G is dense in (H(E; G),
7o) for all locally convex spaces G. (ii) follows by an application of [8,
Proposition 3.3]. (i) — (i) follows by noting that E, is a complemented
subspace of (HE; C), 7,), where E; is the space E' endowed with the
topology of uniform convergence on compact convex subsets of E.

Theorem 1 is the holomorphic analogue of the classical result that
E has the approximation property if and only if E ", has the approximation
property. As a result there are Banach spaces E such that (H(E, C), 7,)
does not have the approximation property (see [4]).

Using the same methods, one can show that (i) and (ii) above are
equivalent to the following condition:

(iii) The identity mapping id: E — E can be approximated uni-
formly on compact sets by holomorphic mappings from E to E of finite
rank. That is, for each compact set K CE and each € > 0, thereis a
holomorphic mapping f: E — E with span f(E) finite dimensional such
that sup,cp IIf(x) — x|l <e.

Thus, we get that approximation by finite rank holomorphic mappings
is equivalent to approximation by finite rank linear mappings.

3. In this section, we introduce compact holomorphic mappings and
describe some of their basic properties.

A mapping f: E— F is said to be compact if for each x € E,
there is a neighborhood ¥V, of x such that f(V,) is relatively compact in
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F. The space of compact holomorphic mappings from E to F is denoted
Hi(E; F).

Note that when E or F is finite dimensional, H ((E; F) = H(E; F).
It follows from the result below that compact holomorphic mappings share
with compact linear mappings the property that it is sufficient to have “good
behavior” at the origin.

PrROPOSITION 1. Let f€ H(E; F). Then f€ Hy(E; F) if and only if
there is a O-neighborhood V, in E such that f(V ) is relatively compact in F.

However, unlike the linear case, it is not true that for any point x € E,
f(Vy +x) is a relatively compact subset of F. In fact, if E is infinite di-
mensional, there are functions f € H(E; C) with the property that for each
€ > 0 there is a point x € E, ||x|| <1, such that sup {If Q)| : lly = x|l <€}
= o (see [2]).

Another characterization of compact holomorphic mappings is the follow-
ing, which shows that compact holomorphic mappings have a very “flat”
image in a natural sense.

PROPOSITION 2. Let f€ H(E; F). Then f€ Hy(E;F) if and only if
there is a compact subset L C F such that f(E) is contained in the vector
space spanned by L.

In addition, one can obtain characterizations of compact holomorphic
mappings f: E — F in terms of the transpose mapping f*: H(F; C) —
H(E; C), given by f*(g) =go f for g €H(F; C). The following is a use-
ful example of such a characterization.

PrOPOSITION 3. Let f€ H(E; F). Then f€ Hi(E; F) if and only
if the transpose mapping f*: F . — (H(E; C), 1,,) is continuous.

4. The results of §3 allow us to prove the following.

THEOREM 2. (H(E; C), 7,,) has the approximation property if and only
if the closure of H(E;C)® F in (H(E; F), 1,,) is Hy(E; F) for every
Banach space F.

In order to prove Theorem 2, one first shows that (Hg(E; F), 7,,) =
L(F (H(E; C), 1)), which is the e-product of (H(E;C), 7,) and F
(see, for example, [9]), and then applies a recent result of Bierstedt and Meise [3].
Theorem 2 is the analogue of the well-known result for compact linear
maps: E' with the norm topology has the approximation property if and
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only if for every Banach space F, the uniform closure of E' ® F in
L(E; F) is the space of compact linear mappings from E to F.

The problem of whether (H(E; C), 7,,) has the approximation property
can be reduced to a question about the approximation property for a sequence
of Banach spaces.

ProrosITION 4. (H(E; C), 7,,) has the approximation property if and
only if for all n € N, P("E; C) has the approximation property.

Here, P("E; C) is the space of continuous n-homogeneous polynomials
from E to C with the sup norm. In fact, when E =1,, then P("E;C)
is isomorphic to [, for n>1, and so it follows that (H(;; C), 7,,) has
the approximation property. However, even for E = I,, it is unknown
whether P(E; C) has the approximation property; hence, it is unknown
whether (H(E; C), 7,,) has the approximation property.

Combining Proposition 4 and Theorem 1, we obtain the following

CoroLLARY. If (H(E;C), 1,,) has the approximation property, then
(H(E; C), 79) has the approximation property. The converse statement in
general, is false.

Similar results to those given in Theorem 2 and Proposition 4 hold for
two other useful topologies on H(E; C), namely for 7, and 7,. Here,
T, is the locally convex topology on H(E; F) of uniform convergence of
a holomorphic mapping and each of its derivatives on compact sets, and 7,
is the bornological topology associated with 7, (or equivalently with 7))
(see, for example, [1]).

Full details and complete proofs will appear in a later paper.
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