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1. The study of nuclearly-entire functions between two complex Banach
spaces was begun by Nachbin and Gupta in [7] and [8] and has recently
been extended by Dineen to entire functions of a-holomorphy type 6 in
[3] and [4]. In §2, we describe a generalization of Dineen’s work to holo-
morphic functions on balanced open subsets of a Banach space. This
generalization is applied in §3 to characterize the space of holomorphic
germs of a-holomorphy type 0 over a compact, convex balanced set.

Our notation and terminology will follow that given in [3], [4], and [6].
For convenience, we give the most important terms here. U will always
denote an open, balanced nonvoid subset of the complex Banach space.
A (U) will denote the family of compact, convex, balanced subsets of U.
For simplicity of notation, we will assume that our holomorphic mappings
are complex valued; there is no difficulty in extending all results to Banach
space valued mappings.

0 will be a holomorphy type, and (#4(U), 7,,¢) Will be the space of holo-
morphic functions on U of holomorphy type 6, endowed with the locally
convex topology 7. [6, pp. 34-35, 43]. When 6 is the current holomorphy
type, we get the space (#(U), 1,,) of all holomorphic mappings on U, with
the ported topology. ¢ denotes the set of all nonnegative sequences of
real numbers converging to 0. The space Py ("E) of n-homogeneous
polynomials of 6-type on E is called intrinsic if the algebraic and topolo-
gical definition of 2,("E) depends only on the algebraic and topological
definition of E. If U is the unit ball for an equivalent norm on E, we denote
by || ||ow the norm on 2,("E) corresponding to U. It will be convenient
for us to use various equivalent norms on E, whose unit balls will often
be expressed in terms of the unit ball B, of a fixed norm on E.

An a-holomorphy type 6 is a holomorphy type which satisfies the con-
dition that for each ne N, (24("E),|| ||o) is intrinsic, and if U and V are
the unit balls for two equivalent norms on E such that cU < VforceR*,
then

| Pallo.v < |Pallo.v
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for all ne N and all P,e Z("E). We shall assume that all holomorphy
types are a-holomorphy types.

2. DEFINITION 1. (a) Hy(U) is the set of all functions f € #(U) which
satisfy the following conditions:

(i) @f(0)e Z("E), for allne N.

(i) Foreach Ke X" (U) there is ¢ > 0 such that

0,K+¢B,

(b) A seminorm p on Hy(U) is K-ported for some K e 4 (U) if for all
¢ > 0, there is c(g) > 0 such that, for all f € Hy(U),

pf) < o) z a"f ©

0,K +¢eBy

The topology T, on Hy(U) is the locally convex topology generated by all
seminorms p on Hy(U) which are K-ported for some K € o' (U).

THEOREM 1. (a) Let f = Y 0 d"f(0)/n! be a holomorphic function on U,
and d'f(0)e Z("E) for all neN Then, the following conditions are
equivalent

(i) fe Ho(U).
(ii) For all K € #'(U) and for all {a,} € cg,

2 |4 (0)
n;O n!

(iii) For all K € A" (U) and for all {a,} € cg,

3’7(0) 1/n

n!

0,K +a,By

< 1.

6,K+anB;

lim sup

(b) The topology T, on H(U) is generated by all seminorms of the form
a'f(0)

n!

p(f) = i

n=0
where K € #°(U) and {o,,} € cg .
(c) Suppose that, for any equivalent norm on E with unit ball V,
IPlly = |1Plo
for any P € Z("E),n€ N. Then (Hy(U), T;) is complete.

3. Let K be a compact, convex, balanced subset of E, and let %(K) be the
family of all open, balanced neighborhoods of K. Let f; € #(U;), where
U,e%(K),i = 1,2. f; is said to be equivalent to f, modulo K if f; = f,

)
0,K+anBy
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on some neighborhood of K contained in U, n U,. Each equivalence
class of functions is called a germ. The equivalence class determined by a
function f'is denoted [ ], and the space of equivalence classes is called the
space of holomorphic germs on K and is denoted s#(K).

DEFINITION 2. (a) An element [ /] of #(K) is said to be of a-holomorphy
type 6 if some representative of [ f] belongs to Hy(U) for some U € %(K).
The space of holomorphic germs of a-holomorphy type 6 is denoted Hy(K).

(b) For each U € %(K), there is a natural mapping

Py:(Hy(U), Ty) - Hy(K),

taking a function fe Hy(U) into its equivalence class [f] in HyK). The
topology Ty on Hy(K) is the inductive limit topology of the spaces
(Hy(U), Tp) under the mappings ¢, for U € %(K).

THEOREM 2. (a) The topology T, on H,(K) is generated by all seminorms
of the form

©

()= Y

n=0 0,K +a,B;
where {&,} € c§ and fis any representative of [ f].
(b) Suppose that, for any equivalent norm on E with unit ball V,

IPlv = |Pllo.v

for any P € Z("E),ne N. Then (H(K), Tp) is complete.
(c) Suppose that, for any equivalent norm on E with unit ball V,

IPllv = |1Plo

for any P e Z("E),ne N. Then, a subset  of (Hy(K), Tg) is bounded if and
only if for some U € U(K) there is a bounded subset X of (Ho(U), Ty) such
that ¢y(X) = Z.

REMARKS. (1) When 6 is the current holomorphy type, (Hy(U), Tp)
= (#(U), 1,,) and (Hy(K), Tp) = (#(K), 7,,). In fact, in this case, Theorems
1 and 2 remain true without the assumption that U, respectively K, be
convex (see also [2]).

(2) The condition imposed on the holomorphy type in Theorems 1 and
2 is necessary. In fact, one can give examples in which (Hy(U), Ty) and
(H(K), T,) are not complete if the condition is not satisfied.

(3) Theorem 2 extends a result of Martineau to infinite dimensions
[5, p. 14]. Theorem 2 can be generalized to the spaces (J#;(K), t,,4) of [6],
where K is a compact set of the form K = )=, K;, each K; is a compact,
¢;-equilibrated set for some ¢; € E, and 6 is an arbitrary holomorphy type.

(4) As in the finite dimensional case, the study of existence and unique-
ness of solutions to partial differential equations on spaces of holomorphic

d’f (0)

n!
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mappings on open sets is quite difficult, and will be left for a later note.
We also leave the study of holomorphic functions of a-holomorphy type
6 on arbitrary open subsets of a Banach space for a later note [1].
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