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In this note we describe the theory of singular integral and multiplier
transformations in the setting of the spaces A(B, X). First we introduce
the spaces A(B, X) combining Theorems A and B below, essentially due
to A. P. Calderon, with paragraphs 14 and 34 of [2]. Theorem C and the
example that follows it illustrate the fact that A(B, X) spaces are related
to Lipschitz spaces of functions and distributions in R". (See also [5].)
Then guided by the translation invariance of an important class of
singular integrals, described before Theorem D, we define a class of
operators which commute with representations of R" into a group of
(uniformly) bounded linear operators of a Banach space B into itself.
The continuity of these singular integral operators is proved in Theorem D.
Theorems E and F concerning multipliers are then proved with the
assumption that the representations alluded to above are the translations.
These results were submitted as a thesis at the University of Chicago.
I would like to thank Professor A. P.Calder6n for having had the privilege
of learning with him these and many other things and to Professor Max
Jodeit, Jr. for his help throughout my graduate studies.

The spaces A(B, X). Let {¢f},., be a group of transformations of R"
where P is a real n X n matrix and

(*) ]t o<tsl.

This will ensure the existence of a unique value s for which s™Pxe S"~1,
x # 0. Thus setting p(x) = s we have that p(tfx) = tp(x) and p(x + )
< p(x) + p(y). (See [4].) We notice that (Px, x) = (x, x) is a necessary
and sufficient condition for (x) to hold. Moreover the adjoint matrix P*
also satisfies (P*x, x) = (x, x) and therefore it determines a function p*(x)
with similar properties. Now we construct a one-parameter family of dila-
tions v, of a finite Borel measure v on R”" by setting v,(E) = vt FE) for
every v-measurable set E and t > 0. If dv(x) = ¢(x) dx where ¢ € L}(R"),
then dv,(x) = ¢t~ Pt~ Fx) dx.

Let B be a Banach space of tempered distributions on R" such that
F(R") < B and B = V* for some complex Banach space V. For ye R"
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let 7, be a representation of R" into a group of (uniformly) bounded linear
operators of B into itself, i.e. |t,u]p < c|u]ps, such that, for each ue B
and veV, (t,u,v) is a continuous function of y. We now define [z,u dv(y)
to be the element we B such that (w,v) = [(t,u, v)dv(y) for all veV.
Analogously we * define F(y,t) acting on wveV as (F(y,t),v)
= I(Ty+zu7 U) dvt(z)'

THEOREM A. Let (t,u,v) be a continuous function of yeR" for ueB
and ve V. Let v satisfy (i) {|x||dv(x)| £ Cy < oo for all multi-indices M
of nonnegative integers and (ii) (v,)"(x) = 9(t* x) % 0 as a function of t > 0
Jor any x € R" — (0). Then there exist functions ¢,y € #(R") such that

(,0) = f (5t 0)9(3) dy + lim, f f (0. 0, oW ) dy .

In fact these functions may be chosen so that j € C2(R") vanishes in a
neighbourhood of the origin and ¢ € CP(R").

We would like to construct a similar representation for elements in
A(B, X). In order to do so we introduce some definitions.

A lattice X of locally integrable functions in (0, 1) is a linear class of
functions such that there is a norm defined on X with respect to which
it is complete and if fe X and |g| < |f| then ge X and |g|x < | f]|x-
Given a positive monotone increasing (in the wide sense) submultiplicative
function f(¢) defined on (0, c0) we say that X is a S-lattice if the mappings

f- f SR and f—»f SR/ el

are continuous from X into itself for ¢ > 0. We choose to call a ¢"-lattice
an r-lattice. We set yX = {f € Li,o(0, ):y®)"f® e X}, | f|.,x = |7 f|x-

Given B and X we denote by X(B)={F:F is B-valued
weakly measurable and ||F|ze X}, |F|xa = |(|F|s)|x. Finally we
let A(B, X) = {ueB: [tudv(y)e X(B)}. Normed with | u |5, = | u|z+
Ifz,u @v(»)| x> A(B,X) becomes a Banach space in which B is con-
tinuously embedded.

Let A, be the class of I}(R" functions f(x) such that there exists a
“polynomial” Yy <x ap(x)y™ so that

(i) ap(x)e L and

(i) J1S G = 3) — ¥ ap(x)y™| dx = O(y}") for ye R".

THEOREM B. Let k € Z* and let u be a Borel measure such that (i) [x™ dp,(x)
=0 for |M| < k; (i) {|x[* |du(x)| < co. Further let X be a B-lattice and
let y(t) be such that P(t)y(t)/t* increases for some & >0 and P(t)y(t)/t* ?
decreases for some k > 6 > 0. Then for fixed functions ¢, Y € A, and
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elements u € B, F(t) e X(B) the integrals

! dt
&(u, F) = jfyuqﬁ(y) dy + J ftyF Oyt dy —
0
converge absolutely in the B-norm and

| @, F)[a, @0 = C{u]s + |Flxa}
C independent of u, F.

COROLLARY B,. If the hypotheses above hold and y(t) = 1, and p = v,
¢, ¥ are as in Theorem A, then &(u, F) maps B @ X(B) onto A,(B, X).
Also if now the measures u # v satisfy both the hypotheses of Theorems A
and B, then A (B, X) and A (B, X) coincide algebraically and topologically.
This explains the denotation A(B, X) for these spaces from now on.

COROLLARY B,. [Cf. [1, paragraph 6.1.]] Let ¢ € L}(R"), supp ¢ compact
and let X be an r-lattice, 0 < r < 1. Then |ju — [tu¢,(y) dy|s€ X implies
|u — t,P.u|peX forany ze R".

We now characterize the spaces A(B, X) when P = diag(a,,...,a,),
a;e Z*. (For P = identity see [3, paragraph 14.1].) Put a = (a,,..., a,).
Let

j=

k (k .
v.(y) = W(y) = Zo (J.)(— 1s(y — j*2),

where 6 is the Dirac measure centered at the origin. Moreover, let
k (k .
A u= eru dv(y) = Y (,)(— 1Y2yPu.
=o\J
We then have
THEOREM C. Let P, v, A, , be as above and let X be an r-lattice. Further-
more assume that (t,u,v) = (u,%,v), i.e. the 1, are the adjoints of a family

, acting on V. This assumption will be kept for the remainder of the note.
Then for multi-indices M satisfying 0 < r — (a, M) < k we have

A(B, X) = {ue B:(0/0x)Mtu],-o€B and
Suplzl =1 H t(a’M)Az,z(a/ax)M‘Cxu]x=0 “B € X} .
Moreover
|ulla = sup{]|(@/0x)*tulc=o| s, [ £ A, (0/0x)t ] =0 x(8)

the supremum being taken over ze S"~ !, (a, N) <.r, (a, M) < r. For example,
lee B=I'R", 1<p=<oo, put tu=uR")) and X =X,,nX,,



1018 ALBERTO TORCEINSKY [November

where X, , is the r-lattice t'I?(0, 1;dt/t). If a=(1,...,1,2), z = (zy,...,
Z,-1,00€8"" 1, 2=(0,...,0,1) we obtain A(B, X) = {ue IZ(R"):(0/0x)Mu
eI’(R") for M =(M,,...,.M,) with M;<2 for 1<i<n-—1 and
M, < 1 and |t?A, ,(0/0x)u|x, wryH| 2 A, 2(0/0x)Mu| x, ,wry < o0 for (a, M)
=2 and 2 <r,s<k+ 2} This is a “parabolic” Lipschitz space of
functions with the last variable distinguished.

Singular integrals. Let ke &'(R") be defined by k(¢) = p.v.[k(x)d(x) dx
for ¢ € #(R™), where k(x)e L} (R" — (0)) and it satisfies
(@) for 0<r <R, |[<pm<rP@k(x)dx| < C and [, < < k(x)dx
converges as r — 0;
(i) for R >0, [,y <r P(X)|k(x)|dx < CR and
(iii) {p)>apey |Kx — y) — k(x)| dx < C. [See [4] and [6].]
We define for u € B the singular integral Ku as

&0

(Ku,v) = lim J (t,u, V)k(y)dy, forallveV.
e<p(y)<l/e

The next theorem is better understood if we recall the following remark
due to Taibleson [7, p. 828]. The Riesz transforms R; defined by (R;u)"(x)
= x;/|x|fu(x) are not (in the notation of [7]) bounded mappings of
A(a, p, 00) into itself for p = 1,00.

THEOREM D. Let A = U* B = V* C = W* be Banach spaces of
tempered distributions such that K:A — B continuously. Further assume
that & is dense in V.~ W and that if ¢(x) is the function of Theorem A
then [tu¢(y) dy: B — C continuously. Then

(i) ©,K = Kz, and (t,Ku,v) is a bounded function of ze R" for ue A
andveV.

(ii) K is a continuous mapping from A N A(C, X) into B n A(C, X).

The proof uses Theorems A and B.

Multipliers. In this section we assume that the 7, act on &%'(R") by
(tu, d) = (u, @(+ — y)) for all ¢ € L(R"). A function m(x) continuous and
bounded in R" — (0) is said to be a multiplier of type (4, B), where & is
dense in A, if the mapping M defined by (Mu)"(x) = m(x)iu(x), ue &,
satisfies |Mu| 5 < C|u| 4. Clearly Mz, = t, M

THEOREM E. Let A = U* B=V* c ' (R"). Let M:U — V be such
that M*t, = T M*, M*: A — B continuously. If t, maps boundedly A into
itself and B into itself, then M*: A(A, X) — A(B, X) continuously.

The following is a particular instance of a more general valid fact.

THEOREM F. Let A, B be as above and let C = W* = &'(R") be such
that [t ud(y)dy: B — C, where ¢(y) is as in Theorem A..Let #(R") be dense
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in AnC and VA W. If m(x) is [n/2] + 1 continuously differentiable in
R" — (0) and if for Q = {0 < & < p*(x) < ¢~ '}, where the choice of ¢
depends solely on the function y(x) of Theorem A, we have that

Y f |@/0zy"m(¢"'z)>dz < C  fort 2 1,
M| <Tw21+1 Jo

then m(x) is a multiplier of type (A N A(C, X), B n A(C, X)).

REFERENCES

1. J. Boman and H. S. Shapiro, Comparison theorems for a generalized modulus of con-
tinuity, Ark. Mat. 9 (1971), 91-116.

2. A. P. Calderdn, Intermediate spaces and interpolation, the complex method, Studia
Math. 24 (1964), 113-190. MR 29 # 5097.

3. A.P.Calder6n and A. Zygmund, Singular integral operators and differential equations,
Amer. J. Math. 79 (1957), 901-921. MR 20 # 7196.

4. M. de Guzman, Singular integral operators with generalized homogeneity, Rev. Acad.
Ci Madrid 64 (1970), 77-137. MR 41 # 7493.

5. N. J. H. Heideman, Duality and fractional integration in the spaces A(B, X) of A. P.
Calderon, Ph.D. Dissertation, Washington University, St. Louis, Mo., 1970.

6. N. M. Riviére, On singular integrals, Bull. Amer. Math. Soc. 75 (1969), 843-847.
MR 39 #4711.

7. M. H. Taibleson, On the theory of Lipschitz spaces of distributions on Euclidean n-space.
I, II, 111, J. Math. Mech. 13 (1964), 407-480; ibid. 14 (1965), 821-839; ibid. 15 (1966),
973-981. MR 29 #462; MR 31 #5083; MR 33 #6381.

8. A. Zygmund, Trigonometric series, 2nd ed., Cambridge Univ. Press, New York, 1968.
MR 38 #4882.

DEPARTMENT OF MATHEMATICS, CORNELL UNIVERSITY, ITHACA, NEW YORK 14850



