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The problem of classifying the possible cohomology algebras of 
topological spaces has usually been attacked negatively by introducing 
cohomology operations and requiring these to be compatible with the 
structure of the candidate for a cohomology algebra. Even in the special 
case that the Z/p cohomology is a polynomial algebra, the information 
obtained in this way is limited. For example, Steenrod [3] suggested a 
method of verifying that a given Z/p polynomial algebra is a module over 
the Steenrod algebra Ap and carried out the computations for 

{(Z/p)[x4, y4 + ^ - D ] , Pl
px = y}. 

Such an approach has the drawbacks of being tedious to apply and also 
not producing a space with the given cohomology algebra. In this note, 
some ideas from Lie group theory and a generalization of a construction of 
Sullivan [4] are used to expand the rather-small list of known polynomial 
cohomology algebras. In particular, the example treated by Steenrod is 
realized as the Z/p cohomology of a space. In a later paper [5] the 
analogy of this construction with some properties of the Lie groups will be 
pursued and an application to the construction of some new mod p loop 
spaces given. 

NOTATION. Z/p = {integers mod p}9 

Zp = {^-adic integers}, 
Qp = {/?-adic numbers}, 
K(ZP, 2) = Eilenberg-Mac Lane space of type (Zp9 2). 

LEMMA 1.1. H*(K(ZP, 2), Z/p) = (Z/p)[x], dim x = 2. 

DEFINITION 1.2 [2]. Let W be a finite subgroup of GL(Qp,n). W is 
generated by reflections in Qn

p if W is generated by elements which have a 
hyperplane pointwise invariant. These elements thus have n — 1 eigen­
values of + 1 and the remaining eigenvalue an rth root of unity (r must of 
course divide/? — 1). Also, since W is finite, we may consider it to be in 
GL(Zp, n). 

Construction 1.3. Let W be generated by reflections in Qn
p. By choosing 

an action of W on 7i2(X(0M Zp , 2)), W may be given an action on 
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X ( 0 „ Z p , 2 ) a s a group of cellular homeomorphisms. The orbit space 
X = X ( 0 M Zp9 2)1 W can then be formed. 

It remains to calculate H*(X, Z/p). This follows, however, from 
Chevalley[l]. 

THEOREM 2.1. If W is generated by reflections, p\ \W\, and X = 
K ( 0 „ Zp , 2)/W9 then H*(X, Z/p) is a polynomial algebra on n generators. 

REMARK. The hypothesis that/? ƒ \W\ is too strong, as examples with 
W = Sn (the symmetric group) show, but the author does not know a 
more general sufficient hypothesis. 

To apply Theorem 2.1, one needs a good supply of finite reflection 
groups on Qn

p. The Weyl groups of the Lie groups qualify, since these are 
precisely the finite reflection groups on Q", but these produce no new 
cohomology algebras. It is not hard to see that a/7-adic representation of 
a finite group is equivalent to one over a finite extension of the rationals 
contained in the p-adics, and thus may be regarded as a complex rep­
resentation. The paper [2] of Shephard and Todd classifies the finite 
reflection groups over the complexes, and thus, in a sense, classifies all 
finite reflection groups over Qn

p. One need only verify if a particular group 
from [2] has a /7-adic representation. This can involve surprisingly 
difficult number theoretic calculations. For example, the fact that the 
group W presented as {A2 = B2 = (AB)P+1 = Id} has a representation 
as a p-adic reflection group reduces to the following lemma. 

LEMMA 2.2 [6]. Let K be an extension field of Qp containing Ö, a 
(p + l)st root of unity. Then 6 + 0" 1 e Zp . 

The immediate consequence is: 
COROLLARY 2.3. There exists a space X with 

H*(X, Z/p) = (Z/p)[x4, y4 + 2 ^ - D ] and Pj(x) = y. 

PROOF. Take A = (? J) and B = (0+V-i ?). The dimensions of the 
invariants are given in [2], and a brief calculation shows that P^(x) = y. 

In [5], a more complete list of these Z/p polynomial algebras will be 
compiled. 
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