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This note contains some applications of the theory of Mackey functors 
(cf. [3], [4] and [5]) to the study of Witt rings. A detailed version may be 
found in [3, Appendices A and B]. 

So let R be a commutative ring with le R and W(R) its Witt ring as 
defined in [7]. Any ring homomorphism p:R -+ R' defines a ring homo-
morphism p# : W(R) -» W(R'). Moreover if R' is separable over R and 
finitely generated projective as an R-module (let p be called admissible in 
this case), the trace map R' -> R defines a W^-linear map backwards: 
p* : W(R') -• W(R) (cf. [1] and [12], [13]). These observations lead easily to 

PROPOSITION 1. Let (£ be the category with objects the commutative rings 
R (with leR) and with morphisms [R', R]<t = {p:R-> R'\p admissible} 
(i.e. d is dual to the category of commutative rings with admissible maps). 
Then the Witt ring construction defines a Mackey functor W:d -• &46, the 
category of abelian groups, together with a commutative, associative and 
unitary inner composition, given by the multiplication in the Witt ring. 

COROLLARY 1. Let p:R->R' be admissible and n- lW{R)e p*(W(R')) 
for some ne N. Then all the "Amitsur cohomology groups" Hl(R'/R, W) 
(i.e. the cohomology groups of the semisimplicial complex 0 -> W(R) -• W(R') 
zt W(R' ®RR) ^ W(R' ®RR' ®RR) =| • • •) are n-torsion groups, especially 
for n = 1 they are all trivial. 

PROOF. Apply the results of [5] to this special situation (they were found 
precisely to be applied right here!). 

Examples of admissible maps p:R -+ R' with lW(R)ep*(W(R')) have 
been given by Scharlau (cf. [12] and [3, Appendix A, Lemmas 2.3, 2.4, 
2.5]). 

As a rather special case we get this way : 

COROLLARY 2 (CF. [11] AND [8]). Let LIK be a finite Galois extension 
(of fields) of odd degree and with Galois group G. Then the natural action 
of G on W(L) has trivial (co)homology : 

H°(G, W(L)) s H0(G, W(L)) s W(K), 

H\G, W(L)) = Ht(G, W(L)) = Hj(G, W(L)) = 0 (i > \,j e Z). 
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Let us concentrate further on finite separable field extensions : 
For a field K the category of finite, commutative separable X-algebras 

is (by Galois!) dual to the category G of finite G-sets, where G is the 
(profinite) Galois group of K, thus W defines a Mackey functor on G " 
with a commutative, associative and unitary inner composition, i.e. a 
Green functor in the sense of [3, §8]. The theory of Burnside rings and 
Mackey functors can easily be extended from finite to profinite groups 
and, applied to W, then leads to 

PROPOSITION 2. There exists a natural ring homomorphism of the Burnside 
ring Q(G) onto W(K) {defined by mapping any transitive G-set G/U (U an 
open subgroup ofG) in Q(G) onto the element in W{K\ which is represented 
by the bilinear form (Lj) with L the fixed field of 17, considered as an 
K-vector space, and t:L x L->K:(a ,b) H-traceL/x(a• b) the canonical 
bilinear map, associated with the separable extension L/K), which in case 
char K =̂  2 is surjective, already restricted to Q(G) £ Q(G) with G the 
Galois group ofK{yJa\a e K) over K. 

This at first explains the analogy between the prime ideal structure of 
Burnside rings (cf. [2] and [3, §5]) and Witt rings (cf. [9]). Furthermore 
Proposition 2, combined with the results of [9] and [3, §5], allows us to 
obtain easily the famous theorems of A. Pfister, concerning the ring 
theoretic structure of Witt rings, e.g. that all torsion in Witt rings is 
2-torsion. 

PROPOSITION 3. Let K be a field and pt:K -• Lt (i = 1 , . . , , t) be finite 
separable field extensions ofK, all contained in the finite Galois extension 
E/K. 

Then: 

(1) (E:K)2. lW{K) c f] Kelw(K)^W(Lt)[ + £ ImjW(Ld PX W(K)\, 

(2) ( £ : K ) 2 - ( n Ke(Pi*)C) £ l m ( p f ) ) = 0 
\ i = 1 i = 1 / 

(with (E : K)2 the maximal power of 2, dividing the degree (E:K))> 
(3) 2" • lW{K) G Y," Im(pf) for some power 2n of 2 o any ordering of K 

can be extended to at least one ofLt (i = 1 , . . . , t). 

COROLLARY 3. If L/K is a finite Galois extension with Galois group G, 
then all the groups Hl(G, W{L)\ H,(G, W(L)) and Hj(G, W(L)) (i ^ IJ e Z) 
are (L : K)2-torsion groups. 

Using J. A. Green's transfer theorem (cf. [6]) one gets furthermore : 
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COROLLARY 4. Let E/K be a finite Galois extension, L/K a maximal 
subextension of odd degree and F/K the minimal subextension in L/K such 
that L/F is normal (i.e. the fixed field of all K-automorphisms of L). Let 
Lu.. .,Ltbea family of subextensions of E/K with L ç Li9 which contains 
the compositions L • Lx for any x e G = Gal(E/K) with V =/= L. 

Then the imbeddings p(:F-> Lt, (Ji'.K^Li, a.K->F induce an 
isomorphism 

W(K) It Im((7f) - W(F) It Im(pf):a + £ Im(<rf) H> < T » + £ Im(pf), 
/ i / i i i 

whose inverse is given by 

W(F)ltlm(pf)^W(K)ltlrn^f)'b + YJ''' *+a*(b) + £ • ' • • 

Finally let us remark on a rather curious byproduct of these results: Let 
G be the full Galois group of a formally real field and if g G an open 
subgroup of odd index. Then there exists an open subgroup F ^ H of 
index 2, such that for any closed subgroup U ^ G of order 2 the number 
\G/FU\ = |{gF|l/gF = gF}\ of (7-invariant cosets of F in G equals 
\G/HU\ + 1. 
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