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Let M be a compact C® manifold without boundary. Let Diff"(M)
be the group of C” diffeomorphisms of M with the C” topology. If r=0,
this corresponds to the group of homeomorphisms of M. A C°* flow on
M is a continuous group homomorphism ¢:R—Diff*(M), 0=s=oo0.
In a natural way, C? vector fields generate C* flows and Lipschitz vector
fields generate C° (topological) flows. We say that f e Diff"(M) embeds
in a C* flow, s=r, if fis the map at time one of such a flow.

Our main purpose is to announce results showing that few diffeomor-
phisms, in the sense of Baire category, embed in flows or are generated
by vector fields with some mild differentiability or Lipschitz condition.
Here we will prove only one of these results concerning flows generated
by vector fields.

Several authors have treated similar questions. For C? diffeomor-
phisms of the circle, our last theorem follows from stronger results
of Kopell [2] and it was also proved in [4], where more references can
be found. The embedding of diffeomorphisms in topological flows was
also considered in [S].

The author acknowledges very useful conversations with C. Pugh and
M. Shub and several people at IMPA.

We now show that with a mild assumption on the vector fields, the
diffeomorphisms they possibly generate form a subset of first category
in Diff}(M).

Fix a riemannian metric on M. Let x be a singularity for a vector field
X. X is said to be Lipschitz at x if there exists a constant K>0 such that
| X(»)|=Kd(x, y) for every y € M, where d(x, y) is the distance between
x and y. Let y denote the set of C° vector fields on M that generate topo-
logical flows and are Lipschitz at the singularities.

THEOREM. The subset F={f e Diff*(M)|f=X,, for some X €y} is
of first category in Diff!(M).

Proor. Consider the set B of Kupka-Smale diffeomorphisms whose
periodic points are dense in the nonwandering set. Pugh [6] showed
that B is of second category in Diff'(M). Following [5], if f€ B and
embeds in a topological flow then the periodic points of f are in fact
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fixed. This reduces the theorem to a similar one in the set S of Morse-
Smale diffeomorphisms whose nonwandering sets consist of fixed points.
Notice that S is open in Diff1(M) [S].

Thus it is enough to show that G=FNS is of first category in S. For
each n € Z_ consider a subset G,< S as follows. For f€ G, there exists a
(not necessarily continuous) vector field X, invariant by Df and with
Lipschitz constant bounded by n at the fixed points of f. Moreover, we
require that | X||=<n, and || X| =1/n outside open discs of radius r centered
at these points. We take r satisfying the relation r(1+4 || Df ) =d, where d is
the minimum distance between the fixed points of f. This ensures that X
does not vanish on the orbits of f except the fixed ones. We have that
G<U G,. Alsoeach G, is closed. We now show that H=S—G, is dense in
S. Take any f e S. We first approximate /by f € S so that fis linear near
a sink p and the proper values of Df(p) satisfy the condition |u,| <|u,| <|u;|
for i>2 and |uy|=|u,| only if u, is not real. Let E be the local strong
stable manifold of p. E is a linear subspace and dim E=1 if u, is real
and dim E=2 if not. We perform a local perturbation of f parallel to E
to achieve an element 4 € H. Assume dim E=2. Then f/E can be written
in polar coordinates as f(p, ¢)=(ap, b+ ¢), with p as the origin, a>0 and
0<b<2m. Set for the local expression of 4/E

h(0,0) = (0,0),  Dh(0,0) = Df(0,0) = f,

h(p, @) = (ap + - sin(21-r log P), b+ (p).
log p log a
Such a map 4 is C* and can be extended to be in S, C? near fand in fact
equal to f off some neighborhood of p. The case dim E=1 is similar and
we repeat this construction near all sinks. We claim that # € S—G,. For
suppose there is a vector field X invariant by DA and Lipschitz at the
fixed points of 4. Then X must be tangent to E near p. Take a point
y=(a™, 0) in E, ny € Z large enough. For X along the orbit of y, consid-
ering that the positive 4-orbit and f-orbit of y are the same, we have

X" O)I _ = (1 2r 1 ) | X
[h"(y)] £=0 alog’a ny + k

which diverges as n—oo unless X(y)=0. Thus # € S—G, and so S—G,
is dense in S. This implies that G= J G, is of first category in S, proving
the theorem.

a™

The other results. The main one is

THEOREM. The subset of DiffY(M) of diffeomorphisms that embed
in C* flows is of first category.
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With different arguments we get the following theorem for Diff"(M),
r=2. Let A< Diff"(M)be the open set of diffecomorphisms satisfying axiom
A and the no cycle property [8].

THEOREM. The subset of A of C* diffeomorphisms that embed in C*
flows is of first category.

As a corollary, we obtain a similar result for diffeomorphisms generated
by C? vector fields.

The proofs will appear elsewhere. We just remark that for this last
theorem we make use of a linearization theorem in [1], which generalizes

[9].

We also pose the following question, in the way of a conjecture in
[3], [7]: Is the set of difftomorphisms with discrete centralizer of second
category in Diff"(M)? This question is interesting on its own and, again,
it is likely that the case r=1 should be treated differently from the others.
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