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REPRESENTATIONS OF ALGEBRAS
BY CONTINUOUS SECTIONS
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ABSTRACT. This survey is concerned with the representation of
discrete rings and topological algebras (such as C*-algebras) by rings
of continuous sections in sheaves of rings or fields of topological
algebras.
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Preface and acknowledgements. This essay about some aspects of sec-
tional representation began with an invited address at the 679th meeting
of the American Mathematical Society in Athens, Georgia on November
20, 1970 [44]. It has been greatly expanded and elaborated in order to
provide a survey, at least to some extent, over the state of research in the
area of sectional representation. A complete survey over this area is out
of the question at this time; the theory has outgrown the stage in which all
aspects of its development could have been equally and fairly discussed
while keeping the length of the discourse reasonable. Thus this is a biased
report, leaning somewhat towards the question “how to represent a
(topological) ring of very general type by continuous sections in a canonical
sheaf or field;” that is, the ‘“‘one-ring-at-a-time” aspect is much more
extensively treated than, say, the functorial aspect of sectional representa-
tion theory; and modules, while occurring here and there, stay somewhat
in the background. Some of the material we present is new, and we
organize some of the known material in novel form. Some of the content is
based on earlier joint work with DAUNS; many of the more recent aspects
of our presentation owe much not only to numerous discussions with
KrLaus KEIMEL, but also with KWANGIL KOH and SiLviu TELEMAN who
visited Tulane during the academic year 1970-71. We refer to a volume of
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Lecture Notes in Mathematics ([54], [92)) which contains an account of
the sectional representation theory of lattice ordered rings by KEIMEL and
one of harmonic rings by TELEMAN; existence obviates the necessity of
going into the details of these special theories in the appropriate places.
In the compilation of the bibliography and pertinent material I had the
kind assistance of numerous colleagues, notably G. M. BERGMAN,
S. D. CoMER, J. DixMIER and his student F. PERDRIZET, B. R. GELBAUM,
J. KisT, A. G. MEWBORN, C. J. MULVEY, R. S. PIERCE, S. A. SELESNICK,
R. WIEGAND, W. WILs; many of these provided me with material which
had not appeared at the time and which hopefully will be available by the
time this report appears. Again I have to mention KEIMEL in this context
who indefatigably kept me up to the minute in new references which he
discovered.

The work on this survey was supported by an NSF-grant as was some
of my earlier work in the area. The visiting program at Tulane during
1970-71 which brought in Kon and KEIMEL and contributed partial
support to TELEMAN was made possible through a grant by the FOrRD
Foundation to Tulane University; the latter visited Tulane as a Fellow
of the Exchange Program between the Academy of Sciences of the
Socialist Republic of Rumania and the National Academy of Sciences
of the United States.

Introduction. Sectional representation theory, in a nutshell, is concerned
with the following idea: In order to describe the nature of some algebraic
or topological structure R (such as a ring or a topological group) one picks
a family f,:R — R,, b € B, of surjective homomorphisms and, forming a
disjoint union E of the R,, seeks to endow E and B with topologies such
that

(i) the natural function n: E — B, given by =n(x) = b iff xe R,, is con-

tinuous;
E |~
R,

I

|
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(ii) all functionsa:B — E, for a € R given by a(b) = f,(a) are continuous;
(iii) if A and the R, have a topological structure, then the topology
induced by E on R, is the given one.

If R and all R, are discrete, then (iii) is void.

All functions a satisfy the relation na = 1z and each continuous function
o:B — E with mo = 15 is called a section (of ); the terms “right inverse”
of m or “‘coretraction” would be just as appropriate but have not been
established in this context. The set I'(n) of all sections is a subset of the
product [[{R,:b € B} and thus clearly inherits an algebraic structure if R
and R, have one; in general it will also be endowed with a topological or
uniform structure, even though its selection may be a little less obvious
because the structure induced from the product is generally not the one
desirable for the practice. It is indeed a reasonable question to ask what
one hopes to achieve with such a construction, if it should be possible at all.

The function a + a:R — I'(n) will be, in general, a homomorphism of
the category of structures under consideration, and it is easily seen to be
injective exactly if the family { f,:b € B} of homomorphisms separates the
points of R; this property may be considered as a sort of semisimplicity
condition of R (relative to the f,). Historic reasons justify the choice of the
name of Gelfand morphism for the map a + a. If all the topologies in our
brief outline are discrete, then I'(n) = H{Rb:b € B}, so the Gelfand mor-
phism is just a subdirect representation of R in the traditional sense and it
now becomes plausible that the introduction of topology into the setup
serves to sharpen the tool of subdirect representation. The deficiency of all
subdirect representations, of course, is that the image R of the Gelfand
morphism in [[R, is appallingly thin, and with the great discrepancy
between R and] [R,much of the gain is lost that was perhaps achieved by
having found factors R, whose structure is much simpler than that of R.
With the sectional representation approach we obtain R < I'(n) and I'(r)
may itself be much smaller than [[R,: in particularly opportune circum-
stances (of which we will encounter a surprisingly large sample) we may
even have R = I'(n) in which case the theory of sectional representations
would have rendered a completely satisfactory service. A classical example
which one might wish to keep in mind is the one of a commutative
C*-algebra R with identity and with B being the set of C*-homomorphisms
fo: R = R, = C. We may then identify E with C x B and = with the pro-
jection on B, give B the weak *-topology and observe that the C*-algebra
of all continuous functions B — C is isomorphic to I'(r) under the map
f = (b - (f(b), b)). The Gelfand morphism is then the classical Gelfand
representation, and the Gelfand Naimark theorem states that R = I'(r)
in our current interpretation.

We will demonstrate that the problem of sectional representation has a
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very general solution (5.20-21). That it is not, in my opinion, very satis-
factory has the following reason: Firstly, under very general circumstances,
the case R = I'(n), or even anything approaching it, is rare. In the situation
of rings, where R = I'(m) occurs frequently for appropriate selections of
morphisms f,, one has inherent difficulties with those cases which are of
most interest: the cases in which B is a set of prime ideals and f;: R — R/I,
I € B, are just the quotient maps. The complications arise from the fact
that we are given a topology on such a set, namely the hull-kernel topology.
The canonical solution to the sectional representation problem as outlined
above, however, will by necessity call for a topology on B which with rare
but noteworthy exceptions will be different from the hull-kernel topology.
The hull-kernel topology has proved to be indispensable in so many in-
stances in algebra and analysis, that one would be ill-advised to disregard
its advantages. The solution, which in all instances, both in algebra and
analysis, have provided satisfactory if not complete answers, is the modi-
fication of stalks by taking account of the given hull-kernel topology and
constructing, in a suitable fashion, for each prime ideal I in the given col-
lection B, a possibly smaller ideal I so that the new family of morphisms
fi:R = R/I, I € B, yields an entirely satisfactory sectional representation
over B with its hull-kernel topology.

In many respects, sectional representation is by no means a recent up-
start. It is natural that forerunners in analysis antedate the earliest
appearance of sectional representation in pure algebra; the existence of
topologies with the properties we described is more likely to be noticed
first in analytical contexts, and our example of the Gelfand representation
of commutative Banach algebras is one of the first occurrences of sectional
representation. The particular trend of thought to use sectional representa-
tion in the study of Banach algebras which started with commutative
Banach algebras has continued up to very recent developments, as we shall
see. A slightly different, although related type, of sectional representation,
we may mention in passing is von Neumann’s theory of measurable fields
of Hilbert spaces, specifically designed for the reduction theory of operator
algebras; it, too, precedes the genuine algebraic applications of the idea;
we will, however, in this article not be concerned with measurable fields
of Hilbert spaces. The ground for sectional representation in pure algebra
was not ready until topological considerations became a legitimate part of
algebra; in this particular instance the discovery of the now traditional
topologies on spaces of prime ideals of rings by Jacobson, Stone, Zariski
and others paved the way. The first sectional representation theorems were
of the nature of the Gelfand Naimark theorem in analysis; that is, one
obtained representations of certain rings or algebras as function rings or
algebras. The classical example is the Stone representation theorem for



296 K. H. HOFMANN [May

Boolean algebras which was later generalized to certain biregular rings by
Arens and Kaplansky. Gratifying as representations by function spaces are,
they eventually appear as the trivial case of sectional representation theory
in the sense that the space E of our outline is just a product. It was then the
arrival of the concept of a sheaf that in the algebraic context opened the
way for the treatment of more general situations. In the foundations of
algebraic geometry as laid by Grothendieck and Dieudonné this approach
was widely used. The use of sheaves in the structural investigation of
special classes of (not necessarily commutative) rings is more recent, in fact
is not really much older than five years. The high degree of development of
sheaf theory has certainly contributed to the flourishing of the algebraic
portion of sectional representation theory. Yet in the meantime it has
fanned out to an extent which makes it impossible at this time to claim
completeness in a discussion like the one before us. The essentially new
element in the theory, as we see it, is that one is now in a position to have
unifying methods which allow us to treat the cases of interest to the analysts
and topologists simultaneously with the algebraic version as special cases
of one and the same theory. The sectional representation theory has only
just passed its beginning stages, and numerous applications are to be
expected. In particular, the topological version of the theory, which is by
necessity the most general and more complicated than the plainly sheaf
theoretic version, has a larger backlog to catch up and one may expect con-
siderable progress not only in the foundations of the theory, but also, and
in particular, in its applications.

While it will not be possible to cover all of the work in sectional repre-
sentation theory in its relation to category theory, it must nevertheless be
pointed out that even past the Grothendieck duality theorem one has now
a large supply of adjunction theorems based on sectional representation
due to the work of Mulvey. The first analytical version of such a theorem
has only recently been established by Takahashi.

§1. Rings—the main algebraic example. In this section we illustrate
certain essential features of sectional representation by discussing the
representation of a discrete ring by continuous sections in a sheaf. More
general methods will then be more profitably described in later sections.

Preliminaries. In the beginning we need a formal definition of a sheaf;
we will therefore set out with two equivalent definitions of a sheaf of sets
and a sheaf of abelian groups. The latter is the most frequently used con-
cept; from it one derives readily the ideas of a sheaf of rings (or, equiva-
lently, a ringed space) which is the one needed for sectional representation
of rings.

DEerFINITION 1.1. We denote by &/ the category of sets or, respectively,
the category of abelian groups or, more generally, the category of (left)



1972) REPRESENTATIONS OF ALGEBRAS BY CONTINUOUS SECTIONS 297

R-modules for some ring R with identity. Let B be a topological space ; we
denote by (O(B) the topology of B which we consider as small category,
whose objects are the open sets U < B and whose morphisms are exactly
the inclusion maps U — V with U < V. Then an «/-presheaf (i.e. a presheaf
of sets, resp., abelian groups) is a functor I': O(B)*® — </, where ?°° denotes
the forming of the opposite category (which is just a device to avoid speak-
ing of contravariant functors). The space B is called the base space. If the
functor I" preserves limits of intersection-closed subdiagrams % <, ((B)
then it is called an .&/-sheaf (i.e. a sheaf of sets, resp., abelian groups R-
modules). The stalk T, of a presheaf (or sheaf) I' in be B is defined by
I', = colim I'D, where D,:%(b) < O(B) is the diagram of the filter of open
neighborhoods of b in ((B).

We remark that in ()(B), as in any partially ordered set considered as a
category, the colimit of a diagram is the Lu.b. of the objects in the diagram ;
thus in @O(B)* the limit of a diagram is exactly the union of the collection
of open sets in the diagram with the natural inclusion maps (reversed) as
limit maps. If for an open set U = B one interprets I'(U) as the set of local
sections over U given by the presheaf I', then the continuity condition for
the functor I' means that a matching collection of local sections over some
family of open sets may be patched to a unique section over the union of
these open sets.

There is an alternative, geometric description of a sheaf which for the
purposes of sectional representation is frequently more useful (in par-
ticular, since it leads to generalizations of the kind that are needed in
functional analysis). The definition above is more general in that it may be
phrased for any category .« whatsoever; the actual construction of sheaves
in general categories, however, may be very delicate if the direct limit is
more complicated than for sets or abelian groups.

DEerINITION 1.2. Let n:E — B be a surjective function which is a local
homeomorphism (which means that for each x € E there are open sets U
and Vin E and B, respectively, such that x e U and n|U : U — V is a homeo-
morphism). Then = is called a sheaf of sets (or a sheaf projection) and
E, = n~!(b) is called the stalk of the sheaf in b. If all stalks are abelian
groups and if the function (x,y) »x — y:E x, E— E (with E x, E
= pullback of {7, 7} = {(x,y)€ E x E|n(x) = n(y)}) is continuous, then ©
is called a sheaf of abelian groups. The space E is called the sheaf space. If
every E, is a ring with identity 1(b) (resp., a left R-module), then = is a sheaf’
of rings with identity (left R-modules) if also (x, y) - xy:E x, E — E and
b — 1(b):B — E (resp. (r,x) »r-x:R x E — E) are continuous. A sheaf
of rings is also called a ringed space.

Construction 1.3. If n: E — B is a sheaf (of sets), then one defines, for each
open set U < B, the set I'(n, U) to be the collection of all continuous func-
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tions ¢:U — E with mo = 1; these functions are called sections over U.
Then, via restriction, I'(w, ?): O(B)°® — Set is a functor which is rather
directly shown to be a sheaf in the sense of 1.1. Conversely, if I": O(B)°®
— Set is a presheaf of sets, we let E be the disjoint union of the family of
stalks I',, be B. If be U € ¢/(B), let 4, y:T'(U) - T, be the colimit natural
transformation ; then the collection of all {4, y(o)lbe U},6 € I'(U), U € ((B),
is a basis for a topology on E, relative to which the obvious map n:E —» B
is a local homeomorphism and so defines a sheaf in the sense of 1.2. This
construction carries over to the case of abelian groups, rings with identity,
left R-modules. There is a natural transformation y:I" — I'(r, ?), given by
(o) (b) = 4, y(o) for o € I'(U); moreover y is an isomorphism iff I' is a
sheaf.

A general construction. We now describe a typical construction of a sheaf
as it arises in sectional representation.

Construction 1.4. Let B be an arbitrary topological space and 4 an
abelian group. Suppose that there is a family {K,|b € B} of subgroups of 4
indexed by B. For U € ()(B) define I'(U) = A/K(U) with K(U) = (| {K,lbe U}.
If V2 U in ¢O(B) then U — V in O(B)*® and K(U) < K(V). Thus there is a
natural morphism of abelian groups I'(U) —» I'(V) and I': ¢(B)*® — Ab
(where Ab denotes the category of abelian groups) is a presheaf. We com-
pute the stalks of this presheaf. For each U e ¢(B) we have an exact
sequence

1.4.1. 0—-K{U)->A4-T(U)-0.

The stalk I, is colim I'(U) where U ranges through the filter %(b) of open
neighborhoods of b. This colimit is a direct limit and the direct limit functor
preserves exactness in Ab. Hence, if K, denotes colim K(U), U € %(b), then

1.4.2. 0-K,»A4-T,-0

is exact.

We may, therefore, identify I, with 4/K,. Now K:((B)*® - Ab is a
functor mapping all morphisms into inclusion maps between subgroups
of A. A colimit over a directed system is, therefore, just the set theoretic
union of subgroups of A. Thus

143. K, =KW = N{KdceU..
beU

beU

The sheaf space E of the associated sheaf is consequently the disjoint union
of the groups 4/K,: in order to guarantee disjointness we write E, = 4/K,
x {b}. The topology on E is generated by the basic sets d(U), a€ A,
U e O(B), where d:B — E for an ae A is the section defined by d(b) =
(@ + R,,b)e A/R, x {b} = E,. The sheaf projection n: E — B is given by
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ma + K,,b) = b. We define RK(U) = ({K,JbeU} for an open set
U € ¢(B), and observe

LemMA 1.5. K(U) = K(U) for each U € O(B), i.e. as functors O(B)°® — Ab,
we have K = K.

PrOOF. The inclusion K(U) & K(U) follows trivially from K, < K,
Conversely, let ae K(U). Then, by the definition of K(U), we have ae K,
for all be U. Hence a e K(V).

As a consequence of Lemma 1.5 we have I'(U) = 4/K(U).

An element seI'(U) for a presheaf I" is called locally zero if for each
b e U there is an open set V with be V < U such that the image of s in I'(V)
is zero. (Equivalently, s is locally zero if its image is zero in every stalk T,
with be U.) With this concept we can rephrase Lemma 1.5 as follows:
Every locally zero section over U is zero; or, once more in an equivalent
fashion:

LEMMA 1.6. The natural transformation y:I" — I'(n, ?) into the associated
sheaf is an injection.

Since I'(B) = A/K(B) we have

LEMMA 1.7. The natural morphism of abelian groups a » d:A — I'(n, B)
has the kernel (\{K,|b € B}.

The morphism of Lemma 1.7 is occasionally called the Gelfand morphism.
Because of the significance of 1.5 and 1.6, we present the same result in a
geometric version. Let n: E — B be the sheaf projection and call the sub-
space {(a + K,,b)e EjJac K,,be B} of E the radical Rad E of E. (Note
that the radical is not associated with any sheaf of abelian groups, but only
with sheaves constructed as in 1.4.)

Then we can reformulate 1.5 as

LEMMA 1.8. The interior of the radical Rad E is the zero section O(B).

PRrOOE. If x = (a + K,, b)€ E, is in the interior of Rad E, then there is
an open neighborhood U of b and a section ¢: U — Rad E in I'(r, U), with
o(b) = (a + K,, b). Since 7 is a sheaf the sections ¢ and d agree on an open
neighborhood V of b. Thus, by the definition of the radical Rad E, we have
o(c)=(a+ K., c)eK /R, x {c}forallceV,ie.ae({KlceV} = K(V)
= RK(V) by 1.5; in particular,a € K,, and thus x = O(B).

In general, ' will not be a sheaf, i.e. I'(r, U) will be larger than I'(U)
= A/K(U). However, for the purposes of sectional representation one is
frequently satisfied with information about the special case U = B:
Namely, one would like to answer the question

(Q) When is I'(B) = I'(n, B), i.e. when is the natural morphisma ~ d:A4
— I'(n, B) surjective?
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For arbitrary spaces B and arbitrary families K, one cannot hope for
any reasonable answer to this problem. However, in the case of rings and
modules answers are available which may be considered largely satisfactory.

The ring case. Our setting is the following: Let R be a ring (momentarily
not necessarily having an identity), let B be a space of proper prime ideals
with the hull-kernel topology. (Recall that on the space Spec R of all prime
ideals the hull-kernel topology has a subbasis of sets

S(a) = {I eSpecR|a¢ I}, acA;

and a set X € SpecR is closed iff X = {I e Spec R\ X<I}.) We call a
space quasi-compact if it satisfies the Heine Borel property. Let us record

LeEMMA 1.9. A closed subspace X of B is quasi-compact if X satisfies the
following conditions:

(X) IfI< R is a proper ideal with (\X <1 then I = J for some J € X.

(¢) R =(e) + (\X for some e€R.

(IDEA OF THE PROOF. Forany family # of closed sets of X the conditions
Ie(\# and Y {(\FIF € #} < I are equivalent. Indeed the latter means
(\F I andthusIeF = F for all F e # By hypothesis (X), we thus have
(\F = & iff Y{(\FIFe F} = R. The latter implies ee Y {(\F|F € #},
hencee = r, + --- + r, for suitable r, € (\F,, F, € #. This means R = (e)
+ (X g (\F, + --- + (F, which, by (X), is equivalent to F, () ... F,
= . Thus if & is a filterbasis of closed sets on X then (& # &.)

It will be essential to have the following technique which is known as
partition of identity:

LemMA 1.10. Let X be a subspace of B and e € R. If X satisfies (X) above
then for any finite open cover X U, U---u U, of B there are elements
re(YB\U), k=1,....n,withe=r + --- + r,mod (\X. In particular,
if 1 eR, this appliesto X = Band e = 1.

(The proof is standard and similar to the one for 1.9: Since X
N Ne=1(B\U) = & we have X + (\(B\U,) + --- + [\(B\U,) = R by
(X))

We now approach the objective of representing a left R-module M by a
module of sections. Let I € B and let I - M be the submodule generated by
all i-m with iel and me M. Let K; be any submodule of M with - M
< K;. We apply Construction 14 to B and the family {K,|I € B} and
obtain a presheaf I':((B)°® — AbR of left R-modules. Let u:E — B be the
associated sheaf, X < B a quasi-compact closed subspace and 6: X — E a
continuous section over X. Recall E; = M/K,, say E; = M/K, x {I}. For
each I € X there is an element m; € M with o(I) = (m; + K,,I)e E;. The
two sections ¢ and i |X of the sheaf pju~'(X):u~'(X) » X agree in I,
hence on a whole neighborhood of I in X. Using the quasi-compactness of
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X we find open sets U,,..., U, in B whose union covers X, and we find
elements m, ..., m, so that /(X n U,) = m|(X n U,). Using the m(U,)
and 1,2 one obtains also an extension of ¢ to a section ¢ over an open
neighborhood of X. At this point we make the following assumption
about X:

(a) Every proper ideal of R containing ()X is contained in
some ideal of X, and

(b) there is a relative identity e modulo ()X in R so that e-m
—mel-MforallmeM and I € X.

Note that (X, ¢) is satisfied if 1 € R (with e = 1) and if X contains all maxi-
mal ideals of R which contain () X. According to 1.10 we select elements
For...st, With ree (\(B\UY for k=1,...,n and with ro=e¢ —(r, +
o+ r)e()X. Weset m=r,-my + -+ + r,-m,. We now claim ri|X
= ¢: We have to show that o(I) = #i(I) = (m + K;,I)e E; for all e X :
If Ie Uy, then r,- (6 — mi,)(I) = 0, since ¢ and i, agree on U,. If I ¢ U,,
then r,e(\(B\U)<I and thus r. (o0 —m)()el E, =1-(M/K))
cI1-M/R, = K;/R,; thus r,-(6 — i#,)(X) E Rad E A ™ }(X) (see 1.8
for RadE). Hence Yr.;r. (0 — m)(X) = RadE npu~*(X), whence
(e—r1o) 0 —mX =Yr_,r (c—mlX)=0 by 18; since roe (X el
for all I € X, in a similar fashion we have r, - ¢ = 0. Finally, o(I) — e o(I)
el E, for all I € X by (X, e)(b). Again as before, using that the interior of
Rad E is O(B), we conclude o = e ¢. Therefore 6 — m|X = (6 — e 0)
+ror0+[(e—ro)o—mX]=0.

REMARK 1. We have in fact shown that every continuous section over a
closed quasi-compact set X < B with (X, €) extends to a global section in
the sheaf u.

REMARK 2. Since the S(d), ae R form a basis of ¢(B) we could have
assumed U, = S(a,), a,€R.

REMARK 3. If ¢ is a global section with support X and if m is constructed
for 6|X as in the preceding process, then ¢ = /i: We may assume that
m|U, = o|U,, and the previous argument shows Y 7 ¥, - (¢ — 1) = 0; but
(6 — e-0) + ro- o vanishes on B\X.

Let us note that relative identities have the following properties:

(i) If e is a relative identity modulo I and I £ J, then e is a relative
identity modulo J.

(i) If e and f are relative identities modulo I, respectively, J, then
e + f — ef is a relative identity modulo I J.

Thus, if Y € X £ B, then (X, ¢) implies (Y, e); further (X, ¢) and (Z,f)
imply XU Z,e + f — ef).

DEFINITION 1.11. (i) A collection @ of closed subsets of B is called a sup-
port system if it is closed under the formation of closed subsets and finite

(X, e)
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unions. (Note that B ¢ ® would imply that the complements of sets in ®
form a filter of open sets.) The set of all sections o in a sheaf © whose support
{b e Bla(b) # 0} is in @ is denoted by I'y(7, B).

(ii) The sheaf n:E — B is called ®-soft if every section X — E with
X € ® extends to a global section.

(iii) If R is a ring and B < Spec R, and if M is a left R-module, then the
support system on B of all closed quasi-compact sets X £ B with (X, ¢)
will be called ®(R).

Our previous discussion then yields the following result:

THEOREM 1.12. Let R be a ring, B a space of proper prime ideals and M a
left R-module. Then there is a ®(R)-soft sheaf u:E — B of R-modules
associated with any family {K,|I € B} of submodules K;of M with I - M < K;
which has the stalks E; =~ M/R,; with K, = | );cy ({K,|J € U} (where U
ranges over the hull-kernel neighborhoods of 1), and the Gelfand morphism
m M — T(u, B) given by mi(l) = (m + K;,I)e M/R, x {I! has the
kernel (\{K I € B}; its image contains T gg,(1, B).

The following corollary perhaps illustrates this result more poignantly:

COROLLARY 1.13. Let R be a ring with identity and B a space of prime
ideals containing all maximal ideals. If M is a left R-module and u:E — B
the sheaf of R-modules in 1.12, then the sequence

0- (\{K/leB} > M->T(uB)—-0
is exact and p is ®-soft for the collection ® of all closed subsets of B.

In view of the special nature of the hull-kernel topology we can express
the submodules K, in an alternative version:

1121, Ry = uer ({Kla ¢ J},where a ranges through elements of R.

We apply the theorem and its corollary to the special case that M = R.
For any subset A4 of the ring R we call the set {I € B|A & I} the support
S(A) of A (in B); if we write S(a) in place of S({a}), this agrees with previous
notation.

We observe that - M = IR < I. We take K, = I; and in place of K,
we simply write /. Thus

1122, I'={JNS@, aeRr.

agl
In order to describe I in alternative ways we prove the following lemma,
which is due to KEIMEL:

LeEMMA 1.14. Let B be an arbitrary collection of prime ideals in a ring R,
let I be an ideal and A a subset of R. Then the following conditions are
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equivalent
(1) I = (\S(A).
(2) 1 is the largest ideal with AI <= (\B.
(3) I is the largest ideal with IA = (\B.
(4) 1 is the largest ideal with AI + IA < ()B.
(5) I is the largest ideal with (A)n1 <(\B.

REMARK. Recall that (\S(4) = ({I|4 ¢ I} by 1.5.

Proor. Assume (2), take P e S(A). Now Al < ﬂB implies AI < (A)I
< (B = P on one hand; from P e S(A) we have (4) ¢ P on the other.
Since P is prime, then I <= P. Hence I < ()S(A4). Converse inclusion: If
PeBand A & P, then P e S(A), and so A(()S(4)) = ()S(4) = P; if, how-
ever, A < P then A((\S(A)) < P(()S(4)) = P. Consequently A((\S(4))
< (B, and thus (\S(A) < I. This shows (1).

Assume (1). If Pe B, then P e S(A) implies Al < I = ﬂS(A) < P, and
P ¢ S(A) implies A < P, hence AI < PI < P; thus AI < (\B. Suppose
that AJ < ﬂB; then (4)J < P for all P e B, in particular for all P € S(A);
but for these we have (4) ¢ P and so J & P since P is prime. Hence
J = (\S(A) = I. This shows (2).

Since (1) is completely symmetric, we also have the equivalence of (1)
and (3). Thus (1) also implies (4), but (4) implies (2). Since AI = (A) N 1,
then(A)n1g (VB=Al< [\B=(A4) n 1> = (A)I < (\B;but R/(\B
is semiprime and thus does not contain any nilpotent ideals, whence
(A)nI< (B, thus (A)nIg (\B<> Al = (B, and the lemma is
proved.

We will call the ideal I of 1.14 the annihilator of A modulo (B and
write | = Ag. If A = {a} we abbreviate {a}3 to ag. The ideal (B will be
called the B-radical, written (\B = B-Rad R. If B is the space of all maxi-
mal ideals we write B = Max R.

THEOREM 1.15. Let R be a ring, B a space of prime ideals, and ® the support
system of all subsets X < B satisfying

() X is closed;

(b) there is a relative identity e€ R for (\X;

(c) any ideal I of R with (\X <1 is contained in some J € X.

Then there is a sheaf p:E — B of rings with stalks E; = R/I x {I}
~ R/T with [ = Uaﬂ ag, a€ R such that the following conditions are
satisfied :

(i) The ring morphism a v d:R — I'(p, B) with a(I) = (a + I, I) has
B-Rad R as its kernel, and its image contains T'¢(p, B).

(it) The sheaf p is ®-soft.

Note that all X € ® are quasi-compact, and that (c) is automatic if Max R
< B.
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Again the resulting representation theorem for rings with identity shows
more clearly what goes on:

COROLLARY 1.16. Let R be a ring with identity and B a space of prime
ideals containing all maximal ideals. Then there is a sheaf of rings with
identity p:E — B with stalks E; = R/I with I =), ap, aeR such that

(i) the sequence 0 - B-Rad R - R — I'(p, B) — 0 is exact,

(ii) the sheaf p is ®-soft for the set ® of all closed subsets of B.

Recall that a ring R with identity is called semiprime if the prime radical
(Spec R)-Rad R = ("\Spec R is (0) with the space Spec R of all prime ideals.
We immediately obtain the following representation theorem for semi-
prime rings:

THEOREM 1.17. Any semiprime ring R with identity is isomorphic to the
ring of all global sections in a sheaf p:E — Spec R of rings whose stalks are
given by E; = R/I, I = | ¢ a* where a* is the largest ideal annihilated by a
on the left and right.

A ring is called semisimple, resp., strongly semisimple, if the Jacobson
radical (Prim R)-Rad R = (\Prim R with the space Prim R of all primitive
ideals (resp. the strong radical (Max R)-RadR = ﬂMax R)is (0). We
immediately derive the following version of the representation theorem:

COROLLARY 1.18. Any semisimple (resp., strongly semisimple) ring R with
identity is isomorphic to the ring of all global sections in a sheaf p:E
— Prim R (resp., p:E — Max R) whose stalks are given by E; =~ R/I, I
= Uaﬂ a', where a' is the largest ideal annihilated by a on the left and
right.

Let us introduce the following definition:

DEerFINITION 1.19. For any ring R and any space B of prime ideals denote
by # the sheaf I'(p, ?): (B)°® - B which we canonically constructed in
1.15. For any left R-module M we denote by .# the sheaf I'(y, ?): O(B)°®
— B, where u is the sheaf constructed as in 1.12 with K; = I - M.

It is now easily observed that there is a bilinear sheaf map Z x .# — .4
which is defined as follows: Let U € O(B) and (¢, 1) e Z(U) x .#(U) then
o-1€ #4(U) is defined by (6 1)(I) = a(I)- t(I) where the scalar multipli-
cation p~!(I) x u~(I) » u~'(I) in the stalks over I is well defined by the
prescription (a + I)-(m + (I- M) "=a-m + (I- M)~ (indeed one has to
check that, firstly 4-(I- M)~ < (I- M)", which is trivial because of the
fact that (I- M)~ is a submodule, and, secondly, that I -M < (I- M)~
which is perhaps not trivial, but nevertheless straightforward from the
definitions). This bilinear map makes .#(U) into a left Z(U)-module.
The geometric version of the scalar operation of # on . is given as
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follows: Let p:E — B and u:G — B be the sheaf projections of # and .#,
respectively. Let p x g u:E x5 G - B(With E x5 G = {(x, y)lp(x) = u(y)})
the product sheaf projection ; then there is a continuous map E x5 G —» G
which is bilinear on stalks and makes each stalk G, = M/(I- M)~ into
a left R/I-module.

DEFINITION 1.20. Let £ be a sheaf of rings with identity and .# a sheaf of
abelian groups. We say that ./ is a left Z-module if there is a bilinear map
R x M — M which makes each #(U) into a left Z(U)-module.

With this convenient definition we have

PRrROPOSITION 1.21. For any ring R with identity and any space B of prime
ideals contuining the maximal ideals and for any left R-module M we obtain a
left R-module M whose properties are given in Corollaries 1.13 and 1.16.

A second construction for rings. The ideas of 1.14 motivate a slightly
modified construction of a sheaf associated with an R-module, M. For a
subset A SR, let A* = {me M|(4)-m = (O)} be the largest submodule of
M annihilated by A. For {a}* we write a*. Since a* + b* < (ab)*, the
family {a* Ia ¢ I} is directed relative to < for every prime ideal I; therefore
I= \Uagr a* is a submodule of M. IfmeI there is an a ¢ I with me a*, and
at < J for all J with a¢ J, i.e. J € S(a). Then we can construct a sheaf
i :E' — B also written .#', where E; = M/I (say E; = M/I x {I}) and
w(m + I, 1) = I; the topology on E' is the finest making all functions r1: B
— E with m(l) = (m + I,I) continuous. The R-module morphism
m +»m:M — (i, B) has the kernel U{f I € B}. Suppose now that me I
for all I € B. If every annihilator ideal of a cyclic module in M is contained
in some ideal of B, then the annihilator ideal of R - m is contained in some
IeB. But me(\{J|JeB} < I, so there is an a¢ I with mea*, whence
(a)-m = (0). Then (a) is in the annihilator of R -m and thus ae(a) = I, a
contradiction. Thus we have the following lemma, due to KoH:

LEMMA 1.22. Let M be a left R-module such that every annihilator ideal of a
cyclic submodule R-m =M is contained in some ideal of B. Then
m v m:M — I'(y', B) is injective.

In general, the image of M — I'(y/, B) will not contain I'gg,(1', B). How-
ever, if we introduce the subsheaf .#” of .#' whose sheaf space is the
interior of {J{I-(M/I x {I})|I € B}, then the method used in the proof of
1.12 will show that the image contains g, (1, B) modulo .#"(B).

In particular, we have the following result:

PROPOSITION 1.23. Let R be a ring with identity and B a space of prime
ideals with Max R < B. Let M be a left R-module. Then there is a sheaf MH’
of R-modules over B with stalks isomorphic to M/I, where I = | ), a*,aeR,
and where a* is the largest submodule of M annihilated by a. The Gelfand
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morphismm & m: M — #'(B) is an injection. Let .M" be the subsheaf of .M’
whose sheaf space is the interior of U{I E,II € B}, where E' is the sheaf
space of M'. Then M'(B)y = M + M"(B)and M = M.

The most important case, however, is the case that M = R. Then a* is
the largest ideal J of R such that (a)J = (0). Thus a* < aj (see 1.14 ff);
if B-Rad R = (0), then a* = ag. It follows that | = U,,,,,a is contained in
I= Uaﬂ ag. Let us now denote by #' the sheaf p':E' — B with stalks
E; = R/I x {I} constructed above. The Gelfand morphism R — I'(p’, B)
= #'(B) is then injective by 1.22. The quotient morphisms ¢,:R/I - R/i
induce a sheaf morphism ¢ : 2 — £ which may be considered as a local
homeomorphism ¢:E" — E of the respective sheaf spaces with p’ = pe.
Then ¢ maps ( J{I - Ej|I € B} onto the radical Rad E = ( J{I/T x {I}|Ie B}
of p; since ¢ is a local homeomorphlsm the interior of the former space is
then exactly ¢~ ' O(B) = | J{I/I x {I}|I € B} in view of 1.9. This interior
is the sheaf space of a subsheaf Z” of #',and 0 > 2" - #' - # —» 0 is an
exact sequence of sheaves of rings.

While in general we cannot say very much about the image of R in #'(B)
there are certain conditions under which additional conclusions may be
drawn. We discuss briefly one such set of conditions. In KEIMEL’S Lemma
1.14 together with 1.5 we had the conclusion

1.24.1. Ay =(N\{IlA¢ I} forall4 =R
We now postulate the following condition :
1.24.2. At=N{HA &1} forallA cR.

Notice that a ¢ I implies a* < I by the definition of I'; now A & I implies
the existence of an ae A\I, hence A* < a* < I; thus the inclusion < is
always satisfied in 1.24.2. Furthermore, A* = ("\{a*|ae A}; hence 1.24.2
is in fact equivalent to

1.24.3. N{fla¢I} = a* forallaeR.

Suppose that R has an identity, whence B is quasi-compact. Now let
0:B — E’ be a section. By the usual compactness argument which we used
in the discussion of 1.12 we find elements a,,m,,k = 1,...,n, in R such
that with U, = S(a,) we have o|U, = m,|U,, and that B < Ul v---uU,.
Because of the latter relation, if we assume that every proper 1deal of R is
contained in some ideal of B, it follows that R = (a,) + --- + (a,). Thus
the identity 1 may be written in the form | = r, + -+ + r, with r, €(a,)
fork=1,...,n

We define a = rym, + --- + r,m, and claim a = o. Indeed, firstly we
observe that (m; — m)(I) = o(I) — o(I) =0 for 1Ie S(a)n Sa)
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= S((@)(a); hence m; — my € (\{II € S(a)(@))} = [(a)(a)]* by hypothe-
sis 1.24.2. Thus (ay)(a;)(m; — m) = (0) and therefore (a,)(a — m,)
= (ak)(Z'i ri{m; — my)) = (0). .

Hence a — my € ai €I for every I € S(a,) by the definition of I. If we now,
finally, take an arbitrary I € B, then I € S(a,) for some k and we have
@—o)I)=a(l — a(l) = a(I) — m(I) = 0.

It is not entirely clear how this process should be generalized in the case
of the absence of an identity in such a fashion that relative identities might
serve in a role analogous to the one that had in 1.15.

Let us remark that now in view of the faithful representation of R in
AR'(B), condition 1.24.3 may be reinterpreted as follows:

We write Rad E' = U{I/i x {I}|le B} <E and call {Ie Bla(l)
¢ Rad E'} the quasi-support of a global section ¢ € #'(B). Thus 1.243 is
equivalent to

For a,b,c in R, if ¢ vanishes on the quasi-support of a, then

1.244. 46¢ = 0 (i.e. abe = 0)

Note that unlike the support, the quasi-support is not closed. The fact
that ¢ vanishes on the quasi-support of @ may be expressed as quasi-supp a
Nsupp¢ = .

The key theorem. We now have the following key theorem.

THEOREM 1.24. (a) Let R be a ring and B a space of prime ideals. Then
there is an exact sequence 0 — R" — R — R — 0 of sheaves of rings where
R{ =1/, #; = R/I, B = R/T with I = Jpgy a*, T = | ogs ag, where a*
(resp. ag) is the largest ideal J of R with (a)J < (0) (resp. ﬂB). If for every
aeR there is an I € B with a* < I, then we have a commutative diagram

0 0 0

! 1 l
0> (\B - R -R/[\B-0

o] e s

0 #'(B) > #'(B) » A(B) >0

with exact rows and columns. The image of g contains I'gg,(p, B) (see 1.11),
and Tgg)(p', B) S img' + im .

(b) If R has an identity and B contains Max R then g is an isomorphism
and the left square in the diagram is a pullback and pushout (i.e. kerin
kerg' = (\Bandimi + im g = #'(B)).

(c) If under the hypotheses of (b) we have the additional condition that
at 2 ﬂ{] la¢ I} for all A = R, then g is an isomorphism, too; equivalently
g" is an isomorphism.
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The following example illustrates that not much more improvement
over 1.24 even in (b) and (c) may be expected. Let K be a field and R the
ring of all matrices a of the form

o o]

0 w

Then Spec R consists of two isolated points I and J, where I contains all
elements with w = 0 and J those with u = 0. The radical is I n J, i.e. the
set ofalla withu = w = 0. Since I and J are isolated, then with B = Spec R
we obtain [ = I and J = J, and thus R/ = R/J = K, #(B) = K x K.
Straightforward computation shows that I+ = J = (0), but that J* = |
= I (which illustrates that A* is defined asymmetrically for A < R). Thus
A'(B) = K x R and #"(B) = J. Hence #"(B) is not the radical of #'(B)
and R # #'(B). Note that indeed condition 1.23.3 is violated with a = [ 3],
since then a* = I, whereas there is no P e SpecR with a¢ P, whence
(\{Plael} =R & I =a"

In §2 we will see that 1.24.3 is satisfied for commutative rings with
B = SpecR.

Sheaves of local rings. We now discuss the question under which circum-
stances the stalks of the sheaf # are local rings. For a space B of prime
ideals of a ring R the hull h(A4) = hg(A) (relative to B) of a subset A = R
istheset {I € B|4 < I}.Recall | = (J e (1S(@) = Juer agand I = 5 a*.

LEMMA 1.25. Let B = Spec R. Then

hg(I) = ({UIU a neighborhood of I in B} = (\{S(a)"la¢ I}

= ({hslap)la ¢ I}
and hg(l) = ({ha*)lae I} (all hulls and S(a) taken relative to B).

PRrOOF. We have J € h(ap) iff az < J iff ()S(a) = J (by 1.14) iff J € S(a)~
for all J e B. This is the case for all a¢ I iff J € h(I). Since the S(a),a¢ I
form a neighborhood basis for I in B, the first chain of equalities is proved.
The second equality is similar.

We will call a ring local if it has exactly one maximal proper ideal con-
taining all proper ideals (note carefully that some authors postulate an
identity and that the unique maximal ideal is the set of nonunits). Thus, if
R is a ring then R/T is local iff ({ SSpec r(@)” N Max R|a ¢ I} is singleton.
Further R/ is local iff (V{hspecr(@*) N Max Rla ¢ I} is smgleton

DEFINITION 1.26. We say that the inclusion X — Y of a subspace of a
topological space is a Hausdorff embedding if two different points of X
have disjoint neighborhoods in Y.

We are now in a position to prove the following

PROPOSITION 1.27. Let R be a ring and B a space of proper prime ideals.
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Assume that B contains all M e Max R for which there is an 1€ B with
I = M ; then the following conditions are equivalent :

(@ ({S(a)~la¢ I} nMaxR is singleton for all IeB, where S(a)
= {JeSpecRl|a¢ J}.

(b) Z is a sheaf of local rings.

(c) For each I € B there is a unique u(I) e B n Max R with I < u(I) and
B n Max R — Spec R is a Hausdorff embedding.

PRrOOF. By the above (a) <> (b). Suppose (a). Clearly, u is well defined. If
M,NeBnMaxR and if M # N, then there is an a¢ M such that
N ¢ S(a)™; thus (c). Suppose (c). Let IeB and NeB n MaxR with
N = u(I). Then there is a closed neighborhood U of u(I) in Spec R not con-
taining N ; there is an a ¢ u(I) such that S(a)~ < U, and I € S(a) because
of I « u(I). Hence N is not contained in the intersection of all closed
neighborhoods of I in Spec R. This proves (a).

In particular this yields the following result of KoH: If B is contained in
Max R then £ is a sheaf of local rings iff B is Hausdorff.

If the conditions of (a), (b), or (c) of 1.27 are satisfied, then there is a well-
defined retraction u:B — B n Max R, where u(I) is the unique maximal
ideal containing I. This function may not be continuous; one can show,
as KEIMEL and the author did in [45], that it is continuous if every point
I e BN Max R has a basis of closed neighborhoods in B; such maximal
ideals are called regular. What we do know on the basis of (a) is that for any
I € B~ Max R, the closed neighborhoods of I intersect in {I}. If B is quasi-
compact, then this suffices for I to be regular. Under these circumstances
every continuous function of B into a Hausdorff space factors through u;
since B Max R is a maximal Hausdorff subspace of B, then u is the
universal Hausdorffization and, because of the compactness of B~ Max R
under our circumstances, in fact the Stone-Cech compactification. We
may thus add to 1.27 the following additional

REMARK. If the hypotheses and the equivalent conditions (a), (b), (c) of
1.27 are satisfied and if, in addition, B is quasi-compact, then y:B —» B
N Max R is a continuous retraction and is, in fact, the Stone-Cech com-
pactification of B.

The example following 1.24 shows that #’' need not be a sheaf of local
rings even if R has an identity and B = Max R is Hausdorff. In §2 we will
see that for a commutative ring R with identity, #' is a sheaf of local rings
iff # is one.

It should nevertheless be noted that, from an algebraic point of view,
the ideals I = (Jugr @* with the annihilator a* of a in R are generally more
likely to yield local rings R/ than the ideals I (but recall that ag = a* if
ﬂB (0)!): Indeed suppose that J is an ideal of R such that R/J is a local
ring, with maximal proper ideal I/J, and suppose that every proper ideal
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of R is contained in a maximal proper ideal. If a ¢ I, then by this hypothesis,
the ideal (@) + J cannot be proper, since I is the only proper maximal ideal
containing J. Hence R = (a) + J. If the local ring R/J satisfies (R/J)* = 0
(which is the case if it has an identity, notably if R has an identity), then
a' <= J. Hence we have the following observation, due to KoH [57]:

If every proper ideal of R is contained in a maximal one, and if J < I are
ideals such that R/J is local with maximal proper ideal I/J and with
(R/J)t =0, then IfcJ In particular, if R/f is local, then [ is the unique
minimal ideal J of R in I such that R/J is local. (Such ideals are called
I-primary.)

Teleman calls a ring R harmonic, if B = Max Mod R (the space of maxi-
mal modular ideals ) is locally compact Hausdorff and if for each I € B
there is a neighborhood U of I in B such that there is an identity e of r
modulo any J e U.

If R has an identity, it is harmonic iff Max R is compact Hausdorff, and
in any case B = Max Mod R is locally compact Hausdorff if R is harmonic.
Tcleman has given a thorough theory for the sectional representation of
harmonic rings, for which his Tulane Lecture Notes are an excellent source
of reference [92). KoH [58] calls a ring R strongly harmonic, if for any pair
1,.J of different maximal modular ideals of R there exist ideals I’,J’ in R
with I'J' = (0)and I' & I, J’ & J. This is clearly tantamount to saying that
thereisanelementa ¢ I witha* & J. Thusaring R is strongly harmonic iff
for different maximal modular ideals I and J we have I ¢ J. Then
B = Max Mod R is Hausdorff, and the sheaf %’ is a sheaf of local rings in
the sense that 2/ = R/I has the unique maximal modular ideal I/I; by
preceding comments, I is then I-primary. The particular feature which
distinguishes strongly harmonic rings in the context of sectional repre-
sentation, however, has been observed by KoH [58]: If B = Max Mod R
and X g B is compact, then for any I ¢ X there is an ideal 4 of R with
X < S(A) and A+ ¢ I: Indeed if I¢ X and J € X then there is an a, ¢ |
with J € S(a}) by definition of strong harmonicity. By a compactness argu-
ment we find a,,...,a,¢1 such that X < S(ay)u---uU S(at); take
A=at + -+ a,, then X < S(4) and (a;)---(a,)  A* & 1. Now sup-
pose M e Band (){I|I € X} < M.If M were not in X, then by the preceding
we could find an ideal 4 with X € S(A4) and A* & M if I € X is arbitrary,
then A ¢ I, hence there is an ae A\I, whence 4* < a* = I. Thus A*
< ({1l e X} =M, a contradiction. Therefore, for any compact X < B
we have

1.28.1. X =X}

This enables us to produce exceptionally good partitions of identity:
If X<cU,u---uU, is a finite cover of X by open sets of B, define
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I, = {IlIe X\U,}; suppose that e is an identity modulo ()X and
assume condition (X) of 1.9. Then, as in 1.10 we obtain elements r, € I, such
thate =r, + --- + r,mod [ X.

With such a partition of identity it is an easy exercise to show that every
continuous section over X in the sheaf #' is the restriction of a section of
the form 7, r € R. Moreover, if R has an identity, the same argument shows
that the Gelfand morphism is surjective. One thus obtains the following
theorem:

THEOREM 1.28 (KOH). A ring with identity is strongly harmonic if and
only if the sheaf’ #' over the space Max R of all maximal ideals is a sheaf of
local rings with identity over a compact Hausdorff space. Under these circum-
stances R is isomorphic to #'(Max R) under the Gelfand morphism and the
sheaf R' is ®-soft for the support-system ® of all closed subspaces of
Max R.

Once it is established with TELEMAN, that in a sheaf of local rings with
identity over a compact Hausdorff space the base space is naturally iso-
morphic to the maximal ideal space of the ring of global sections, it is not
difficult to observe that, conversely, the ring of global sections in any
®-soft sheaf of local rings with identity over a compact Hausdorff space is
strongly harmonic (TELEMAN).

If we very briefly turn back to the key Theorem 1.24 (and the following
example) we can rephrase in essence KoH’s Theorem 1.28 by saying that
for strongly harmonic rings just as in the case of 1.24(c), g’ as well as g is an
isomorphism; equivalently, g” is an isomorphism; this we can express by
saying that, for a strongly harmonic ring R with identity and the space B
of maximal ideals of R, the ‘‘subring #"(B)” of #'(B) is exactly its strong
radical. Outside 1.24(c) and outside the commutative case (to be discussed
in §2) this is the only instance known to me where, perhaps somewhat
mysteriously, the radical shows up identifiably in the standard sheaf %'
We know that in the sheaf £ it never can.

Teleman has applied sectional representation techniques to various
classes of harmonic rings. As an example only let us mention the class of
von Neumann regular rings which are continuous (i.e. whose lattice of
right principal ideals is continuous ) [87]. In these rings Max R is Hausdorff
embedded into Spec R, and if Z denotes the center of R,then M » M N Z:
Max R —» Max Z is a homeomorphism [87]. Since such rings are strongly
semisimple, Z' = # and R is isomorphic to £Z(Max R), and £ is a sheaf
of local rings over a Boolean space, since Max Z is a Boolean space as we
shall see in 1.30 and 1.31 below.

As a next step for further specialization we discuss the relation I = T for
a prime ideal I € B. Recall that a topological space is zero dimensional if its
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topology has a basis of open and closed sets. Clearly every zero dimensional
T, space is Hausdorff and regular.

PROPOSITION 1.29. Let R be a ring and B a space of prime ideals. Let I € B.
Then the following statements are equivalent :

mI1=r

(2) For all ae R the statements ac I and ag & I are equivalent.

(2') For all ae R the statements I € S(a) and I € S(a) are equivalent.

(3) Every h(a), ael is a neighborhood of I in B.
These conditions imply

(4) I is a minimal element in B.
The space {I1 € B|l = I } is a zero dimensional Hausdorff space.

PrOOF. For the proof we write A* in place of A3.

(1)= (2): Letae I, then a € I by (1); thus there is a b ¢ I such that a € b*.
This implies b € b** < a* and therefore a* & I; since I is prime the impli-
cation a* ¢ I = (a) € I is trivial. Hence (2) is established. (2) = (1): Let
a e . By (2) this implies a* & I. Hence there is an element b € a* with b ¢ I.
But then aea** < b* = I (because of b ¢ I). Hence (1). Since I € S(a) is
equivalent to a ¢ I and (in view of ()S(a) = a* by 1.14) a* < [ is equivalent
to I €S(a), (2) is equivalent to (2'). Finally, (3) is equivalent to

(3" For all a e I we have [ € interior of h(a).

But I e interior of h(a) is equivalent to I ¢ S(a) and a € I is equivalent to
I ¢ S(a). Therefore (2') and (3') are equivalent.

If (1) is satisfied and J = I, JeB, then T < J < J < I =1 implies
J = I. Hence (4).

By (2') the intersection of the subbasic set S(a) with {I € B|I = T} is open
closed from which the last assertion follows.

PRroPOSITION 1.30. Let R be a ring and B be a space of prime ideals, con-
taining Max R. Then the following statements are equivalent:

(@ I =1forallleB.

(b) All S(a), a € R are (open and) closed.

(c) Bisa zero dimensional Hausdorff space, B = Max R, and & is a sheaf
of simple rings with a Hausdorff sheaf space.

(d) 2 is a sheaf of simple rings.

If every proper ideal of R is contained in some maximal proper ideal, then
(b) implies

(b') B isa locally compact totally disconnected Hausdorff space (in fact all
S(a) are compact open).

Proor. The equivalence of (a) and (b) was shown in 1.29 and (b) imme-
diately implies that B is zero dimensional Hausdorff and therefore
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B = Max R;then 1.27 shows that £ is a sheaf of local rings which, because
of (a), must be simple. Let x, y be two points in the sheaf space E of #. If
p(x) # p(y) with the sheaf projection p:E — B of £, then x and y can be
separated since B is Hausdorff. If p(x) = p(y) and x and y cannot be
separated, then z = x — y cannot be separated from 0(I), I = p(x).

The set of all ue E, which cannot be separated from 0(/) forms an ideal
of E;; since 1(I) can be separated from 0(I) (indeed 1(B) and O(B) are open
disjoint neighborhoods of 1(I) and O(I), respectively) this ideal is proper
and thus must be zero since E; is simple. Hence z = 0() and x = y. Thus
E is Hausdorff and (c) is proved.

But (c) trivially implies (d) and (d) implies (a). Let now I € B and take
a¢ 1. Suppose that (a) + ()S(a) is a proper ideal. If it is contained in some
M € B,then M € h(a) n S(a) = h(a) N S(a) = & which is impossible. Hence
(a) + ag = (a) + ()S(a) = R, and thus S(a) is a compact neighborhood of
I by 1.9.

Under the condition (b) of 1.30, we have %#(B) = I'(p, B) = I'(p, S(«))
@ I'(p, h(a)) for every ae R. We may identify I'(p, X') for an open closed
X < B with the subring of I'(p, B) of all sections vanishing outside X. If
there is an identity e of R modulo ﬂS(a) = ag, then I'(p, S(a)) is contained
in the image R of R in I'(p, B) by 1.15; hence R is the direct ideal sum of
['(p, S(a)) and R n I'(p, h(a)). Moreover, p|S(a) is a sheaf of simple rings
with identity; we may assume that & is the characteristic function of S(«)
(i.e. takes the value 1 on S(a) and 0 on h(a)). Then e is a central idempotent
of R(a) = (e) = I'(p, S(a)) (indeed (a) < (e) is clear, and (a) is not contained
in any of the maximal ideals Ie, I € S(a) of (e)).

A ring is called biregular if every principal ideal is generated by a central
idempotent. Note that a commutative ring is biregular iff it is von Neumann
regular. We thus have the following proposition, a portion of which is due
to DAuNs and HOFMANN [19]:

PROPOSITION 1.31. Let R be a ring and B a space of proper prime ideals.
If R has identities modulo ay for all a € R (which is trivially satisfied if R has
an identity) then the conditions (a)—(d) of 1.30 are equivalent to

(e) R/(\B is biregular,
moreover

(b') is satisfied.

PROOF. We just saw that 1.30 (b) implies (e); for the converse we may
assume that (\B = (0). Let ae R and let e be a central idempotent with
(a) = (e). Then for I € B we have ael iff ee I and thus S(a) = S(e); since
R = Re® R(1 — ¢) we have e¢ I iff I € R(1 — e) for every proper prime
ideal I; therefore S(e) = h(R(1 — ¢)), hence S(a) = S(e) is closed. Further
S(e) is compact by 1.9.
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REMARK . In the light of our previous discussion a more general definition
of biregularity would be the following: A ring is biregular if every proper
ideal is contained in a maximal proper ideal and every principal ideal is a
direct factor (i.e. (@) @ a* = R for all a € R). Then a ring is biregular iff it is
isomorphic to the ring of global sections with compact support in a sheaf
of simple rings over a locally compact zero dimensional space.

About minimal primes. We discussed the case that for all prime ideals in B
we have the relation I = I. Since the assignment I - [ is fundamental for
the whole theory of sectional representation, we give some additional
conditions which make (4) equivalent to (1) in 1.29. Most of what follows
is due to KEIMEL [53].

Let R be a ring and B a space of proper prime ideals. We recall that for
cach subset 4 S R the ideal A5 was the smallest ideal J with AJ + JA
< (B and was given by Az = ﬂS(A) (1.14). For this discussion we fix B
and abbreviate A5 by A*; we also write a* = ag = (a)5. For an arbltrdry
prime ideal P (whether contained in B or not) we may define P = U‘,ﬁp a
since P is prime, if PeB = h((\B), the relation (a)a* = (\B < P and
(a) & P implies ae a* = P, hence still P = P even then. We will restrict
our attention only to prime ideals in B; we may therefore assume that
(1B = 0 and B = Spec R. Then R is semiprime; therefore 1J = (0) and
I nJ = (0)are equivalent for any ideals I, J, since (I n J)* = IJ. Hence I*
is the largest ideal of R with I n I’ = (0). Let . be the set of all ideals I of R
which are of the form I = a** for some a € R. Suppose now that the follow-
ing condition, due to KEIMEL, is satisfied

(K) Foralla,beR thereisace R u {1} such that a** n b** = (ach)* *
(with alb = ab).

Then ¥ is a N-semilattice with zero.

Let # be an arbitrary filter in .. We write P = | J(¥\#). Then

(1) aeP iff atle¢ 7

Proor. The condition a e | J(\#) is equivalent to the existence of a
b*te #\F with aeb'*; but aeb** and a** < b** are equivalent be-
cause of aSa** and b**! = b*, which proves (1). If, in addition, F is
an ultrafilter, then a** ¢ & (as in any semilattice with zero) means the
existence of a be R such that a** n b** = {0} and b** € #. We may re-
write a** N b*t = {0} as a*t = bt = bl and h'' e Fas b¢ P. Since
aea'* we have aeb* and thus P < ( J{b*|b¢ P}. Conversely, if b¢ P
then bt e & by (1). Then bt N bt = b*b't = 0. Thus b ¢ £, and thus

) P ={J{b*p¢P).

Now suppose that a,b¢ P. Then a't, bt e % by (1) and therefore a**
N b*t e #. By (K) we have an element c € R U {1} with (acb)** € #. Then,
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by (1), acb¢ P; since a*ach = (0), we have a' < (ach)!, similarly b*
€ (acb)*. Hence {b*|b ¢ P} is an upwards directed family and P is therefore
an ideal, and indeed as we have shown, a prime ideal. We can then rewrite
(2)as P = P, and by 1.29, P is then minimal.

If I is a prime ideal, let %, = {a**|a ¢ I}. Then (0) ¢ %, for if (0) = a**
with a ¢ I, then a* < Isince I is prime; but R = (0)* = a*, which is impos-
sible, since I is proper. Moreover, if a, ¢ I for k = 1,...,n, then ai* & I,
hence a;* - -+ a}t & I, which implies (0) # at* - ay* S ai* - napt
Hence %, is contained in some ultrafilter # of & Let P = | (X\F). If
ae P, then a** ¢ F by (1), whence a** ¢ #,, and this implies a € I. Thus
Pcl

We have shown the following result, due to KEIMEL:

PROPOSITION 1.32. Let R be a ring and B a space of prime ideals. Suppose
that condition (K) above is satisfied. Then a prime ideal P of B is a minimal
prime ideal in B ifand only if P = P = | J{ag|a ¢ P}, i.e. (1)< (4)in 1.29.

(Note that every IeB contains some minimal PeB without any
hypothesis by Zorn’s lemma.)

Let us confirm that there are simple conditions which imply condition
(K). Suppose R has the property

(C) For all a,beR the relation ab e (\B implies ba e [)B.

Then a** = {xeRluae (B implies uxe (B for all ueR}. W.l.g.
assume [|B = (0). Now suppose that x e a** n b**, assume uab = 0 and
try to show that ux = 0. Since x € b** we conclude that uax = 0. Then
axu = 0 by (C). Thus xu € a* whence xxu = 0 since x € a* *. Thus xux = 0
by (C) and thus (ux)? = uxux = 0. At this point we can conclude ux = 0
provided we assume

(N) ifa"e B then ae (B for all ae B.

We observe that (N) implies (C); indeed ab € B implies (ba)* € b(("\B)a
< (\B, whence ba e (B by (N).

COROLLARY 1.33. Let R be a ring and B a space of prime ideals. If a" € ﬂlj
implies a € (\B for all a € R, then a prime ideal I € B is minimal in Biff I = I,
and the subspace of minimal elements in B is zero dimensional.

COROLLARY 1.34. Let R be a commutative ring with identity. Then I is a
minimal prime ideal iff I = I. The space Min R of minimal primes in R is
zero dimensional.

COROLLARY 1.35 (KoH [57]). Let R be a ring without nilpotent elements.

Then I is a minimal prime ideal iff I = I. The space Min R is zero dimen-
sional.  (In fact, a ring without nilpotent elements is semiprime.)

The simple example of the ring of all sequences (a,),.y of 2 x 2 matrices
over a field for which there is some natural m (depending on the sequence)
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such that all g, with n > m are diagonal matrices shows that 1.32 fails in
general without some condition such as (K).

§2. The Grothendieck construction for commutative rings and its relation
to the constructions of §1. The first result about sheaf representation of
rings is the theorem of Grothendieck in which he establishes the correspon-
dence between commutative rings and affine schemes (1960 [37]). It is em-
bedded into a formidable wealth of material contained in his monumental
treatise about algebraic geometry; this may be the reason why it did not
enter the field of vision widely when the field of sectional representation
began to blossom in the second half of the sixties as a field of interest which
is independent of algebraic geometry. It has recently been lifted out of its
encyclopedic environment into the more accessible form of a paperback
by Macdonald [62]; there it remained exactly in its original form. It is
certainly worthwhile to record it here, notably since it has not been possible
to my knowledge to completely amalgamate Grothendieck’s commutative
sectional representation theorem with the general theory discussed in §1.
Our presentation is a trifle different.

Some background. Let, to begin with, R be a commutative ring with
identity. We recall that for any multiplicative semigroup S < R which does
not contain 0 we can construct the quotient ring S~ 'R relative to S there
is a natural morphism Ag: R — S™!R; every element in S~ 'R may be repre-
sented in the form Ag(r)/Ag(s) with re R, se€ S, and the computations are
the familiar ones. If S, T are two semigroups with S < T, 0 ¢ T, then there
is a natural morphism Ag: R — S~ !'R;every element in S~ 'R may be repre-
multiplicative semigroup generated by A. If a,be S, then {a,b) 'R
= {ab)> "'R;hence S™'R = colim {a) " 'R, where a ranges through S and
the diagram over which we take the colimit is in fact a direct system so that
the colimit in question is indeed a direct limit.

Now let I be a prime ideal of R. Then R I is a semigroup S which does not
contain 0; we abbreviate (R\I)"!R by R,. Recall that this is a local ring
with a unique maximal ideal T = IR, ; by the preceding R, = colim {a) " !R,
a¢ 1. In particular, suppose that Ag(r)/As(@) = 0,re R,a¢l. Then the
image of A(,(r)/A,(a) in <a)> 'R has to be zero in some ¢(b> 'R with
b=ac¢l.

The Grothendieck sheaf and the key theorem. Now let G be the disjoint
union (J{R,; x {I}|I € B} with some B < Spec R. Define y:G — B by
y(x) = I'iff xe R,;. Asin §1, let S(a) = {I € Bla ¢ I} be the support of a in B.
In particular S(1) = B. Let us briefly write r/a in place of Ay (1) a5(@).
For any r/a € {a) 'R we have a function (r/a) :S(a) = G given by (r/a) (I)
= (r/ainR,, I)and y(r/a) is the inclusion map S(a) — B.If(r/a)” (I) = O(I)
for I € S(a), then a divides some b € R\I with (r/a) (J) = 0(J) for J € S(b)
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(note S(b) = S(a)!) by our last observation in the preceding paragraph.
Once this is clear we may introduce in E the finest topology making all maps
(r/a)":S(a) » G, r, ac R, a # 0, continuous. (Basic open sets: (r/a) (S(b))
with r,a,be R, 0 # alb.) After the preceding observations, y:G — B is a
sheaf ¢ of commutative local rings with identity, and there is a morphism
of rings with identity r - #:R — T'(y, B) given by /(I) = (rin R,I). Trivially,
this morphism has the kernel {re R|r = 0 in R, for all I € B}.

Recall that the kernel of the morphism Ag:R — S™!R is the set of all
r € R for which there is an s € S with rs = 0 (indeed, recall that S™!R is the
set of pairs (r,s)e R x S modulo the relation ~ with (r,s) ~ (v, s') iff
rs' = sr’ with suitable addition and multiplication; in particular, the image
of rin S7!R is the class of (r, 1) consisting of all (rs, s), s € S, and this class
agrees with the class {0} x S of (0, 1) iff there is an s € S with rs = 0). Thus,
with the notation S* = largest ideal J with JS = (0), which was used in §1
we have ker g = S*. For a prime ideal I of R an element Ag (r) is 0 in
R, = colim {a) 'R, a ¢ Iiff A ,,(r) is zero in {a) " 'R for Ag(r) some ae I
iff ra" = 0 for some a ¢ I and some natural n; in other words, ker 4,, = a*.
We therefore have

2.1.1. ker Agy = kerR > R) = Jat =T
agl
with the notation of 1.23, 1.24.
Therefore, by Kon’s result (1.22) we have

2.1.2. if Max R € B, then ker(R — I'(y, B)) = (0).

From the relation ker A,y = ("){ker Agla ¢ I}, we recover, for the com-
mutative case, Condition 1.24.3: a* = ("\{I|a¢ I}; from Theorem 1.23(c),
then for Max R € B & Spec R we immediately obtain R = &£’ under g'.
However, with the aid of the sheaf 4, more can be said as we shall see in
the following discussion.

Let us in fact show the surjectivity of R — I'(y, B) = %(B). Assume that
ceI(y, B) is global section in this sheaf In particular o(I) € R,
= colim {(a) 'R, a ¢ I; hence a(I) is in the image of some map <a) 'R
— R, for a suitable a ¢ I; thus a(I) is of the form r/a" in R; (which is our
abbreviation for Ag (r)/Ag(a") by the definition of the sheaf topology
there is some b = ac such that (r/a") " and o agree on S(b); in (b> 'R we
have rc"/b" = r/a". By renaming, if necessary, we may therefore assume
that (r/a") " and o agree on S(a). Now we assume that B is quasi-compact.
Then by the usual compactness argument we find elements r(k), a(k) € R,
k =1,...,p, and natural numbers n(k), k = 1,..., p, such that the local
sections (r(k)/a(k))"® " and o|S(a(k)) agree, and B is contained in the union
of the S(a(k)). Since all I € B are prime, we have a¢ I iff a" ¢ I, hence S(a)
= S(a") for any natural n. Thus B = (J{S(a(ky'®* ")k = 1,...,n}. The
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ideal J = (a(1)"V* 1, ..., a(p)"P*1) therefore cannot be contained in any
Ie B, and if Max R £ B we can conclude that J = R. In particular we
obtain a special partition of identity

p

= 3 Watr = Y ki

k= k=1
with suitable elements t(k) € R and t(k)|a(k). Now we define r = Z,‘f =1 tk)r(k).
Then (F — o)(I) = Y}, (k) (*(k) — a(ky"™o)(I); but if IeS(a(k)") then

(Hk) — ak)y"®e)(I) = O(I) in R, by the choice of r(k), a(k), n(k); however,
if I¢S(a(k)") then a(k)el, hence t(k)el because of t(k)la(k), and so
f(k)(#(k) — a(k)"®)(I) = O(I); therefore all p summands vanish and 7 = a.
This shows that the Gelfand morphism R — I'(y, B) is surjective.

The set S(a) = B for some a € R, a #+ 0 may be identified with a subspace
of Spec <a) 'R which contains Max {a) 'R if Max R € B.

We therefore have the following result.

THEOREM 2.1 (GROTHENDIECK). Let R be a commutative ring with
identity, Max R & B < Spec R. Then there is a sheaf y:G — B, with stalks
G, = R, = (localization of R at I) = (R\I)"'R, such that all functions
F:B— G are continuous, where ¥ associates with I € B the image of r € R, for
fixed r € R; and the ring morphismr — ¥:R — I'(y, B) is an isomorphism. For
each a e R the natural map {a) 'R — T'(y, S(a)) is an isomorphism.

A completely analogous result is available for modules.

It is clear from the discussion that the nature of Theorem 2.1 is somewhat
different from the type of theorem given in 1.15, 1.16 or 1.23, say. In these
cases the stalks of the sheaf associated with R were indeed quotient rings
of R so that the map from R into a stalk is surjective, whereas, conversely,
in the case of 2.1 above, the stalks are ring extensions of quotients of R and
the map of R into a stalk is not generally surjective even though it is epic
(in the category of commutative rings with identity). Grothendieck (see
also [62]) points out that a presheaf may be defined on the basis of a
topology ()(B) rather than on ((B) itself. One may rephrase 2.1 without
great difficulty by saying that the presheaf S(a) » <(a) 'R of commutative
rings with identity is a sheaf; in the case 1.15 and the related cases in §1 the
assignment S(a) » R/ag (resp. S(a) ~ R/a‘) is not in general a sheaf, but at
least has no nonzero locally zero sections (which is, in a sense, halfway
towards being a sheaf). In either case the surjectivity of the Gelfand mor-
phism is obtained from a partition of identity argument, but the specific
complications are of a slightly different type: In §1 we use the smallness
of the interior of the radical of a certain canonical sheaf of abelian groups
(1.5-1.6) and thereby a certain geometric property of the sheaf space con-
structed in 1.4 (while the algebraic description of the presheafas S(a) + R/ag
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was a second step); on the other hand in 2.1 the partition of identity idea
hinges directly on the algebraic definition of the sheaf. As it stands, con-
struction 2.1 depends on the commutativity of R, since the algebraic
localization R, at a prime ideal is not possible in the noncommutative case
without special hypotheses, and even more difficulties arise in imitating
the crucial construction <{a)> 'R and the relation R; = colim {a) 'R,
a¢ Il The topological localization R/| J,.; ()S(a) does not, by contrast,
depend on commutativity, nor does the relation ()S(a) = ag. On the other
hand, our knowledge of local rings and therefore of the stalks in the sheaf
of 2.1 is vast, whereas the stalks in the sheaves of §1 are frequently obscure.

R and 4. However, in the commutative case we understand the relation
between the two constructions. We can formulate the following

COROLLARY 2.2. Let R be a commutative ring with identity and B a space
of prime ideals with Max R = B. Let &' be the sheaf of 1.24 with stalks

¥ =R/, I =), a* a* = annihilator of a in R and let 4 be the
Grothendieck sheaf of 2.1 with stalks R,. Then there is an injection ' — 4
and r o #: R - R'(B) is an isomorphism. Let R" be the subsheaf of &' with
stalks T/T (see 1.24) then B-Rad R = #"(B) under the Gelfand morphism
(see 1.24).

PROOF. Let p':E’ — B be the sheaf projection of # and y:G — B the
sheaf projection of 4. Then by 2.1.1 we have a natural injective function
®:E" — G such that y = p'® and that ®F = r* where r —#:R - #'(B),
resp. r & r*:R — %(B), are the respective Gelfand morphisms. Then @ is a
morphism of sheaves by the definition of the sheaf topologies on E' and G.
By the definition of @ via 2.1.1, it preserves the ring operations. The remain-
ing assertions then follow from 2.1 and 1.23.

By 2.2 we can consider #' in the commutative case as a subsheaf of the
Grothendieck sheaf ¢. It is exactly the subsheaf whose sheaf space is the
union of the global sections in the Grothendieck sheaf:

E = (J{o(B)lo € 4(B)} = | J{image (R - R;)|l € B}.

The conclusion B-Rad R = #"(B) emerges here in an indirect fashion.
We saw an example following 1.24 which shows that this fails in the sim-
plest noncommutative cases.

Naturally one would like to know when, at least in the commutative
case, the construction £’ of §1 and the Grothendieck construction yield
the same result. We observe that in the commutative case, R/ and R, are
isomorphic if and only if R/I is a local ring. Therefore #' — % is surjective
if and only if #' is a sheaf of local rings. In 1.28 we obtained a characteriza-
tion of the case that the smaller sheaf £ is a sheaf of local rings. Clearly, if
A’ is a sheaf of local rings, then # is a sheaf of local rings. Now assume
that £ is a sheaf of local rings.
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Let e B and let M be the unique maximal ideal containing I. Let
N # M be a different maximal ideal; then I ¢ N by assumption, hence
there is an a ¢ I such that az ¢ N. This means that there is a b¢ N with
ab e (\B.If all elements in (B are nilpotent (which is the case if B = Spec R)
then a"b" = (ab)" = 0 for some n. Thus (a")* & N since b"¢ N; but also
a"¢ I, hence (a")* < I. Therefore I ¢ N. Hence I is contained in the unique
maximal ideal M and &' is a sheaf of local rings. We summarize :

COROLLARY 2.3. For a commutative ring R with identity and for a space B
of prime ideals B with Max R S B consider the following statements:

(1) The morphism R' — % is an isomorphism.

(2) The sheaf R’ is a sheaf of local rings.

(3) The sheaf R is a sheaf of local rings.

(4) The inclusions i:Max R — B is a Hausdorff embedding and there is a
continuous retraction u:B — Max R which satisfies I € u(I) for all Ie B
and is the Stone-Cech compactification B (= Hausdorffization of B in this
case).

Then (1) < (2) = (3) <> (4). If all elements of B-Rad R = ﬂB are nil-
potent (which is the case if B-Rad R < (Spec R)-Rad R, in particular if
B-Rad R = (0) or B = Spec R), then (4) = (1) (i.e. all four statements are
equivalent).

We may interpret this result as saying that the equivalence of our
construction #' and the Grothendieck construction is tantamount to a
rather special point set topological property of the B-spectrum.

It should be pointed out that there are several attempts to approach
Grothendieck’s construction in the noncommutative case by creating
different concepts of the spectrum. Bergman [7] defines what he calls the
Epi-Spectrum Epi-Spec R of the ring R ; its elements are equivalence classes
of ring epimorphisms f:R — E into epimorphism final rings E, i.e. rings
such that every epimorphism E — E' is injective; the latter are exactly the
fields in the commutative case. He singles out the sfield spectrum of classes
in which the representatives f:R — E have a skew field as domain. It is
shown that sfield-Spec R is closed in Epi-Spec R. Some indications as to a
construction of a sheaf over Epi-Spec R are given, but the version of the
theory I have seen needs implementation in this respect. Cohn [14] also
produces a sheaf of local rings associated with any ring R with identity
and obtains a Gelfand homomorphism from R into the ring of its global
sections. Its kernel, however, defines a new radical, whose size needs to be
specified in every case; and the image under the Gelfand homomorphism
does not in general exhaust the ring of global sections ; indeed some Gelfand
transforms of noninvertible elements will be invertible in the ring of global
sections. It is an unsolved question whether or not the Gelfand morphism
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is an epimorphism in the category of rings. The base space of Cohn’s sheaf
is not a prime ideal space but a suitable substitute thereof. Hochster’s work
also contributes to the generalization of the prime ideal spectrum of a com-
mutative ring to the noncommutative case [41].

§3. Sectional representation over Boolean spaces, regular and biregular
rings. The theory of sectional representation of not necessarily commuta-
tive rings as an area of interest outside algebraic geometry originated in
the middle sixties with the memoir of R. S. PIERCE [72] about modules
over commutative rings and with J. DAUNs and my paper about biregular
rings [19]. These authors by accident or otherwise picked a class of rings
which was exceptionally suitable for sectional representation. In view
of the fact that a commutative regular ring is biregular, the biregular
rings form the larger class of rings. They are characterized by an abundance
of central idempotents: Recall from 1.31, that a ring is biregular if every
principal ideal is in fact generated by a central idempotent. In particular,
the classically well-known test category of Boolean rings is a subclass
thereof. One particularly simplifying feature in this context is the fact that
all prime ideals are maximal modular: Spec R = Max R and that any
biregular ring is strongly semisimple: (Max R = (0). The sheaf # over
Max R thus agrees with the sheaf . We saw in 1.30 and 1.31 the deeper
reasons why biregular rings should emerge early; the full machinery of §1
is not at all necessary for the characterization theorem for biregular rings.

THEOREM 3.1 (DAUNS AND HOFMANN [19]). A ring (resp. commutative
ring) is biregular (resp. regular) if and only if it is the ring of all sections with
compact support in a sheaf of simple rings with identity (resp. fields) over a
locally compact zero dimensional Hausdorff space.

DAuNs and HOFMANN also characterized the ring Z(Max R) of all global
sections of the sheaf associated with a biregular ring R as the ring L(R) of
left multipliers (i.e. abelian group endomorphisms f:R — R with f(rs)
= f(s)r). In general L(R) is not biregular. Not all questions concerning the
spectrum of L(R) have been resolved; for some results see DAUNS and
HorMANN [20, p. 159 ff.]. The center of L(R) is the centroid C(R) of R
(i.e. the abelian group endomorphisms f: R — R with f(rs) = f(r)s = rf(s)).
It is the ring of all global sections of £ taking their values in the centers of
the stalks. VRABEC[95] used the centroid to adjoin an identity to a biregular
ring R by forming R + C(R) < L(R) (where R is the obvious identification
with a subring of L(R)) and thus obtaining indeed a biregular ring with
identity, the ring of all global sections in # which take their central values
outside compact sets. One has Spec (R + C(R)) = B(Spec R). A similar
phenomenon was observed by DAUNs and HOFMANN [20] in a wide class
of rings and algebras (including C*-algebras) for the primitive spectrum.
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Thus one would generally say that for purposes of spectral theory and
sectional representation of rings the adjunction of identity by adding the
centroid is the feasible one.

The characterization theorem for biregular rings itself generalizes older
results by ARENs and KAPLANSKY about representation of certain biregular
rings as function rings [2] which in turn generalizes the classical results of
STONE about the representation of Boolean rings. The characterization
theorem was used by DAUNs and HOFMANN [19] to compute the auto-
morphism group of a biregular ring.

Various generalizations of the theory of biregular rings have been found
in the last five years. There are essentially two lines of thought for such
generalizations. (A) One weakens the condition for biregularity and arrives
at rings which are rings of global sections in sheaves of local (rather than
simple) rings over Boolean spaces. (B) More generally, one considers
algebraic structures R with a large supply of direct decompositions (as
they are given, in the case of a biregular ring with identity by any central
idempotent e in the form of R = Re + R(1 — ¢)). In case (A) consider a
ring R (for the sake of simplicity with identity) and a space B of prime ideals
containing Max R. We say that R is weakly biregular if for two different
I.J € B there is a central idempotent e€ I, e¢J (equivalently, J € S(e),
I ¢ S(e)) or vice versa. Since S(e) for an idempotent e is open and closed
(with complement S(1 — e) (see proof of 1.30)) the Hausdorff property of B
follows and we conclude B = Max R. By compactness of Max R, the col-
lection of all S(e) is in fact a basis for the topology, and so again Max R is
a Boolean space. Then the sheaf £ is a sheaf of local rings over a Boolean
space by 1.27. Conversely, if Z is a sheaf of local rings over a Boolean space,
then the central idempotents of #(Max R) are exactly the global sections
taking the value 1 on a compact open set and the value O elsewhere. Then
clearly #(Max R) = R/Max-Rad R is weakly biregular. We therefore have
the following result which is partially due to DAuNs and HoFMANN [20]
(see also K EIMEL [49)):

Complement 3.2 to 1.29, 1.30, 1.31. Let R be a ring with identity and B a
space of prime ideals with Max R < B. Then the following conditions are
equivalent:

(a) B = Max R and B is a Boolean space.

(b) & is a sheaf of local rings over a Boolcan space.

(c) R/(\Max R is weakly biregular.

The result maintains for rings without identity with Max R as the space
of maximal modular ideals and a locally compact zero dimensional
Hausdorff space. It has been observed by Tr:1.emaN [90] that the underlying
ring R of a von Neumann algebra is weakly biregular and Max R is a hyper-
Stonean space, in fact is isomorphic to the maximal spectrum of the center
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Z(R)under M M n Z(R). TELEMAN used the representation of the under-
lying ring R of arbitrary von Neumann algebras as the ring of global
sections #(Max R) of the sheaf of local rings # in order to obtain an
algebraic decomposition theory for von Neumann algebras [91]. We will
return to the question of C*- and von Neumann algebras when we discuss
sectional representation in functional analysis.

The Boolean decomposition principle. The second idea of generalizing
biregularity is incredibly general and may be described as follows:

Let us assume that R is some object in a category <. The set &/(R, R) has
the structure of a monoid M under composition of morphisms. Let EM be
the set of idempotents in this monoid; this set has a partial order defined by
u Zviffuv = vu = u,and 1 = 1; is the maximal element. If </ is a pointed
category, then Ogxgz:R — R is the smallest element. Let us assume that
D < EM is a Boolean sublattice, i.e. a subset containing 0 and 1 in which
two elements u and v have a least upper bound u v v and in which every
element u has a unique complement u'. In the case of an object R in the
category .« of rings with identity the lattice of all central idempotents is
isomorphic to such a sublattice under the map which associates with an
idempotent u in the center of R the endomorphism r + ur. Let us assume
that we have a set based category in which it makes sense to speak of the
image uR for u e D. Let B be the Stone space of the Boolean lattice D: we
then have a natural isomorphism u + U:D — O(B) = O(B) from D onto
the lattice of open closed sets in B. The assignment U - uR:0,(B)*® — &
is then a presheaf in the category / which is defined on the basis O (B) of
((B); if F:(""(B)°® —» o/ is a presheaf from a basis ¢'(B) of a topology
¢(B) into a complete category, one obtains a presheaf through FU
= limy g g v < FV for U ¢ O'(B) (see [37]). A presheaf P:(.(B)*® — Set of
sets satisfies PU = limy, 5, v <PV for U € O/(B) iff for each finite disjoint
decomposition U = V; U - -+ U V¥, the map PU — [PV, is an isomorphism.
One can then show that the extended presheaf P:((B)°® — Set is in fact a
sheaf. Thus U — uR will be a sheaf iff for any disjoint collection v, ..., v,
in D the morphism uR — l—[ka withu = v, v -+ v v, is an isomorphism.
In view of finite induction this is the case iff uv = 0 always implies that
(v v v)R - uR x vR is an isomorphism.

PROPOSITION 3.3 (Boolean decomposition principle). Let s be a complete
pointed category with a faithful, limit preserving set functor. Suppose that
each morphism u:R — S has a factorization R — uR — S which under the
set functor yields the surjective-injective factorization of a function. Let R
be an object and oA (R, R) the monoid with zero of endomorphisms of R. Let D
be a Boolean lattice in s/(R, R) whose meet operation is composition and
whose join is the Lu.b. with respect to the partial order of idempotents
in a semigroup. Suppose that for u,veD with uv =0 the morphism
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(u v V)R > uR x vR is an isomorphism. Then there is a sheaf % over the
Boolean spectrum B of D with R = J8(B); if u € D corresponds to the compact
open set U on B via the Stone duality then uR = B(U). The stalk 8., x € B,
where x is a prime, hence maximal ideal of D, is colim,,, uR.

u¢x

Pierce’s Boolean decomposition theorem. Let us test this principle in the
case of rings. If R is a ring with identity, let E(R) be the Boolean ring of
central idempotents with the addition (e, f) - e + f — 2¢f, and with the
induced multiplication. Naturally, E(R) also has the structure of a Boolean
lattice with (e, f) P e + f — ef as meet and multiplication as join. For
e€ E(R) the subspace S(e) = {I e Spec Rle¢ I} of the spectrum of R is
exactly h((1 — e)R) and 1s therefore, open and closed, and indeed the
function e + S(e) is a lattice injection of E(R) into the Boolean lattice
¢ (Spec R) of all open closed subsets of Spec R. If R is commutative or
semiprime, then the representation Theorems 1.17 and 2.1 show that in the
canonical sheaves over Spec R the characteristic functions of any open
closed set arise from a central idempotent in the ring. Thus e ~ S(¢): E(R)
— (O(Spec R) is in fact an isomorphism in this case. (Later we will see that
in the case of [-rings we have an analogue (see 4.12).)

If I € Spec R, then I n E(R) € Spec E(R), and if M € Spec E(R), then there
is at least one maximal ideal I € Spec R with M < I for which then neces-
sarily I n E(R) = M. Thus there is a surjective function ¢:Spec R
— Spec E(R) given by ¢(I) = I n E(R); it is easily checked to be continuous
and a quotient map. We point out that for any topological space Y there
is a universal ‘“Booleanization” Y — b(Y), i.e. a map into a (compact)
Boolean space b(Y) such that every continuous map Y — X into a Boolean
space X factors uniquely through b(Y). One can check that the Booleaniza-
tion, which is clearly unique up to within natural isomorphism, is given by
Y - Spec O(Y), y » {UeO(Y)|y¢ U}. It turns out to be a quotient map
which lumps together exactly the quasi-components of Y; a quasi-
component of Y is the intersection of all open closed sets which it meets.
We may therefore state that ¢ :Spec R — Spec E(R) is the Booleanization
of Spec R if R is commutative or semiprime.

If e € E(R), then (1 — €)R = e* in the terminology of 1.24. According to
3.3 we associate with R and E(R) (as a Boolean lattice of endomorphisms
r b er, e € E(R), of R) a sheaf 2 of rings with identity over Spec E(R) with
R = 2(Spec E(R)) the stalks 2, are given by collmmcR from the exact
sequence 0 » e* » R — eR — 0 we deduce 2, = R/(| )., ¢*). Hence we
have a morphism

33.1. ¥1: Py = R/ =R, 1eSpecR,

with #' as in 1.24, since | J{e*le¢ I, ec E(R)} = (J{a‘la¢ I} =T We
observe for the first time in this discussion that we need the concept of a

egx €


er.ee
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morphism of sheaves. Indeed if o7, # with sheaf projection n:E — X and
p:F — Y are sheaves (of sets) and f:Y — X is a continuous map we can
form the pullback sheaf p:E x,Y— Y, E x, Y = {(z,y)€ E x, Y|n(2)
= f(»)}, p(z, y) = y. We denote the map (z,y) »z:E x, Y > E by f". A
morphism ./ — 4 is a pair ( f, «) with a continuous function«:E x, Y - F
with pa = p. We can describe (f, «) by giving f and a family </, — 4,
of maps such that «:E x, Y — F with a(z, y) = a,(2) is continuous. (Cau-
tion: many writers call such a morphism a cohomomorphism and write
the arrow in the direction in which the arrow f'runs!) It is readily checked
that the family y, defines a morphism # — %'

In all we record the following result whose essential part is due to PIERCE
and which we formulate with some complements:

THEOREM 3.4 (PIERCE'S Boolean decomposition theorem for rings). Let R
be a ring with identity and E(R) the Boolean algebra (lattice) of central idem-
potents of R. Then there is a sheaf of rings P over Spec E(R) such that the
following conclusions hold.

(a) The stalk 2, is given by R/ % where X = (J{e*|e€ E(R), e¢ x}, and
E(‘y\:) = {0’ l}‘

(b) The Gelfand morphism R — P(Spec E(R)) is an isomorphism.

(c) The map ¢:Spec R — Spec E(R) with ¢(I) = I n E(R) is a quotient
map; it is the Booleanization of Spec R provided R is commutative or semi-
prime.

(d) If 1eSpecR, then ¢(I)” = | J{J|J is a direct factor of R and J < I}
and the family y;:2,,, — Ry = R/I (induced by the inclusion o<l
give a morphism y: P — R with R’ as in 1.24.

The Gelfand morphism maps E(R) isomorphically onto the Boolean ring of
characteristic functions in 2(Spec (E(R)))(i.e. the continuous sections taking
only the values 0 and 1).

In the absence of an identity in R the result maintains, with the modifica-
tion that the image of the Gelfand morphism in (a) is the ring of global
sections with compact support. These results specialize to the case of com-
mutative rings, where E(R) is the Boolean algebra of all idempotents, and
to the biregular and weakly biregular situation.

Many authors have utilized sectional representation over Boolean
spaces along these lines.

BERGMAN [4] uses PIERCE’s sectional representation to characterize
commutative hereditary rings.

We need the following definitions: A projective R-module is called
hereditarily projective if every one of its homomorphic images in some
finitely generated projective module is projective. The ring R is (semi)
hereditary if all of its (finitely generated) projective modules are hereditarily
projective. A hereditary (resp. semihereditary) commutative integral
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domain is a DEDEKIND (resp. PRUFER) domain. A projective module P over
R is weakly hereditarily projective if for every finite set A = P and every
finite set F € Homg(P, R) there is a decomposition P = P, @ P, with
A £ P, and F(P,) = (0), and if every direct summand of P has the same
property; R is called weakly 1-hereditary if R is weakly hereditarily pro-
jective over itself and weakly semihereditary if every free module of finite
rank is weakly hereditarily projective. Now we have

THEOREM 3.5 (BERGMAN). Let R be a commutative ring with identity.
Then R is weakly 1-hereditary iff all stalks 2, in the Pierce sheaf are integral
domains. It is weakly semihereditary iff every stalk 2, is a Priifer domain. It is
semihereditary if and only if it is weakly semihereditary and every principal
ideal is projective. Finally R is hereditary if and only if every stalk 2, is a
Dedekind domain, if every principal ideal is projective, and if the following
two conditions hold: (i) The Gelfand transform 7 of a non-zero-divisor takes
invertible values outside a finite set. (ii) E(R) is a hereditary Boolean ring.

The injectivity of modules again relates to properties of the Pierce sheaf.
KAPLANSKY showed that for a commutative ring R with identity, every
simple module is injective if and only if R is von Neumann regular (in which
case the sheaves #, #', %, 2 all agree and are sheaves of fields). This fails in
the noncommutative case; however, the following still maintains (and is
proved with the aid of sectional representation [66]):

PROPOSITION 3.6 (MICHLER AND VILLAMAYOR). Let R be an affine ring
(i.e. a ring which is finitely generated as an algebra over its center Z(R) such
that each quotient ring satisfies a polynomial identity over Z(R)). Then every
simple (one-sided) module is injective iff R is von Neumann regular iff R is
biregular. In particular 1.30 and 1.31 apply.

Further applications of Boolean decomposition. KEIMEL introduced the
ideas around the Boolean decomposition principle 3.3 for semigroups [49]
and observed that they worked in the same fashion for universal algebras.
His starting point is what he calls a decomposition lattice of a semigroup S,
namely a family of direct factors of a semigroup which form a Boolean
lattice. He constructs the sheaf # and obtains a sectional representation
theorem of the type of 3.3. He continues to investigate in the case of semi-
groups to what extent one can in fact produce a modified sheaf with non-
degenerate stalks. As applications he recovers the most general version of
the representation theorem for weakly biregular rings (without identity)
and a representation theorem for biregular semigroups. He returns to this
idea by proving a representation theorem for f-rings which is an analogue
of PIERCE’s Theorem 3.4. We will discuss this in §4.

The starting point of COMER’s approach [16] is slightly different, although
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the principal idea is the same. His approach is particularly suitable to the
case that the category & is a category of universal algebras. In this case it is
advantageous to start with the concept of a congruence and single out the
so-called factor congruences ¢ on R which are characterized by the
existence of a congruence ¢’ such that ¢ N ¢’ = 1; and that the smallest
congruence generated by ¢ and ¢’ is R x R. COMER considers such uni-
versal algebras for which the set of all factor congruences is a Boolean
sublattice of the lattice of all congruences. He then produces a sheaf over
the maximal spectrum of this Boolean lattice; this construction can be
given geometrically as COMER does it or functorially as in 3.3. The algebra R
then emerges as algebra of global sections in a sheaf of algebras of the same
type over a Boolean space. If every congruence relation of R which is
generated by a proper Boolean ideal of the Boolean lattice of all factor
congruences is a proper congruence, then no stalk in the sheaf is degenerate
and vice versa. The sheaves which arise are called reduced since the factor
congruences of the algebra of global sections arise from open closed
decompositions of the base space. COMER also proves the converse which
exists for all results in this section: The algebra of global sections in a
reduced sheaf satisfies the original hypotheses and the canonical sheaf con-
structed from it is isomorphic to the given reduced sheaf. COMER’s approach
applies to all rings with identity; the strength of the result for rings with
identity of course depends on the supply of factor congruences; again the
class of weakly biregular rings is the only comprehensive one for which
enough factor congruences are available in order to obtain sheaf represen-
tations over prime ideal spaces. On the other hand, COMER’s method was
applied by himself to the category of cylindrical algebras. He establishes a
duality theory for cylindrical algebras in analogy to the duality of commu-
tative rings and ringed spaces in algebraic geometry; at the same time he
furnishes the applications to algebraic logic which are afforded by the
sectional representation of cylindrical algebras.

The sectional representation over Boolean spaces, as PIERCE’S technique
has shown from the beginning, pertains in particular to commutative rings
which are generated by their idempotents, and to modules over such rings.
These objects are the topic of papers by KEIMEL [51] and BERGMAN [5].

Baer rings. Sheaf representation of rings over Boolean spaces is also very
suitable for the class of Baer rings. A ring R with identity is a Baer ring if the
annihilator ideal a* of every element is generated by a central idempotent.
Such a ring is semisimple since it cannot contain nilpotent principal ideals.
Let 2 be its Pierce sheaf. Then all stalks 2, are domains; for let a, b € 2(B)
with a(x) # 0 but a(x)b(x) = 0, then there is a compact open neighborhood
U of x such that a(y)b(y) = 0 for y = U. Let e € 2(B) be the characteristic
function of U. By replacing a and b by ae and be, respectively, we may
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assume that ab = 0; if f is the central idempotent generating the annihilator
of a then bf = b; now f(x) must be either 0 or 1; since a(x)f(x) = 0 and
a(x) # 0 we must have f(x) = 0 and thus b(x) = (bf)(x) = 0. Conversely,
if 2 is a sheaf of domains over a zero dimensional Hausdorff space B, then
2(B) is a Baer ring if and only if the sheaf is Hausdorff (PEErCY [71]);
indeed Hausdorffness of the sheaf space of any sheaf means that the sub-
space on which two sections agree is open closed in the intersection of their
domains. Now if every a € 2(B) has open closed support then clearly #(B)
is a Baer ring; conversely, if 2(B) is a Baer ring and a € 2(B), then a* is the
ideal of all sections b whose support is contained in the open zero set of a;
since a' is generated by a central idempotent, i.e. a characteristic function e,
we conclude that the open zero set of a is the support of e and is, conse-
quently also closed. One thus can summarize:

PROPOSITION 3.7. Let R be a ring with identity. Then R is a Baer ring if and
only if its Pierce sheaf is a Hausdorff sheaf of (not necessarily commutative)
domains over a Boolean space.

The ideal I, of all sections vanishing at a point x is clearly the kernel of
R — 2, and is, therefore, prime. After the preceding, any of its elements is
annihilated by some element not belonging to it. Thus I, = I, < I, which
implies that I, is minimal (see 1.29, 1.32). On the other hand if P is a
prime ideal of R, then E(R) n P is a prime ideal, hence a maximal ideal of
the Boolean ring E(R).

COROLLARY 3.8. For a Baer ring R, let E(R) be its Boolean ring of central
idempotents. Then there is a commutative diagram of continuous maps

1
Min Spec R Min Spec R
inclusionl x 1,
Spec R Max E(R)
P » P n E(R)

In particular, the injection x — I,.:Max E(R) - Min SpecR is an isomor-
phism (Kist [55)). |}

The patch topology on Spec R. As HOCHSTER has shown [39] and as was
known to GROTHENDIECK, there is another universal way of associating a
Boolean space with any commutative ring R with identity. Indeed, on
Spec R, the quasi-compact sets S(a) = {I e Spec R|a¢ I} and their com-
plements h(a) generate a zero dimensional compact Hausdorff topology
on Spec R; the Boolean space with this so-called patch topology will be
denoted by Spec,R. (The significance of the patch topology for the spec-
trum of lattices and its general background was investigated in [45].)
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We apply the general construction 1.4 to B = Spec,R and to the family
{K,|I € Spec R}, K; = I. The basic neighborhoods of I in B are given by
U(ag;ay, - --»a,) = S(ag) nh(a)) N+ " h(a,) with agé¢l, a,,...,a,€l.
Now aeK(U(l;a)) = (\{JeSpecR|1¢J, aelJ}; hence I=K,
€ User K(U(1;0) €Usew K(U) = K;, where U ranges through all
B-neighborhoods of I. The canonical construction of §1 therefore enables
us to introduce a topology on E = ( J{R/I|I € Spec R} which makes the
obvious map «:E — Spec,R a sheaf projection of a sheaf 9 of integral
domains. The topology is generated by the sets #(Spec R) with 7:Spec R
— E given by #(I) = r + I. The Gelfand map r & #:R — I'(®) is injective,
but not in general surjective. We denote by k; the quotient field of R/I and
denote by F the disjoint union {k,|I € Spec R}, and let B:F — Spec R be
the index projection. Set a # 0; then a(I) # 0 for I € S(a). In F we can form
(a|S(a))~! and then (b|S(a))/(@|S(a))~* for any be R. The images of all of
these local sections in F generate a topology which makes :F — Spec,R
into the projection of a sheaf # of fields. Then #(Spec,R) is a commutative
von Neumann regular ring with identity and Spec,R is naturally isomor-
phic to its spectrum (1.31, 3.1). Moreover, it contains a copy of R/Rad R,
with Rad R = ["|Spec R. This yields a portion of the following result, which
is due to WIEGAND [96], with some parallel developments by OLIVIER:

THEOREM 3.9. Let R be a commutative ring with identity,and let B = Spec,R
be the spectrum of R with HOCHSTER’S patch topology, which makes it into a
Boolean space. Then there is a sheaf of integral domains @ and a sheaf of
fields F over B with @ = & such that 2, = R/I and &, is the quotient field
of R/I. The map R — 9(B) — % (B) is a homomorphism into a regular ring
Reg R = #(B) with spectrum isomorphic to B. The kernel is precisely
(\Spec R. The assignment Reg is a functor from the category of commutative
rings with identity into the subcategory of regular commutative rings which
is left adjoint to the inclusion functor, i.e. every morphism from R into a
regular ring factors uniquely through Reg R.

Since & as a sheaf of simple rings over a Boolean space has a Hausdorff
sheaf space by 1.30, then & has a Hausdorff sheaf space. Then Z(B) is a
Baer ring and 2 is the PIERCE sheaf of 2(B). After 3.4, 2(B) is also weakly
1-hereditary. If R denotes the image of R in 2(B) obtained through r — 7,
and if E(2(B)) denotes the Boolean ring of all idempotents, i.e. characteristic
functions of 2(B), then it is easy to see that 2(B) = R - E(2(B)) (by which
we mean the ring of all linear combinations ) r;-e; with r,e R and
e; € E(2(B))). In particular every semiprime commutative ring R with
identity is contained in a Baer ring S which is generated by R und the
idempotents of S. Such a super ring S is called a Baer extension of R. Thus
we have
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COROLLARY 3.10. The ring 2(Spec,R) is a Baer extension for any commu-
tative ring R with identity.

Baer extensions as such, however, can be obtained in a more economical
fashion. On the subset Min R = {P e Spec R|P minimal in Spec R} the
hull-kernel topology and the patch topology agree since Min R N S(a) is
open and closed by 1.29, 1.32.

Since every prime ideal is contained in a minimal one, (\MinR
= (\Spec R. If we denote by 2’ = 9|Min R the restriction «~ !|Min R:
o~ !'Min R — Min R, then &’ is a sheaf of domains over a zero dimen-
sional Hausdorff space with zero dimensional sheaf space. In particular,
r b #|Min R:R - 2'(B) is a homomorphism of R into a Baer ring with
kernel Rad R = (\SpecR.

KisT [55] has in fact shown the following result:

COROLLARY 3.11. The subring R’ of 2'(Min R) generated by the image of
R — 2'(Min R) and the characteristic functions of Min R n S(a), a€ R, is
a Baer extension of R/("\Spec R. If Min R happens to be compact (which is
the case if for any a€R there is an x € R with a* = x** by a result of
HENRIKSEN and JERISON [38]) then R’ = 2'(Min R).

K EIMEL [52] suggests a different process: For a commutative ring R with
identity he considers the complete Boolean lattice L of annihilators 4*,
A < R. With each maximal ideal M of L he associates the ideal I(M)
= (J{JIJ € M} which he shows to be in Spec R. Then M + I(M):Spec L
— Spec, R turns out to be a continuous map. The image X of this map con-
tains Min R and is compact. KEIMEL considers the pullback sheaf of D|X
over Spec L — Spec,R and obtains its ring of sections as a Baer extension.
This extension is, in fact, a complete Baer ring in the sense that the anni-
hilator of every subset is generated by a central idempotent.

Independently from KEIMEL, DAVIS [22] has described the same process
in more general form by introducing axiomatically an orthogonality rela-
tion on R and thereby introducing a complete Boolean lattice in the lattice
ideals of R. DAvIs also gives a characterization of the subspace X SSpec,R:
Indeed a prime ideal I € SpecR is in X if and only if (1) a, b eI implies
(a** + b*4)tL (= Lub. of a** and b** in the Boolean lattice of polars)
c I, (2) ael implies a* # (0). DAvIs also shows that X = Min R if and
only if for all a,be R there are a’ € at, a” € a** such that be(a’ + a")**.

§4. Sectional representation of lattice-ordered structures. In the case of
rings we saw that a general representation theory by sections in sheaves is
available and observed that it is particularly satisfactory for special classes
of rings which have either particular algebraic properties such as commu-
tativity, biregularity, etc. or particular spectral properties such as Haus-
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dorff structure space. There is, however, a wide class of rings which in view
of additional structure has a very gratifying sectional representation theory,
namely, the class of rings with lattice structure.

Generalities. An excellent source of reference for this material is
KEIMEL’s set of Tulane Lecture Notes [54].

DEFINITION 4.1. A lattice-ordered ring (briefly /-ring) is a ring R with a
lattice order such that for all a, b, ce R we have

(1) asbimpliesa+c=<b+c,

(2) a = bund 0 = ¢ imply ac < bc und ca < cb.
Note that this includes the case that all products ab are 0, in which case (2)
is trivially satisfied. Thus the case of lattice ordered abelian groups
(i.e. commutative groups with a lattice order satisfying (1)) is included.

The Il-rings clearly form a category | whose morphisms are ring mor-
phisms and lattice morphisms. The kernel of an l-morphism is called an
l-ideal; they are exactly the ring ideals which are order convex sublattices.
One of the fundamental facts, which make the ideal theory of Il-rings
exceptionally pleasant is the following:

THEOREM 4.2. For an I-ring R the set of all l-ideals is a complete distributive
lattice relative to intersection and sum.

The place of prime ideals in general ring theory is taken by the irreducible
ideals in the case of [-rings.

DEFINITION 4.3. An [-ideal [ is irreducible if for any pair J, K of l-ideals
JnK c I implies J €I or K € I. The space of all irreducible proper
l-ideals of R with the hull-kernel topology is denoted by Irr R. Every l-ideal
I of R which is maximal in the collection of all I-ideals of R which do not
contain a fixed, but arbitrary element a € R is irreducible.

PROPOSITION 4.4. For every l-ideal I we have I =(\{JelrrR|I = J}.
The hull-kernel topology is generated by the basic sets S(a) = {I e Irr Rla¢ I}
as it was in the case of Spec R. If we set S(A) = {Ielrr R|A & I} for A S R,
then the function I — S(I) is a lattice isomorphism from the lattice of all
l-ideals of R onto the lattice of open sets of Irr R. (This is reminiscent of the
situation of Spec R for a commutative ring R with identity.) The sets S(a),
a € R are exactly the quasi-compact open subsets of Irr R.

For details about all of these facts we refer to KEIMEL [54].
Sheaves of I-rings and Keimel’s main theorem.

DEFINITION4.5. A sheaf of I-rings is a sheaf of rings all of which are /-rings
and in which the lattice operations are continuous. Clearly, in a sheaf of
rings, all full sets of sections over a subset of the base space form an /-ring
under pointwise operations.
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For a space B < Irr R and I € B we can define

I = Urev (U, where U ranges through the neighborhoods of I

45.1. in B.

Clearly
452. I=1{J)NS).

agl
(Compare 1.4.3 and 1.12.2). We also have an analog of KEIMEL’S Lemma
1.14.

LEMMA 4.6. Let B be an arbitrary collection of irreducible l-ideals in an
I-ring R, let I be an l-ideal and A a subset of R. Then the following conditions
are equivalent :

(1) I =S(A).

(2) I is the largest l-ideal with (A)n 1 < ﬂB, where (A) is the l-ideal
generated by A.

The proof is analogous to the proof of 1.14.  We again denote (\S(A4)
with A3 and write ap in place of (a);. The general construction 1.4 applied
to R and the family B produces a sheaf # of I-rings, p: E — B with stalks
E; = R/T x {I} = R/I, where

46.1. I={)as.

agl
The Gelfand morphism r + #:R — Z(B) = I'(p, B) is an I-morphism with
kernel ﬂB by the equivalent of 1.7. There is, however, in the current situa-
tion one aspect which goes beyond Theorem 1.15; KEIMEL shows that we
can find a larger support system ® (1.9) such that £ is ®-soft and that R
contains I'g(p, B). Indeed KEIMEL proves the following:

LeMMA 4.7. Let B < Irr R be a subspace such that each proper l-ideal
I =R is contained in some J € B. Let a € I'(p, X) for X closed and quasi-
compact in B. Then 6 = #|X for some r € R. Further, if ® denotes the col-
lection of all quasi-compact closed sets, then Tg(p, B) = R.

INDICATION OF PROOF (SEE [54] FOR DETAILS). We assume without loss of
generality ¢ = 0. The method of §1 gives a finite cover X < U, u---u U,
by open sets of B and elements a,,...,a, € R such that ¢|X N U, = a,JX
NnUfork=1,...,n Let ay = 0, U, = B\X. Without loss of generality
we may assume a; = 0. If I, = (\(B\U,), k = 0,..., n, then the hypothesis
about B implies R=1,+---+1I,. Let b=qgy Vv :--va,20; by a
property which can be established for all l-rings one can find elements
bel,,0<b,k=0,...,n,suchthatb=>by v --- v b,.

Finally define a = (a, A by) Vv --- Vv (a, A b,). Then one can show that
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(6 — a]X)(X) = Rad E n p~}(X), whence ¢ = a|X by 1.8. If ¢ is a global
section with support X, then @ = o if a is constructed as above.  Thus
one obtains the following theorem:

THEOREM 4.8 (KEIMEL’S representation theorem for l-rings). Let R be an
l-ring and B < Irr R a space of irreducible ideals such that every proper
l-ideal of R is contained in some I € B. Let ® be the support system of all
closed quasi-compact subsets of B. Then there is a ®-soft sheaf of l-rings
R, p:E - B with stalks #; = R/I, T = | ¢ ag, where ag is the maximal
l-ideal J with (a) nJ = (\B. There is an exact sequence 0 — (\B — R
— Z(B), and the image of the last map contains T'g(p, B). If B = Irr R, then
(\B =0, and a3 = a*.

COROLLARY 4.9. If L is an l-ring with a formal unit (i.e. an element which
is not contained in any I € Irr R; an identity is a formal unit), then R is iso-
morphic to the full l-ring of global sections in a sheaf of I-rings R/I over
Irr R. Indeed, for a formal unit u the space S(u) = Irr R is quasi-compact.

Local I-rings. We will call an l-ring R a local l-ring (KEIMEL: quasi-
local) if it has exactly one proper maximal ideal containing all other proper
ideals. The developments of 1.25 ff. carry over to the case of l-rings and
show that Z is a sheaf of local [-rings if and only if Max IrrR —» IrrR is a
Hausdorff embedding. (See 1.26.) In this case all ideals I are I-primary for
IeMaxIrr R, ie. if J 1 is such that R/J is a local l-ring with unique
proper maximal ideal I/J, then I = J, and R/I is a local l-ring. 1.29 carries
over from Spec R to Irr R without change.

We also have an analogue of 1.30:

PROPOSITION 4.10. Let R be an I-ring and Max Irr R <€ B g Irr R. Then
the following statements are equivalent :

(@ I=1forallleB.

(b) All S(a), a€R are (open and) closed, in fact they are compact.

(c) Bisa zero dimensional Hausdorff space, B = Max R, and & is a sheaf
of simple l-rings (i.e. nonsingleton l-rings with proper nonzero l-ideal) with a
Hausdorff sheaf space.

(d) & is a sheaf of simple l-rings.

In any l-ring R the principal l-ideal (a) generated by aeR is a direct
factor iff (@) + a* = R. If every principal l-ideal in R is a direct factor, we
call R a biregular I-ring (KEIMEL: quasi-regular). We then also have

COROLLARY 4.11. In 4.10 the conditions (a)—(d) are also equivalent to
(e) R/(\B is a biregular I-ring.

Keimel’s Boolean decomposition theorem. The analogy between the
theory for rings and the theory for I-rings can be carried much further. As
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an example, one observes that the special properties of the lattice of I-ideals
(see 4.2) allow a particularly efficient application of the Boolean decom-
position principle 3.3. In fact we have a precise analogue of PIERCE’S
Theorem 3.5 which can be obtained from 3.3 and which KEIMEL derives
from a slightly generalized version of 4.8. In the case of arbitrary rings R
with 1 we had to apply the Boolean decomposition principle to the Boolean
lattice E(R) of central idempotents; we could replace E(R) by the Boolean
lattice U, (Spec R) of open closed sets of Spec R only in the special cases of
commutative or semiprime R. From Proposition 44 it follows, however,
that for I-rings O (Irr R) is exactly isomorphic to the Boolean lattice of all
direct factors of R.

THEOREM 4.12 (KEIMEL’S decomposition theorem for l-rings). Let R be an
I-ring. Then there exists a sheaf A~ of I-rings over the maximal ideal space
B = Spec(0,(Irr R)) such that the following conclusions hold :

(@) The stalk A, is given by A, = R/X, where the I-ideal X is given by
X = J{NUIU e ¢(Irr R), U ¢ x} and is directly indecomposable, i.e. Irr A,
is connected.

(b) The Gelfand morphism R — A (B) is an isomorphism.

(c) The map ¢ :Itr R — B with ¢(I) = {U € O(Itr R)|I ¢ U} is a quotient
map and is the Booleanization of Irr R (which collapses exactly the quasi-
components of Irr R (see discussion preceding 3.4)).

(d) If I €Xrr R, then ¢(I)” = | J{J|J is a direct factor of Rand J < I} and
the family . A ) = & = R/I defined by the inclusion ¢(I)” < I give a
morphism A — R with # as in 4.8.

S-rings. In the case of arbitrary rings we obtained special results for the
subclass of commutative rings. Analogously, within the class of I-rings one
has a subclass which plays a similar role as the class of commutative rings
in the class of all rings, namely the class of f-rings.

DEFINITION 4.13. An [-ring R is called an f-ring if a A b = 0 implies
aAnbc=ancb=0forallab,c20inR.

For our purposes, the following results are the most crucial ones (see
KEIMEL [54)).

PROPOSITION 4.14. If I is a proper I-ideal in an f-ring R then the following
conditions are equivalent :

(a) R/I is totally ordered.

(b) IelrrR.

(c) (Resp.(c))a A b = 0impliesaelorbelforalla,beR resp.,forall
a,beR with a,b = 0).

Since (\Irr R = (0), an [-ring is then an f-ring iff it is a subdirect product
of totally ordered rings. For an f-ring R and I € Irr R the subspace {I}~
= {Jelrr R|I €J} is totally ordered under inclusion.
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PROPOSITION 4.15. If I and J are incomparable elements of Irr R for an
f-ring R, then I and J have disjoint open neighborhoods in Irr R.

With reference to 1.26, 1.27 we formulate

COROLLARY 4.16. For an f-ring R the inclusions Min Irr R — Irr R and
Max Irr R — Irr R of the space of minimal (resp. maximal) irreducible ideals
are Hausdorff embeddings.

In particular, for Max Irr R < B < Irr R the sheaf Z# is a sheaf of local
f-rings. Another feature of commutative rings, namely, that I = I charac-
terizes the minimal prime ideals, yields an analogue for f-rings:

PROPOSITION 4.17. The following statements are equivalent for an irreduc-
ible ideal I of an f-ring R :

@@ I=1I

(b) ael iff a* ¢ for all aeR.

(¢) IeMinlIrr R.

This result is due to the fact that for principal [-ideals in an f-ring we
have what amounts to condition (K) preceding 1.32:

Indeed (@) » (b) = (a A b) for all a,be R with a,b = 0. This naturally
leads to a sectional representation theory of f-rings over its minimal ideal
space which is similar to what we commented on in the corresponding
context with commutative rings, Baer rings, etc. (see KEIMEL [54, 6.9]); the
analogue of the Baer rings are the so-called projectable f-rings, i.e. f-rings
in which every principal polar a’ is a direct factor. The pertinent sheaf
representation theorems are given in KEIMEL [54, 6.12, 6.13]. It should be
mentioned that HOCHSTER’s patch topology on the spectrum of a com-
mutative ring has an analogue for all f-rings.

Investigations along these lines have been undertaken by S. J. BERNAU
for I-groups. In any case, for an f-ring R, the space Irr,R of all irreducible
ideals with the patch topology (generated by all S(a) and all h(a)) is a locally
compact zero dimensional Hausdorff space. The analogue of the sheaf in
3.9 exists and is a sheaf of totally ordered f-rings over a locally Boolean
space. This yields an embedding of any f-ring R into the ring of global
sections in a sheaf of totally ordered f-rings over a locally compact zero
dimensional space, which is a projectable f-ring which is generated by the
image of R and the idempotents of the embedding ring. (Compare 3.9 ff.)

It should be recorded that a sectional representation theory for distri-
butive lattices with 1 and O has been carried through in complete analogy
to the GROTHENDIECK theory for commutative rings by BREZULEANU
DiaconEescu [12], [13] and, independently by SELESNICK [75]. With each
lattice these authors construct a sheaf of local lattices (i.e. lattices in which
the complement of {1} is an ideal) over the space of prime ideals and show
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that the lattice is isomorphic to the lattice of all global sections in this sheaf.
The relation between this theory and the character theory for lattices by
KEIMEL and the author have not been systematically investigated.

§5. The foundations of the general theory of sectional representation. In
this section we attack the problem of finding a general theory of sectional
representation which, on one hand, subsumes the applications which we
saw in earlier sections, but is likewise suitable to represent topological
rings and algebras by topological rings of continuous sections. Since the
concept of a sheaf is ostensibly too narrow as we need nondiscrete stalks
in whatever more general mathematical object we hope to operate. For
some of the technical details we refer to DAUNS and HOFMANN [20] where
Dauns and I tried such a general theory for the first time. The emphasis has
shifted from certain points to others, and this change is reflected in the fol-
lowing presentation. Some of our discussion may seem unnecessarily
general; on the other hand it shows exactly why sectional representation
techniques work in special cases. A slightly different approach based on
topological rather than our uniform structure consideration has recently
been offered by Mack [62a].

Uniform fields. We first pave the way for the concept of a field of uniform
spaces which generalizes the idea of a sheaf of sets in the desired direction.

DEFINITION 5.1. Let w;:E;, —» B be surjective functions, i = 1,2. We
denote with ©, v n,:E, v E, — B the fibered product of E, and E,; in
other words E, v E, is given by the pullback diagram

Py
El \2 EZ——’EI

N

E,——B
n
and m; v m, = mp;, i = 1,2. (In terms of elements E, v E, = {(x,, x,)
€ E, x E,|m (x,) = m,(x,)}, and p,(x,, x,) = x;.) This concept, of course
generalizes immediately to any family {r,i € I} of surjective functions onto
B. If n:E — B is a surjective function, then a field uniform structure is a
filter U on E v E such that the filter [U] generated by H on E x E is a
uniform structure of E.

An alternative description follows: If a family of uniform structures ,
of n~!(b), b € B, respectively, is given, then we obtain a unique structure I’
of the disjoint union E of the n~!(b), such that the uniform space (E, ') is
the coproduct of the uniform spaces (n ~!(b), 2,) in the category of uniform
spaces. The filter U of all U n (E v E), U e W, is a field uniform structure,
and every field uniform structure may be so described. We note [] = U,
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Thus the difference between a field uniform structure and a coproduct uni-
form structure is purely technical and motivated by the field theoretic
applications; indeed the concept of a field uniformity will allow us to speak
later of “vertical closeness, i.e. closeness on the fibers n~!(b)”. In a shealf,
however, the entire topological structure of the sheaf space is “lateral” and
we must imitate and generalize this idea until we arrive at the right
synthesis generalizing both the concept of a bundle and the sheaf.

DEFINITION 5.2. Suppose that z: E — B is a continuous surjective map of
topological spaces. If V is an open subspace of B then a local section over V
is a continuous map o: V — E such that no is the inclusion map V — B. If
V = B then o is called a global section or just a section. The set of all sec-
tions is denoted by I'(rn), the set of local sections over V by ['(V, n). If
a:V —> B is a (not necessarily continuous) function with ne = inclusion
V — B, then ¢ is called a serration over V. The set of serrations over Vis
denoted by S(V, n). We write S(n) = S(B, n).

The sections are the device to make precise what one means intuitively
if one speaks of “‘shifting a point of E continuously and laterally from one
stalk into a neighboring stalk.”

We will now single out those topologies on E which are particularly
suitable to accommodate the ideas of both “vertical closeness in stalks”
and “‘continuity of lateral shifts.”

DEFINITION 5.3. Let n:E — B be a surjective continuous function of
topological spaces and suppose that we have the following data:

(a) A field uniformity U for n;

(b) a set X of continuous local (and global) sections so that E
= | J{im olo € Z} (with the image im ¢ of o).

For a member U € U of the field uniform structure and a section 6 €
we denote with U(o) the “tube” {x € E|n(x) € domain ¢, and (o(n(x)), x) € U}.
We will call (z, U),n:E — B a uniform field if the following condition is
satisfied :

(c) The neighborhood filter of a point x € E has a basis of sets of the
form U(s), U e U, 6 € X, a(n(x)) = x.

The sets E, = n~(b) are called the stalks of the field.

Trivial examples are given by constant fields n:F x B —» B with a
uniform space F, and 7 the projection. The field uniformity is the one
induced on the stalks F x {b} by the uniformity of F.

It is useful to observe that condition (c) has an equivalent version in
which an arbitrarily selected and conceivably much smaller family of
sections replaces the full set of local sections:

PROPOSITION 5.4. A continuous surjective function n: E — B together with
a field uniformity W is a uniform field if and only if the following condition
is satisfied:
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(c') There is a function x v o, from E into the set I of all continuous
local sections such that (i) 6,(x) = x and that (ii) the neighborhood filter of x
in E has a basis of sets of the form U(a,|V), where U ranges through a basis
of Wand V through an open neighborhood basis of n(x) in B.

(For a proof see [20, p. 4].)
Note that in general the sets U(o) need not be open.
The following is the immediate :

PROPOSITION 5.5. If (n, W), n: E — B is a uniform field, then w is an open
continuous map and therefore a quotient map. For any subset B' = B the field
uniformity induces a field uniformity W' for n':E' — B where E' = n~'B’ and
n' = n|E’, and with the restriction of local sections, too, one obtains a uniform
field (n', W), n':E' — B'. On each stalk n~'(b) the induced topology and the
topology defined by the uniform structure of E, originating from the field
uniformity agree.

LEMMA 5.6. On the set S(r) of all serrations we obtain a natural uniform
structure as follows: For each element U of the field uniform structure U we
define the set U < S(n) x S(m) to be the set of all pairs (o, 1) with (a(b),
©b))e U for all be B. Then the set {U|U €U} is a basis for a uniform
structure of S(m).

It will be understood from now on that S(r) (and accordingly all S(V, n)
for any open set V of B) have this uniform structure and that I'(r) and the
I'(V, ) have the induced uniform structure. Since completeness of uniform
spaces is the most basic of all pertinent general concepts we observe

PROPOSITION 5.7. Let (n, U), n: E — B be a uniform field. If all stalks are
complete, then S(rt) and I'(n) are complete; in particular, I'(r) is closed in S(r).

(Proof see [20, p. 7].)

We anticipate that (just as in the theory of function spaces) the idea of
boundedness will play an important role. Yet in the absence of base points
(such as we have in case of groups) the concept of boundedness in general
is a little more delicate.

Let (n, U) be a uniform field. If U e U and n is a natural number we
denote by U” the relation inductively defined by U" = U""'U,n > 1,
where juxtaposition of relations signifies the relation product. We then
define an equivalence relation on S(r) (resp. on I'(%)) by fy = {(o, 7)|there
is a natural number n such that (o(b), 7(b)) € U" for all b € B}. (In the uni-
form space S(n) there is a familiar equivalence relation ay,, relative to which
two elements ¢ and 7 are related whenever there is a finite sequence
0y = 0,...,0, =1 with (6;,0,_,)e U for i = 1,...,n, in other words if
(0, ) € U" for some n.) Obviously, a; < B, but the converse does not hold
(see [20, p. 9, 1.23]). We define p = ({By:U e U}.
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DEFINITION 5.8. Let (7, U) be a uniform field. We say that S(r) and I'(n),
respectively, are semiconnected if and only if S(n) and I'() have only one
fi-component, respectively. The relation f§ is called the semiconnectivity
relation.

We then have the following proposition:

PROPOSITION 5.9. Suppose that (n, W) is a uniform field. Then I'(r) is semi-
connected if B is quasi-compact and all stalks E, are connected.

For the applications of the theory to topological algebra the connectivity
of the stalks is a mild hypothesis since all real topological vector spaces are
connected. However, the assumption that the basis be quasi-compact is
unfortunately not satisfied often enough. We therefore are interested in the
possibility of singling out sections which should be called bounded.

It is exactly for this purpose that this semiconnectivity is introduced. We
will later have a distinguished section in a uniform field, namely the zero
section in a field of topological groups. The bounded sections then are
exactly the sections in the semicomponent of the zero section. That this
idea agrees with the more traditional idea of boundedness is most easily
recognized if the field uniformity for = is given by a functiond:E v E - R*
into the nonnegative reals which induces a metric on each stalk and is such
that the field uniformity has a basis of sets U, = {(x, y)€ E x E|d(x,y) < r}.
Then two sections are in the same semicomponent if for some real number
C we have sup{d(a(b), o(b))lbe B} < C. In this sense, Proposition 5.9
generalizes the traditional fact that continuous real valued functions on a
compact space are bounded.

In conventional function space theory, separation properties of the
domain space can often be expressed in terms of sections. Such conclusions
remain relevant in the context of uniform fields. The following definitions
are convenient :

DEFINITION 5.10. Let (n, M) be a uniform field. We say that the field uni-
formity U and a set £ of global sections are separating (resp. strongly
separating), if for two different base points b, c € B there are U €U and
sections ¢, 7€ X with a(b) = ©(b) such that a(c) ¢ U(r) (resp. a(c) ¢ U(r) ™,
the closure of U(g) in E). We say that U is smooth for X if for each ¢ € Z and
U €U there is a Vel with V(6)™ n n~'(domain ¢) = U(c). We then have

PROPOSITION 5.11. If in a uniform field, W and T'(n) are strongly separating,
then the base space is Hausdorff. If, in addition, W is smooth, then the base
space B is regular Hausdorff.

After we have inspected some of the properties of uniform fields and
their global sections, we turn to the question of the existence of uniform
fields. While, it is true, there are quite general existence theorems, the right
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degree of generality, which so far has sufficed for all applications I know, is
given by the setting of transformation groups, from which uniform fields
arise naturally. This we are discussing in the following:

DEFINITION 5.12. Let G be a group acting on the set E in detail: There is a
function (g, x) » gx:G x E —» E with 1x = x and (gh)x = g(hx) for all
x € E and all g, h € G with identity 1 of (G). Let B = E/G be the orbit space
and n: E — B the orbit projection.

Suppose that U is a field uniformity making (=, 1) into a uniform field.
We say that (n, ) is a homogeneous uniform field if all functions x > gx:
E — E, ge G are continuous and for each U e U and each g € G there is a
Ve U such that (gx, gy) e U for all (x, y) € V. We say that (=, U) is a uniformly
homogeneous uniform field if in addition, G is a topological group and for
each U el and each ge G there is a Vel and a neighborhood N of the
identity of G such that (gx, hy)e U for all (x,y)e V and all (g,h)e G x G
with hg~' e N. The group G is called the structure group.

It is clear that for a homogeneous uniform field the group G operates
on the set of serrations S(V, n) under (go)(b) = go(b), and that I'(V, n) is
invariant under G for all open V < B. One shows the following without
difficulty [20, p. 16].

PROPOSITION 5.13. If (r, W), 7: E — B is a uniformly homogeneous uniform
field with structure group G, then G is a topological transformation group of
E, the topology of B is the orbit space topology, and G acts as a topological
transformation group on I'(V, ) for all open V < B.

The noteworthy fact which figures prominently in applications is that
one has a general existence theorem for uniformly homogeneous uniform
fields. Indeed, suppose that G is a topological group and E a set on which G
acts on the left. We let 7: E — B be the orbit projection and assume that we
are given a set T of right inverses 6: B — E of 7 such that E = {o(B)|o e Z}.
The set X will be called a full set of serrations. We then define a filter on
E v E by the basic sets U’ = {(x,y)€eE v E|ye Ux} where U ranges
through the filter basis B of open identity neighborhoods of G. This filter
is called the field uniformity determined by the action of G. The collection
{U'(6)|U € B, o € } is a subbasis for a topology, called the field topology
determined by the operation of G. We then have the following principal
result:

THEOREM 5.14. If a topological group G operates on the left on a set E and
we have a full set  of serrations, which is invariant under the action of G,
then we have the following conclusions:

(1) G is a topological transformation group on E when E is given the field
topology determined by the operation of G.
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(2) The orbit space topology (quotient topology) on B and the finest
topology of B making all serrations o of X continuous agree.

(3) (m, ), m: E - B is a uniformly homogeneous uniform field.

(4) Foreach x € E let G, be the isotropy group of G at x. Then the function
Y, :G/G, = E,,, defined by ,(gG,) = gx is an isomorphism of uniform
spaces if G/G, has the right quotient uniform structure (given by the basic
entourages {(gG,,hG,)|he Ug} where U ranges through a basis of open
identity neighborhoods).

(5) If G has a basis of identity neighborhoods which are invariant under
all inner automorphisms (i.e. if the right and left uniform structure on G agree),
then the operation (g, x) - gx:G x E — E is uniformly continuous relative
to the right uniform structure of G and the uniform structure [U] of E (i.e. if
U € U, then there is an identity neighborhood N of G and a V e U such that
(gx, hy)e U whenever hg~' e N and (x,y)€ V). In other words, (m, ) is
uniformly homogeneous.

(6) If € and w are topologies on E and B such that (n, ), n:(E, &) = (B, w)
is a uniform field relative to which X is a set of sections, then ¢ is at least as fine
as the topology determined by the action of G, and w is at least as fine as the
topology given by (2) above.

The topology produced on the orbit space B by (2) has been called the
weak *-topology, but for reasons of conflict with established terminology
we call it the field *-topology or field star topology. A group G is called an
SIN-group (for small invariant neighborhoods) if it satisfies the hypothesis
of 5.14.5.

The canonical field. Recall that by 5.11 the group G operates as a topo-
logical transformation group on the uniform space I'(r) leaving the sub-
space X invariant. In most applications of Theorem 5.14 the data are
given in the following form: We have a topological group G and family
of subgroups K,, b € B; we define G/K, to be the space of right quotients
gK, and set E = {G/K, x {b}|be B} and let G operate on E by g(hK,, b)
= (ghK,, b). The orbit map may then be replaced by the function n:E
— B given by n(gK,, b) = b. We obtain a full set G of serrations §:B — E
by defining g(b) = (gK,, b), and G is obviously invariant under the action
of G. Thus Theorem I applies and provides a uniformly homogeneous
uniform field (r, X) which is unique in the sense of 1.14.6, and for which
G is a space of continuous sections. The function g — ¢:G — I'(n) is
uniformly continuous, and is injective if and only if ({K,lbe B} = {1}.
Even in this case the corestriction G — G of this function need not be open.

DEFINITION 5.15. If a uniformly homogeneous field (x, U) arises from a
topological group G and a family {K,|be B} of subgroups as described
above, then (n, W) is called the canonical field associated with G and
{K,|b € B}.
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In the canonical field whose topology is defined by a particularly
economic initial set of serrations G (which is just one orbit of the set of all
serrations under the action of G) we have some additional properties
which are worth noticing:

PROPOSITION 5.16. Let (n, U) be the canonical field associated with G and
{K,|b € B}. Then for any open identity neighborhood U of G the tube U'(g) is
open for any g€ G.

Each of the following conditions suffice for the field *-topology on the
base space to be Hausdorff:

(@) G\{J{Kylbe B} = (\{G\K,|b e B} has a nonempty interior W and for
different base points b,c € B we have K, K. n W # f or K. K, n W + .

(b) b # c in B implies K, # K, and (\{U'(1)"|U’ e U} = I(B).

(See [20, p. 17, 1.51 or p. 28, 2.26].)

Note that W = G\(| J{K,l|b e B})™ and that sometimes it is not too hard
to verify this condition; e.g. if G is a normed algebra with identity then the
group of units is open and fails to meet any ideal, so that this condition is
satisfied if all K, are ideals. The condition (K, + K,) n W # & would in
this case certainly be satisfied if K, and K, are two maximal ideals. In the
discrete case, of course W is just the complement of the union of the K,.

A frequent case in the applications is the case that the K, are actually
normal subgroups, in which case all stalks are topological groups in their
own right. This should give the field additional structure. We therefore
introduce the concept of a uniform field of topological groups.

DEerFINITION 5.17. Let (n, U), n: E — B be a uniform field such that the
following additional conditions are satisfied:

(a) All stalks E, are groups and the function (x,y) » x !'y:E x E > E
is continuous.

(b) The field uniformity induces on each stalk the left (resp. right) uni-
form structure given by the topological group structure of the stalk
induced by (a).

(c) For any Uel there is a Well such that (x,s),(y,t)e W and
n(x) = n(y) imply (x 'y, s~ 't)e U (resp., (yx~*,ts~ ') e V).

Then (=, U) is called a left (resp. right) uniform field of topological groups.

If all stalks are abelian groups, the distinction between the left and the
right uniform structures become immaterial.

PROPOSITION 5.18. If (r, W) is a uniform field of topological groups, then
for each open V < B the uniform space I'(V, n) is in fact a topological group
relative to the operations given by (¢~ '1)(v) = o(v)~'t(v) for ve V; and our
standard uniform structure on I'(V, n) is the left (resp. right) uniform structure
derived from this topological group structure.

If we now recall the concept of semiconnectivity of S(z) or I'(r) discussed
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in 5.8 we note that it may be shown that the relation of semiconnectivity is
a congruence on I'(n). Let I'’(n) denote the semicomponent of the identity
section 1. Then the sections in I'*(n) are called bounded.

PROPOSITION 5.19. The set T'%(n) of all bounded sections in a uniform field
of topological groups is a closed normal subgroup of I'(r).

By 5.7 we know that every section is bounded if the base space is quasi-
compact and all stalks are connected.

It is, however, not only the subgroup of bounded sections which plays a
role in the theory, but also the subgroup of sections which vanish at infinity
in a suitable sense. Indeed let § be a filter in B. Let I'y () be the set of all
sections ¢ such that the sets ¢~ *(U’(1)) where U runs through the filter of
neighborhoods of 1 in G generate a filter which contains $. In a loose way
we might say that ¢ € Iy (n) iff lim ¢ = 0. Then Iy (n) is a closed subgroup
of I'(n). Frequently § will be generated by complements of an ideal of
quasi-compact sets of B.

With the aid of the canonical uniform field associated with a topological
group and a family {K,|b € B} of normal subgroups we obtain the following
corollary to Theorem 5.14:

THEOREM 5.20 (The canonical existence and uniqueness theorem. DAUNS
and HOFMANN [20)). Let G be a topological SIN-group and {K,|be B} a
family of normal subgroups. Let E = | J{G/K, x {b}lbe B} and n:E — B
the function n(gK,, b) = b. Then there is a field uniformity W and there are
topologies on E and B such that

(1) (n, ), n: E — Bisauniformfield of topological groups and the topology
of E has the subbasic open sets U'(g), where U ranges through the open
neighborhoods of 1 in G and g € G.

(2) The topology of B is at the same time the finest one making n con-
tinuous and the coarsest one making all g:B — E continuous. It is given by
the subbasic sets {b|lg e UK,}, U and g as in (1).

(3) The function g v g:G — I'(n) is a continuous topological group mor-
phism with kernel (\{K,|b e B}. It is an isomorphism of topological groups
onto the image iff for any identity neighborhood U of G there is a neighbor-
hood V of 1 in G such that (\{VKybe B} = U. If G is connected, then
G < I'(n).

(4) The function g — (gK,,b):G — E,, is a quotient morphism of topo-
logical groups for each b € B.

(5) Thetopologies of E and B are minimal relative to the property of making
n:E — B into a uniform field relative to the field uniformity W and relative to
the requirement that all sections g, g € G be continuous.

We continue to call the morphism of (3) the Gelfand representation (or
Gelfand morphism).



344 K. H. HOFMANN [May

For the benefit of the algebraist we give a purely algebraic version of this
existence and uniqueness theorem:

COROLLARY 5.21 (DAUNs AND HOFMANN [20)). If G is a group and
{K,|b € B} a family of subgroups, then there is a unique structure of a sheaf
of groups on E = | J{G/K, x {b}|be B} relative to the function n:E — B
as sheaf projections so that the Gelfand representation g — g:G — I'(z) into
the group of all continuous sections is well defined, and which is the coarsest
with these properties. The topology in E is generated by the finite intersections
of the §(B), g € G as basis and the field *-topology on B is generated by the
projections of these sets.

For rings, this theorem was also established by MuULVEY [67]. Note that
the field *-topology on B is generated by the sets h(a), a€ G where h(a)
= {be Bla€ K,} whereas, in the ring case, the hull-kernel topology is in
fact generated by the complements S(a) = B\h(a). We should refer back to
3.9, where the patch topology appears as a refinement of the field *-topology
and the hull-kernel topology.

Mulvey’s adjunction. If R is a ring with identity and {I,|be B} a fixed
family of ideals such that the quotient morphisms R — R/I, separate, then
one obtains from Corollary 5.21 a sheaf n:E — B of rings with identity
with the stalks E, = R/I, x {b} = R/I,, and the Gelfand morphism
R — I'(w) is injective. This reduces the study of a ring R with a given sub-
direct representation and of the modules over such a ring essentially to the
study of ringed spaces n: E — B together with a subring R of I'(%) such that
{r(b)lr e R} = E, for all b e B. This is the approach which was worked out
in great detail by MULVEY [67]. Some brief indications of the essence of
this approach are in place, in particular since the problem of carrying a
similar program through in the case of fields has only had some tentative
beginnings such as the work of TAKAHASHI [79].

We write # for the sheaf of rings over the base space B and denote the
distinguished subring of #(B) by R. Let M be an R-module. We apply the
technique of 1.4 (which we will generalize in §6) to M and the family of
abelian subgroups {I, Mlbe B}. In other words we define K, =
Usev N{Is- Mlbe U} where U ranges through the neighborhoods of b
in B. The basic neighborhoods of b are given by h(F) = {ce BIF < I,}
where F is a finite subset of I,. Thus K, = {Jrc;, N{I.* MIF = L}.

We know from 1.4 that there is a sheaf of abelian groups over B with
stalks ., =~ M/K,. Just as in the discussion following 1.19 we obtain a
bilinear sheaf map # x # — ., which makes .# into an #-module.
However, due to the choice of a very specific topology on B, namely the
field star topology induced by the family of the I,,, we are in a better position
to identify the stalks ., as we were then (in §1) where an otherwise
unidentified topology was given on B.
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LEMMA 5.22. We have K, = I, - M and thus M, = M/(I, - M) for allbe B.

PrOOF. Trivially, K, = I,- M. We have to show the converse. Let
me I, - M; then there are elements r, e I,, m;e M, k = 1, ..., n, such that
m=Yr.-m. Now U = h{ry,...,r,} is a neighborhood of b in B and
celU means exactly r,el, for k=1,...,n This implies that
m=Yr.mel M, hence me ({I - Ml|ce U}, and therefore me K,.

The assignment M +— . is functorial on the category R-Mod of R-
modules and thus extends to a functor L into the category #-Mod of
R-modules. The assignment which associates with any £-module .# the
R-module #(B) of its global sections, is likewise functorial, where the
R-module operation on .#(B) is given by (r- o)(b) = (r + I,)- a(b) with
the R/I, = #,-module operation in .#,. Let us denote the functor
#R-Mod — R-Mod which we have thus defined by I'. If ./ is an arbitrary
#-module, then we can define a morphism ¢ ,: LT .# — 4 of Z-modules
by e 40 + I,- T.#,b) = a(b), since all sections in I, - I'.# vanish because
.#yis an R/I,-module. The claims that ¢ , is a sheaf and in fact an Z-module
morphism are readily checked. Let .# € #-Mod and N € R-Mod and let
f:LN - # by an #-Mod-map. Then we produce an R-Mod map f':N
— [/ by defining f'(n)(b) = f(n + I,- N,b), where ne N,be B. The
element (Lf')(n + I,- N,b)in LT 4 is given by f'(n) + I, ./ by the way
the functor L is defined on morphisms; if we apply ¢, we obtain
eq(f'(n) + I, T b) = f'(n)(b) which was exactly f(n + I, M, b). Thus
e,(Lf") = f, and f" is certainly uniquely determined by this relation. Thus
we have obtained a bijection f'— f': #-Mod(LN, .#) — R-Mod(N, I".#)
which precisely guarantees that L is left adjoint to I' in such a way that
&4 is the co-unit (= back adjunction).

The unit (= front adjunction) yy:N — I'LN is given by (1), where
1,n:LN — LN is the identity, and it turns out that it is exactly the Gelfand
morphism of N. Its kernel is (){I, - N|b e B}. We have thus established the
following result:

PROPOSITION 5.23 (MULVEY’S adjunction theorem [67), [68]). Let R be a
ring with identity and {I,|be B} a fixed family of ideals. Let & be the
canonical sheaf of rings with identity over the space B which is endowed with
the field star topology. Then the global section functor I for the category
R-Mod of R-modules over B into the category R-Mod of R-modules has a
left adjoint L which associated with each R-module M an #-module over B
with stalks (LM), = M/(I, - M). The front adjunction y,, :M — LM is the
Gelfand morphism with kernel (\{I,- N|be B}. The back adjunction ¢ ,: ./
— LT M is given by ¢ ,(c + I,-T" M, b) = a(b).

If we wish to apply MULVEY’s adjunction theorem to the developments
of §1, we arrive at the following conclusion: Let B < Spec R be a space of
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prime ideals of the ring R with identity such that (B = {0}. Let I,
= U,,F,, ag; then the field star topology on B which is used in the con-
struction of LR, is equal to or coarser than the hull-kernel topology by 5.21.
In the establishment of the MULVEY adjunction it was necessary that we
used the field star topology in order to obtain (LM), = M/(I,- M). In
general, the hull-kernel topology on B and the field star topology induced
from {I|I € B} do not agree. Indeed for the two topologies to agree, it is
necessary and sufficient, that for each I € B, and each hull-kernel neighbor-
hood U of I there is a field star neighborhood V of I contained in U;
equivalently for all I € B and all a € R\I there is a finitely generated ideal F
contained in I such that F = J, J B implies a¢ J. Let us observe that
F < I, if F is finitely generated, means that there is an a, ¢ I with F < aj
= a* (since (\B = {0}). Thus we have

LEMMA 5.24. If B is a set of prime ideals of a ring R with (\B = {0}, then
the hull-kernel topology of B agrees with the field star topology associated
with the family {I|I € B} if and only if for all 1€ B and all a¢ I there is an
element a, ¢ I and a finitely generated ideal F with F < at such that for any
J € B the existence of an a, ¢ J with F < a3 implies a¢ J.

While it is not so easy to see through this characterization of the equality
of hull-kernel and field star topology, certain sufficient conditions are
easier to understand. If, e.g., the hull-kernel topology is compact Hausdorff
and the field star topology is Hausdorff (see 5.16) then the two topologies
must be equal since compact topologies are minimal among Hausdorff
ones. Indeed we have the following

PROPOSITION 5.25. Let R be a ring with identity and B = Max R. Then
the hull-kernel topology and the field star topology induced by {I|I e Max R}
agree on B.

PROOF. Let I € S(a) = Sg(a) in B; then h(a) = hgz(a) = B\S(a) is closed
and hence quasi-compact in B, since B itself is quasi-compact. For every
J # I the set {I,J} is closed ih B, since B = MaxR is T,. Thus by 1.16,
there is an a; € R with a;e [ and a; — 1€J < J; in particular a, ¢ J. By
the quasi-compactness of h(a) we find elements a,,... ,a,,ef such that
h(a) < S(a;) v --- v S(a,). If we let F be the ideal generated by ay,...,a,,
then F = I and thus Ie {JeB|F = J} < h(F) = h({ay,...,a,}) = h(a,)
N ---n hia,) < S(a). Since {JeB|F = J} is a basic neighborhood of I
relative to the field star topology induced by {J|J € B}, this topology is
finer than or equal to the hull-kernel topology. The converse is always
true. Hence the assertion.

This proposition shows that MULVEY’s theory applies, e.g, to any
strongly semisimple ring R with identity and the ideal set {I|I ¢ Max R}. A
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proof which is completely analogous to the one in Proposition 5.25, but in
which the application of 1.16 is replaced by an application of 1.28 yields

PROPOSITION 5.26. Let R be a strongly harmonic ring with identity and
B = Max R. Then the hull-kernel topology and the field star topology
induced by {I|I e Max R} agree on B.

Thus, as another example, MULVEY’s setup works for all strongly har-
monic rings R and the ideal set {I|I e Max R}. This includes all weakly
biregular, hence all biregular and thus, in particular, commutative regular
rings. In this fashion one recovers the adjunction described by Pierce [72].

The property which was essentially used in the proof of 5.25 and 5.26
was in the first case a property of the ring R = %(B) of global sections in the
sheaf # and in the second case a property of the ring R = #'(B) of global
sections in &', namely that for a hull-kernel open neighborhood U of a
base point b there was a section a in R whose support is contained in U
and which takes the value 1 in b (see 1.16 ii and 1.28). If, more generally, R
is a subring of %(B) for a ringed space &, then MULVEY calls R completely
regular in Z if it has this property and if, in addition, the base space B is
Hausdorff. The ring R is called compact in Z if it is completely regular in #
and the base space is compact. In the latter case one has necessarily
R = A(B) [67]. Compactness of R in £ for a completely regular R in £ is
equivalent to saying that every maximal ideal of R contains some I,
= {ae R|a(b) = 0} [67, 7.1] and in addition these conditions are equiva-
lent to the condition that the adjunction (L, T’) of 5.23 is an equivalence
[67, 8.1]. This, then, applies not only to all strongly semisimple harmonic
rings R with identity and the family {i |I e Max R}, but also, in view of
what has been said above, to all strongly harmonic rings R with identity
and the family {I|{I € Max R}. If MULVEY’s arguments should not depend
on the Hausdorffness of the base space, we would in fact have that (L, )
is an equivalence for all strongly semisimple rings with identity whether
they are harmonic or not.

§6. Given topologies on the base space. In §5 we have seen that the
problem of sectional representation has a general and in some sense
canonical solution. One of the most unsatisfactory features is that in the
most interesting cases (such as the representation of rings by a family of
quotients modulo prime ideals) we are given a topology on the base space
(such as the hull-kernel topology in the case of rings and prime ideals). We
would naturally prefer to obtain a field or sheaf over the given base with
its given topology (and not necessarily with the field *-topology). The
theorems about the canonical fields in §5 tell us directly when sectional
representation over a given topological base space is possible: This is the
case if and only if the given topology is equal to or finer than the field
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*-topology. This, unfortunately, is rarely the case in the applications which
arise in ring representation since the hull-kernel topology is generated by
S(a) = B\h(a). In this section we will discuss a method which will allow us
to amend the situation in an optimal way. In the algebraic situation we
encountered this in §1; it deserves to be called the method of topological
localization and we maintain the name even for the somewhat more com-
plicated analytical case. The essentials of this method have been presented
in [20, p. 40 .}, in a systematic fashion; but the present viewpoint is just a
trifle different.

Localization. Let (n, U), n: E — B be a uniform field, and let B be a subset
of a topological space C. Let £ = I'(n) be a full space of global sections.
For any ce C we consider on X the equivalence relation R, defined by
o Rz if and only if for each U el there is a neighborhood V of ¢ in C
such that (o(v), 7(v))e U for ve VN B. Let E, = £/R. x {c} and define
E = (J{E, x {b}|ce C}. The projection 7:E — B is given by #(%, c) = c.
For each section o € X we obtain a serration ¢:C — E via the definition
6(c) = R(0). It is clear that the set £ = {6|oceX} is full, ie. that E
= (J{6(C)|c€ C}. Let now U € U. For technical reasons only let us say
that two sections ¢ and 1 of X are U-close at c € C if there is a neighborhood
W of ¢ in C such that b e B n W implies (a(b), t(b)) € U. We now define two
subsets UC and U of E v E as follows:

(i) US = {(%,7)eE v Elo and 1 are U-close at #(X) = #(j) for all
(6,7)€X X j},

(iiy US = {(%,y)e E v E|o and t are U-close at #(X) = () for some
(6,7)eX x j}.

Let us keep the following observations in mind:

LEMMA 6.1. The sets {US|U e U} and {US|U e U} generate the same
field uniformity W for #:E - C.

The proof rests on the fact that for a given U e I we may pick a Vel
with V.= V~'and VVV < U and show that V{ = U€ < U [20, p. 41).

The following lemma is purely technical. It is, however, quite useful in
the sequel.

LEMMA 6.2. Let W be an open set in C and suppose that for two sections
o,7€X one has Wn B = {be B|(a(b), t(b)) € U} for a given U e . Then
(6(c), #(c)) € US for all ce W. Conversely, if (6(c),%(c)) e US for all ce W,
then (a(b), t(b)) e U for be BN W.

PROOF. (a) We recall é(c) = R.(0) and 7(c) = R.(t). By the definition of
U§ we have (R (0), R (1)) € US if there is a neighborhood N of ¢ in C such
that be N n B implies (a(b), 7(b)) € U. Since we may take N = Wifce W,
this condition is satisfied for ce W.



1972] REPRESENTATIONS OF ALGEBRAS BY CONTINUOUS SECTIONS 349

(b) For the converse, observe that (R (a), R,(t)) € UC implies that 6 and ©
are U-close at c¢. This immediately yields the converse.

Note that it follows from 6.2(a) that 6 and % are f-related if ¢ and 7 are
B-related (see discussion preceding 5.8).

According to 5.6 the set £ of serrations for # inherits from I a uniform
structure, and we will from now on tacitly assume that £ is equipped with
this uniform structure. We then also have the lemma:

LEMMA 6.3. The function ¢ +»&:Z — £ is an isomorphism of uniform
spaces. If T is semiconnected, so is £.

PROOF. Let U € U. If (a(b), ©(b)) € U for all b e B, then (&(c), 7(c)) € U§ for
all ce C by Lemma 6.2; and if (6(c), #(c)) € U€ for all c e C, then (a(b), (b))
e U for all be B.

We have now associated with a space T of global sections in a uniform
field (n, W), n: E — B and with a space C with B = C a candidate for a new
uniform field, namely (%, ), #:E — C such that the given space I is
isomorphically injected into I'(%). We are, however, lacking a field topology
on E. Such a field topology is secured in the following lemma:

LEMMA 6.4. As 6 runs through all sections of £ with 6(#(X)) = %, W through
the collection of open sets of C, and U through 1, the resulting family of
tubes U(6|W) is a basis for the neighborhood filter of x relative to a field
topology on E for 7. This field-topology induces on the stalks E,, b e B, the
quotient topology associated with E, = Z/R,.
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PRrOOF. Let U €Ul and pick Ve U so that VV < U. Let j e VE(6|W). By
the definition of V this means that for all 7 € j, the sections ¢ and 1 are
V-close. Thus, for every such 7 there is an open neighborhood N = W of
#(§) in C such that b e N n B implies (a(b), 1(b)) € V. We claim that VE(Z|N)
< US(6|W). Indeed let Z € VE(Z|N). If p € Z, then t and p are V-close at #(Z),
i.e. there is an open neighborhood M = N of #(%) in C such thatbe M N B
implies (t(b), p(b)) € V. Since (a(b), t(b))e V for all be N n B, we have
(o(b), p(b))e VV < U forallbe N n B. Thus by Lemma 6.2, (6(c), f(c)) € UC
for all c e M, and since g(7(Z)) = Z because of p € Z, the claim is established.

Thus we have associated with each % € E a filter basis B(x) of sets, and
we have found for each 4 € B(X) an A’ € B(X) with 4" = A such that for any
ye€ A’ there is a Be B(y) with B < A.

A set Q in E is now called open if for each % € Q there is an 4 € B(X) with
A € Q. This stipulation defines on E a topology so that B(%) is a basis for
the neighborhood filter of X.

Let now beB. A set § < E, = £/R, x {b} is open in the quotient
topology iff the full inverse image S is open in X; this is the case iff for
each oeS there is a Ue U such that U(s) = S. But 7€ U(s) means
(a(b), T(b)) € U for all be B, hence (6, %) € US by 6.2. But the point 6(b)e S
has a basis of neighborhoods of the form (U$)(6) N E, in E; relative to the
induced topology of E. It follows that S is open in X iff § is open in E,
relative to the induced topology.

DEFINITION 6.5. If (=, U), n: E — B is a uniform field and X a full set of
cross sections, and if B = C where C is a topological space (whose topology
does not necessarily induce the field star topology of B). Then the uniform
field (%, M), 7 : E — C is called the field obtained by localization of = over C.
The isomorphism £ — £ is called the isomorphism induced by localization.

REMARK. The construction can be carried out for an arbitrary function
¢:B — C into a topological space instead of the inclusion function (see
Dauns and HOFMANN [20] and, for sheaves, K EIMEL [54]).

Let us observe at this point that after the canonical field associated with
a group action this is the second instance of a canonical construction of a
field.

The group case. Now let us immediately turn to the case of group actions
recalling that for this case §5 provided the best general results. Let us
assume then that (n, U), n:E — B is the uniform field associated with a
group action on the left of E and a full set Z of serrations which are invariant
under G (see 1.15). It is not hard to see that the group G with its action on
permutes the cosets of the equivalence relation R, for any c e C (see [20,
pp- 46,47]) and that we therefore obtain an operation of G on the left of E by
g(b, R(0)) = (b, R.(g0)). Moreover, £ is clearly invariant under the action
of G on the serrations of 7. We now observe that we have two field uni-
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formities for 7: Firstly the field uniformity 3l constructed in 6.1 and
secondly the field uniformity U determined by the action of G (see remarks
preceding 5.14). The latter field uniformity has a basis of elements Uy
= {(%, 7)€ E v E|j e Ux}, where U ranges through the identity neighbor-
hoods of 1 in G. Again we let U’ = {(x,y)e E A E|ye Ux}. Denote
the neighborhood filter of ¢ in C with W(c). Then 7€ j and (%, ) e (U')§
means

(1)  Boex)@WeW(#(X)) (Vbe Bbe W = (Jue U) 1(b) = ua(b).

On the other hand, (X, y) € U; means that there is a u € U with j = uX. Thus
ey and (%, ¥) € U; means

) (Jo € X)(3u e U)(Vb € B)t(b) = ua(b).
Since trivially (2) implies (1) we have e,
We now concentrate our attention on canonical fields.

LEMMA 6.6. Let (n, U), n: E — B be the canonical uniform field associated
with G and {K,|b € B}, and suppose that B = C, where C is a given topo-
logical space. (Recall that we do not assume that B is a subspace!) For
ce C let W(c) again be the neighborhood filter of ¢ in C. Then K, =
No Uw e UKy, be W B, We(c), U e G (the neighborhood filter of
the identity of G) is a subgroup of G.

We consider three fields:

() the uniform field (&, W), #:E — C obtained by localization by G
over C,

(b) the canonical field (n*,U;),n*:E* — C* associated with G and
{K.|ce C}, where C* is the underlying set of C with the field star topology,

(c) the field (n*,Ug), n* :E** — C** where E** has the same under-
lying set as E* with the topology generated by the basic setsn™ (W) V, W
open in C, Vopen in E*, and where the topology of C** is the least upper
bound of the topologies of C* and C.

Then we have a commutative diagram of continuous functions

lg ¢

E*e_  E** ___,F

(1) n#l n#j ln
l¢

C##— C# # N C
I¢
with ¢(gG, c) = (R(E), ¢). In fact ¢ is continuous (in fact uniformly on
stalks) and bijective. On each stalk, ¢ induces an isomorphism if G < I'(n)
is isomorphic (as uniform space) to G under the Gelfand morphism.

PROOF. Let ceC. The relation R, identifies g and 4 in G if for each
identity neighborhood U of G there is a We %(c) such that be Wn B
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implies (g(b), h(b)) € U’, which means exactly ge UhK,. Thus g R h iff
ge (\{UhK,lbe W B} for a suitable neighborhood W of ¢ in C. In
particular, R(1) = {geG|for any Ue® there is a WeW(c) with
ge {UKbeWn B} = Ny Uw Nsewnr UKy}. In order to see that
G. = {ge G|g e R(1)} is, in fact, a subgroup, we observe that G permutes
the cosets R(g) transitively under the operation of G on the left of G, since
G is transitive on G and respects R,. Thus R,(1) is the orbit of the subgroup
fixing R/(1) as a whole. This subgroup is precisely the set of g with g R, 1,
i.e. is K,. The function g » R(§):G — G/R, = E, factors through the space
G/R. of cosets gK,. We thus define a bijective function ¢:E* — E by
#@K,,c) = (R(2), c). Then the diagram (1) commutes. Since E. inherits
the quotient topology of G/R, by 6.4, the function ¢, in the diagram
g g

G—
(2)
E’ = G/R, TG/RC ~ E,

is continuous.

We identify E with E*# qua sets and write I for the field uniformity of E
transported to E* * . After a remark preceding (6.6) we then have Il < .
This implies the continuity of ¢. The remainder is clear.

Note that for each ge K, and each identity neighborhood U of G we
have a neighborhood W of ¢ such that ge [ \{UK,|be Wn B} which is
contained in UK, if ce B. Hence K, = ()y UK, = K, if ce B.

In the present situation let us describe explicitly the basic sets of . If
U € G, then the sets (U')¢ contain exactly the pairs (gK,, c), (1K, ¢) such
that for all g’ e gk, and h’e hK_ one has a We W(c) such that be W B
implies ' € Ug'K,,.

It follows that (E, 1) is a uniformly homogeneous uniform field. If all K
are normal, then the K, are normal (as follows rather immediately from the
definition of K,) and we have the following simpler description: (U’)°
= {(gK., o), (KK, ¢))| for all ge K, there is a neighborhood W of ¢ in C
such that be B n W implies he UK,g}.

Moreover, (7, i), #:E — C is a uniform field of topological groups.

The localization theorem. Let us formulate the principal results in the
following theorem:

THEOREM 6.7 (The localization theorem). Let G be an SIN-group and
{K,|be B} a family of normal subgroups. Let C be a topological space con-
taining B as a subset and let (n, M), n: E — B be the canonical uniform field of
topological groups associated with G and {K,|b € B}. Then there is a family
of normal subgroups K, = (\sUw (o UKy, where U ranges through the
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identity neighborhoods of G, W through the neighborhoods of ¢ in C and b
through B W, and for the surjective function #:E — C, E = {G/R,
x {c}|c € C} there is a field uniformity ) and a field topology on E such that
(%, W) is a uniform field of topological groups in which the stalks G/K, have
an induced topology which agrees with the quotient topology if the Gelfand
morphism maps G isomorphically onto G < T'(n). If be B then K, < K,. The
function § ~g:G - G < I'(n), with §(c) = gR., ¢) is an isomorphism of
topological groups. If G < (), then G < T'(%).

The field uniformity U; which is defined on E by the structure of a canonical
field associated with G and the family {K |c e C} of normal subgroups con-
tains 0. If G is discrete then (%, 1) is this canonical field and is, in fact, a
sheaf. In this case, K, = Uw (o Ky» W ranging through the neighborhoods
of cin C and b through B n W.

We will shortly say that (7, ) is the canonical field for G and {K,|b € B}
obtained from localization over C.

REMARK. We leave open the question of which circumstances would
generally enforce 2; = . The conditions given in [20, p. 48] do not seem
to be accurate.

If the two uniformities are the same, then the field star topology induced
on the set C by the canonical field is coarser than C, but otherwise this is
not clear. Note that for discrete G, i.e. in the sheaf case, we do have this
information. Note that we have recovered and in fact generalized to the
analytical case the Construction 1.4.

The case that C induces on B the field star topology of the field (r, U)
and that U is a separated uniform structure is particularly easy to visualize
(see [20, p. 42 fI.]).

PROPOSITION 6.8. If, under the circumstances of Theorem 6.7, the topology
which is induced on B by C and the field star topology on B given by the
canonical field (n, W) agree and if W is separated, then there is a commutative
diagram

2

—

E
nl
<

B——C

t

7

—

in which the horizontal maps are embeddings, and the field uniformity U
agrees with the one induced by I via .

REMARK. It is easy to note that in a point be B we have K, = K, if U
is separated and every field star neighborhood of b in B is of the form B n W
with a C-neighborhood W of b.
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§7. Fields of topological rings and modules. In the last two sections we
produced canonical fields which allow us to represent given topological
groups as groups of global sections, and in view of the results concerning
localization we can do this even if we prescribe a topology on the base
space. We have no means so far to ascertain that the image under the
Gelfand morphism is large in I'(n). For topological groups in general no
methods are known which would contribute to this question. However,
for topological modules, the situation is more satisfactory. In order to
discuss sectional representation of modules adequately we have to talk
about fields of topological rings.

Fields of rings.

DEFINITION 7.1. A uniform field of rings (p, B), p:F — B is a uniform
field of abelian groups (written additively) for which a continuous function
(x,y) » xy:F v F - F is defined relative to which each stalk F, = p~'(b)
becomes a topological ring. If (n, U), #: E — B is a uniform field of topo-
logical abelian groups (written additively), then (z, X) is called a (p, B)-
module (shorter: © is a p-module) if there is a continuous bilinear map
(r.x) »rx:F v E—E (where, of course F v E = {(r,x)eF x E|p(r)
= n(x)}) relative to which each stalk E, = n~!(b) becomes a topological
R,-module.

One immediately deduces

LEMMA 7.2. If (p, B), p: F— B is a uniform field of rings then T'(p) is an
additive topological group and a ring. If (n, N) is a (p, B)-module, then I'(r)
is a T'(p)-module.

It must be pointed out that neither I'(p) need be a topological ring nor
I'(n) a topological I'(p)-module.

This is not even the case in the simplest cases of constant fieldsE = K x B
where K is a topological ring, B a noncompact space and n:E — B the
projection, and where the field uniformity on E is the obvious one con-
structed from the uniformity of the additive group of K. Then I'(z) is
isomorphic to the ring of all continuous functions from B into K, and this
ring is not topological if B is not compact.

It is also generally not the case that the closed additive subgroup I'(r)
of all bounded sections in I'(7) is even a subring. To investigate this question
further, we need the concept of boundedness in a topological group. A sub-
set C of a topological group G is bounded if for every identity neighborhood
U of G there is a natural number n such that C < U". If (n, W), n:E —» Bisa
uniform field of topological groups, then a subset C < E is bounded if for
any U e U there is a natural number n so that C < (U(1))". A topological
group G is locally bounded if the neighborhood filter of the identity has a
basis of bounded sets. A uniform field of topological groups is locally
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bounded if its field uniformity has a basis of sets U such that U(1) is bounded.
The canonical field associated with a locally bounded group and a family
of normal subgroups is locally bounded.

Now let G, H, and K be additively written topological abelian groups.
Let f:G x H — K be a continuous bilinear map. If {G,}, {H,}, {K,}, b€ B,
are families of subgroups of G, H, and K, respectively, we will call them
compatible with f if f(G, x H,) < K,. In this case f induces a continuous
bilinear map f,:G/G, x H/H, - K/K, via f(g + G,,h + H,) = f(g, h)
+ K,.

Let now (ng,Ug), ng:E; — B, etc, be the canonical fields associated
with G, H,K and the families of subgroups introduced above. The f
induce a bilinear function f:E; v E, — Eg. This function is continuous
[20, p. 60]. Therefore there is a bilinear function f:I'(n;) x I'(my) = M(mg)
given by f(o, 7)(b) = f(a(b), (b)) = fi(a(b), ©(b)). If B is compact, then f is
continuous; in any case, if f is uniformly continuous on bounded sets, then
so are f and f, provided that G and H are locally bounded [20, p. 60]. In
this case f(I'®(ng) x IM(my)) < I'(ny), since f maps bounded sets into
bounded sets. If G, H and K are connected then we have G < I'(rn;) etc.,
by 5.20.3 There are some obvious corollaries :

PROPOSITION 7.3. Let R be a topological ring and {R,|be B} a family of
ideals. Then the uniform field (n, ), n: E — B associated with this data is a
field of topological rings, and if multiplication in R is uniformly continuous on
bounded sets then so is the multiplication of E. Moreover, I'(n) is a ring on a
topological abelian group whose multiplication is uniformly continuous on
bounded sets if R is locally bounded and its multiplication has this property.
Also, T%(n) is a subring. If B is compact, then T'(r) is a topological ring,
regardless. If R is connected, then R = I'(n). (Recall that the quasi-
compactness of B implies T'%(n) = I'(n) by 5.9) [20, p. 62].

PROPOSITION 7.4. Let R be a topological ring and M a topological R-
module such that scalar multiplication is uniformly continuous on bounded
sets. Let {M,|b € B} be a family of submodules of A and (n, W), n:E — B the
associated canonical uniform field of topological groups. Then there is a scalar
multiplication (r,a + M,) »ra + M,:R x E — E which is continuous and
is uniformly continuous on bounded sets. There is a scalar multiplication
(f, 0) b fo:C(B, R) x I'(n) given by (fo)(b) = f(b)a(b), which is uniformly
continuous on bounded sets, if R and A are locally bounded. If B is compact,
then scalar multiplication is continuous. The subgroup T'%(n) is a C%(B, R)-
submodule, where C® of course denotes the ring of bounded functions.

PROPOSITION 7.5. Let R be a topological ring and {I,|be B} a family of
ideals. Let M be a topological R-module and M, for each b € B a submodule
containing all linear combinations of elements rm with re I, and me M.
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Let (mg, Ug), mg: Ex — B be the uniform field of topological rings associated
with R and {I,|b € B} and (g, Uyy), 7yt Eyy — B the uniform field of abelian
groups associated with M and {M,|be B}. Then n,, is a topological mg-
module and if B is compact, then I'(n,) is a topological T(mg)-module. If
the scalar multiplication R x M — M is uniformly continuous on bounded
sets, then so is the scalar multiplication T'(ng) x T'(my)— I'(my,). The sub-
group Tb(my,) is a T%(ng)-submodule.

Partitions of identity. Now we are ready to introduce partitions of
identity. The following results exemplify the methods; unfortunately, in
order to cover all cases we have to introduce a rather complicated concept
which in the discrete case in essence reduces to the idea of partition of
identity which we encountered in §1.

DEFINITION 7.6. Let (, Y) be a uniform field of abelian groups. We say
that a subgroup M < I'(n) has approximate bounded partitions of unity
if for any me M, any U e U and any finite cover C of B, there is a bounded
subset X < M and a family {ey|WeC} of elements of X such that
(a) ew(b) = O(b) for b¢ W and (b) Y e, — m)(b) e U(0) for all be B.

The significance of the concept lies in the following result which guaran-
tees that a subgroup M of I'(z) has a large supply of sections. Since we
discussed the algebraic (sheaf) case extensively in §§1 and 2, we restrict
our attention to the analytic case.

Before we formulate the theorem we note that we define a topological
space to have dimension n if every compact subset of K has Lebesgue
covering dimension < n and if n is the smallest natural number with this

property.

THEOREM 7.7 (The richness theorem for sections). Let K be a locally com-
pact finite dimensional topological ring and (n, W), n: E — B a uniform field of
topological K-algebras; then Tn) is a C¥B, K)-module via (f - o)(b)
= f(b)- o(b), where C%B, K) is the K-algebra of all continuous bounded
functions f:B — K. Suppose that M is a closed K-submodule of T%(r) which
has approximate bounded partitions of identity. Then M is a C%B, K)-
module.

PRrROOF. Let fe C¥B, K) and me M. We have to show that f-me M;
since M is closed in I"(n) it suffices to find an m’ € M as close as we wish to
f-min I'’n). Let V be a zero neighborhood in K. The set f(B)™ is closed
and bounded in K, hence compact, and so is of dimension <n where
n = dim K. A finite number of translates of the open set ¥V then covers
the compact subspace f(B)~, and for reasons of Lebesgue covering
dimension, this cover has a finite refinement such that at most n + 1 sets
in the cover overlap. Let C be the finite cover of all W = f~(W,) where
W, runs through the elements of the cover we have just constructed.
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For each WeC we have W = f~}(W,) with W S ry + V for some
rw € K. Then f(c) — ry € V for c e W. Now we take an element U € U and
find, by 7.6, a bounded set X in M and elements ey € X, We C such that

(a) ew(b) = C(b) for b¢ W,

(b) (m — Yey)(b)e U(0) for all be B.

Since M is a K-submodule by hypothesis, then m’ = Y ry, - ¢y is an element
of M. Then we have f-m—m =f-m—Yry-ey=f-(m—Yey)
+ 2 —w)-ep.

The first summand is contained in f - U(0) which can be made as small
as we want since f is bounded.

Because of condition (a) above, the sum (}.(f — ry - ey))(b) need only to
be extended over those We C for which be W. But since at most n + 1
elements of C overlap, then this sum has at most n + 1 terms. Moreover,
(f — rw)(c)e V for all ce W. Since ey, € X and since n is fixed and X
bounded, Y (f — ry) - ey may be made as small as we wish. This finishes
the proof.

Some remarks should illuminate the rather technical circumstances of
the richness theorem.

The existence of approximate bounded partitions of unity is guaranteed
in the very relevant case of certain operator algebras as we shall see. Note
that if K is a division ring, then the dimension hypothesis is automatically
satisfied, since a locally compact vector space over a nondiscrete field is
finite dimensional. In fact the topological dimensions in this case are
0,1,2 o0r4.

Stone Weierstrass theorem. The preceding richness theorem has as a
consequence a theorem of Weierstrass type in which the field (n, W) n: E
— B is, in fact, a field of locally convex vector spaces. Let us explain what
this means in the following definition:

DEFINITION 7.8. A uniform field (n, Y), n: E — B of topological abelian
groups is called a locally convex field if all stalks E, are real vector spaces,
the scalar multiplication R x E — E is continuous, and if U has a basis
of elements U such that U(0) N E, is convex for every b € B. In this case U
is called a convex entourage. (This definition extends to complex scalars
in an obvious fashion.)

A locally convex field is a field of Banach spaces if there is a function
I |I: E =0, co[ which induces on each stalk a Banach space norm and is
such that the sets U, = {(x,y)€ E \V E| ||x — y| < ¢} form a basis for the
field uniform structure.

If all stalks in a locally convex field (field of Banach spaces) are topologi-
cal algebras (Banach algebras) and the multiplication E v E — E is con-
tinuous, then (n, U) is called a field of real (resp. complex) topological
algebras (Banach algebras).
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Fields of Banach spaces and algebras are the most important in the
analytical applications. The space of bounded sections I'®(n) is then a
Banach space (algebra) relative to the sup-norm ||6]| = sup{||o(b)|||b € B}.
For each oeI®m) the function b +||a(b)|| is upper semicontinuous
[20, pp. 11, 115 ff.].

We are now in a position to formulate a general Stone Weierstrass
theorem which should be used in conjunction with the richness Theorem
7.7 and which shows in effect, the true significance of 7.7. Let us say that a
space X is quasi-completely regular if for any x € X, and any closed Y € X
with x ¢ Y there is a continuous function f: X — [0, 1] with f(x) = 0, f(Y)

= {1}.

THEOREM 7.9 (Stone Weierstrass theorem). Let (n, W), n: E — B be a uni-
form locally convex field over a quasi-compact quasi-completely regular
space. Consider I'(n) as a C(B)-module under (f - c)(b) = f(b)a(b), where
C(B) is the C*-algebra of all real or complex valued functions on B. Suppose
that M < I'(n) is a closed C(B)-submodule with the property that the set
M(b) = {m(b)lme M} is dense in the stalk E, for all b. Then M = I'(n).

PROOF. Let ¢ € I'(n). For a given U € U and for any b € B we find elements
m, €M such that a(b) — m,(b)e U(0), and by continuity we may even
assume that we find a neighborhood W, of b in B such that a(c) — my(c)
€ U(0) for c € W,. By quasi-compactness of B we find a finite subcover C in
{W,|b e B}. Write my, = m, if W = W,. Since B is quasi-completely regular
we find functions fy € C(B, R) such that 0 < f,, and fu(b) = O for b¢ W
and Y fy = 1, We C. Since M is a C(B)-module, the element m = Yfw - my
isin M. Now 6 — m = ) fy, - (6 — my,). We may assume that U is a convex
entourage. Then ) fy,(b) - (6 — my,)(b) is a convex combination of the ele-
ments (¢ — my,)(b) which are in U(0) n n~!(b) for all W for which be W,
i.e. for which fu(b) + U. Hence ¢ — me U(0). Since M is closed this
finishes the proof.

The richness and the Stone Weierstrass theorems together then have the
following important consequence, which will be used in the proof of a non-
commutative Gelfand Naimark theorem for C*-algebras.

COROLLARY 7.10. Let (n, U), n: E — B be a uniform field of locally convex
spaces over a quasi-compact and quasi-completely regular base space B. If M
is a closed subvector space of I'(n) such that

(1) M has bounded approximate partitions of unity,

(2) M(b) is dense in the stalk E, for each b € B.

Then M = T'(n).

§8. Representations of topological rings by sections in fields. In §§1-4 we
gave a survey of sectional representation of discrete rings, R. Here comes
the topological (analytical) version of the theory.
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Let R be a locally convex topological algebra over the reals or com-
plexes. The most significant applications up to date concern the case that R
is a C*-algebra. As far as I know there has been no interest in prime ideal
spaces B other than the space of all primitive ideals, or the space of all
maximal [respectively, maximal modular] ideals.

Localization for topological rings. We let n:E — B, be the canonical
sheaf of topological rings associated with R and B, where B, is the set B
with the field star topology. We then obtain a Gelfand morphism
R — I'’(n) whose kernel is ﬂB; if R is a semisimple algebra (which is
automatic if R is a C*-algebra and B = Prim R is the space of all primitive
ideals), then the Gelfand morphism is injective.

We are looking for a condition which would ensure that the Gelfand
morphism is an isomorphism of topological algebras onto its image. The
topology on R which makes the Gelfand morphism an isomorphism has as
basic zero neighborhoods the sets (\{U + I|I € B}, U ranging through the
zero neighborhoods of the given topology of R. In order that the Gelfand
morphism is an isomorphism of topological algebras onto its image it is
therefore necessary and sufficient that

(I) for each zero neighborhood U in R there exists a zero neighborhood
V such that (\{V + I|Ie B} = U.

Following 6.7 we now produce the field (7, If), #: E — B of topological
algebras obtained from n:E — B, by localization of R over B with the
hull-kernel topology. Then the stalks are algebraically the quotient
algebras A/I where

z Je W, W aneighborhood of I in B,
I'= Yo Uw (s U+, U a zero neighborhood of A.

Indeed it was shown in 6.7, that [ is a topological group; that I is stable
under multiplication from the right is clear from the fact that I is an
ideal; if ae R then for each U there is a V with aV < U, hence al =
Ny Uw Nsav + J) = Uw (), (U + J), and since this holds for all U we
have al < I. The topology induced on E, is generally coarser than the
topology corresponding to the quotient topology, but agrees with it under
the hypothesis (I) (6.7). If a e (I)~, then for each zero neighborhood U of 4
there is an ao el and aea, + U so there is a neighborhood W of I with
agec + Uforce W; hence aec + U + U for ce W. It follows that ael,
therefore T is closed.

By 6.7 we have ¢ = (), (U + ¢) = &. We therefore require

(I1) all I € B are closed.

C*-algebras. This condition is automatic in C*-algebras for B = Prim A.
Under these circumstances we have I = I. If for some open V < B we
have ae ﬂ{il] € V}, then for each I € V and each U thereisa W < V so



360 K. H. HOFMANN [May

that ae (\{U + JJeW} = U + I so ael = I, since U was arbitrary.
Conversely if ae |V then ae(\{U + JIJ eV} for all U, hence ae
Uw N{U + JIJ e V} for all I € V where W ranges through the neighbor-
hoods of I. Thus ae (){I|I € V}. We therefore have the analogue of 1.5:

LEMMA 8.1. For each open W of B we have (\{I|Ie W} = (\W.

We now have a Gelfand morphism r ~ 7#:R — I'’(#) which is an iso-
morphism onto its image. If R is complete, then so is the image and the
image therefore is closed in I'%(r).

We now will discuss the structure of (7, l) as a field of C*-algebras. All
stalks R/I are clearly involutive topological algebras, and each has a
quotient norm. This norm defines the field uniformity of the canonical
field of C*-algebras (%, Ug):#: E* — B* associated with R and {I|I € B}.

Now we consider the function | |:E — [0, c0) given by |a + I|
= infy, sup, ||la + J||, where Je W and W ranges over the hull-kernel
neighborhoods of I, where |la + J|| = ||a(J)|| is the quotient norm in A/J.

Clearly a + sup{|la(J)|| |J € W} is a seminorm py, and inf py, = lim p,
where the limit is taken pointwise, since py, is a decreasing net.

Thus p = infy, py is a seminorm. But p(a) = 0 means
limy, sup{ [|a(J)|| Je W} = 0, i.e.

lim [la()]| = 0.

LemMMA 8.2, a [ ifflim,_, ||a(J)|| = O (relative to the hull-kernel topology
on B).

PRrOOF. By definition of T we have ae I iff for all ¢ > 0 there is a hull-
kernel neighborhood W such that |la + J|| < ¢ for J € W. This holds iff
lim, Jd0)| = 0. o

This shows that a + I +|a + I|:R/I - [0, oo is a well-defined norm.
Since py(a*a) = pw(a)* we have p(a*a) = p(a)’.

It then follows almost immediately from known facts about C*-algebras
(e.g. [23, p. 16]) that it agrees with the quotient norm. We thus have ||a(J)||
= |la + I)| = lim sup{|la(J)|| |[J € W}, I e W.

We now show that the field uniformity il has a basis of sets B, = {(a,
+1,a, + I)[IeB,|lay — a, + I <&}

Indeed, fl has a basis of sets (U,)} = {(a; + I,a, +I)ll € B and there
is a neighborhood W of I in B such that J € W implies |la, — a, + J|| < ¢
in R/J} by §6 (see 6.1).

If(I,a + I)e (U, then ||la + J|| < & for all J in some neighborhood W
of I.

Hence |la + I|| = limsupy {|la + J|||[JeV,IeV} S e <2, so (I,a
+ I)eB,,. Thus (U, = B,,. Conversely, assume (I,a + I)e B,, then
lla + I|| < &; since |la + I|| = limy sup{|la + J|||J € V}, I €V, then there
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must be a neighborhood W of I such that sup{|la + J|||J € W} < ¢ whence
(I,a + Ie(U,). Thus B, < (U,)%.
Since the B, form a basis of the field uniformity Uy (see §6) we have

PROPOSITION 8.3. With the quotient norm on R/I we have |la + I||
= infy, sup, |la + J||, J € W, W ranging through the hull-kernel neighbor-
hoods of 1, and the field uniformity defined by this norm agrees with both the
one derived from localization of R over B and the canonical one associated
with R and {I\I € B}. Thus the field star topology on B* associated with R
and {I|I € B} is coarser than or equal to the hull-kernel topology. The
Junction J v |la + J||:B — R is upper semicontinuous in I for all a iff

=1

REMARK 1. Note that we may let W range through the collection of all
S(r) = {JeBlr¢ J}, re R\ Then [la + I|| = inf,, sup,; lla + J|I.

REMARK 2. The function J & |la + J||:B — R is always lower semi-
continuous; thus I = I iff this function is continuous in I for all ae R. If A
is separable, then the set of points in which this is the case is a dense G;
[23, p. 80].

If R is separable, then Prim R has a countable basis for its topology
[23,p.64]. Thusae [iff lim |la + I,] = O for all sequences I, converging to
I in Prim R, provided R is separable.

Our conclusion so far is that with a C*-algebra A and each subspace
B < Prim A we can associate a uniform field (7, ), #:E - B of C*-
algebras with stalks E; = R/I,I = {ae R|lim||a + J|| = OasJ approaches
I in B} such that the Gelfand morphism R — I'’(n) injects R isomorphically
into the C*-algebra of bounded global sections. It has not been investigated
to my knowledge whether or not R = I'’(%) under the Gelfand representa-
tion if R has an identity.

However, a coarser localization process was shown to yield the desired
result. For the following assume that R has an identity. Let Z be the center
of R. We then have the following

PROPOSITION 8.4. The function I — 1 Z:Prim R — SpecZ is a con-
tinuous surjection and is, in fact, the Stone-Cech compactification (Hausdorff-
ization) (which is unique up to natural equivalence) [20, DAUNS and
HOFMANN].

Let Prim'R be the set Prim R together with the coarsest topology
making the map in 84 continuous. Then Prim’'R is quasi-completely
regular in the sense explained before 7.9 (i.e. every point may be separated
from a closed set not containing the point by a continuous function into
[0, 1]). In fact, if Prim R — X is a continuous function into a completely
regular space it will remain continuous as a function Prim R —» X. We
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now proceed with the canonical localization process 6.6 relative to the
topology on Prim’R. Specifically, for Ie PrimR we form the ideal
I'=oUw (s + J), Je W, W a neighborhood of I in Prim’'R, U a
zero neighborhood of R. In complete analogy to our previous discussion
we obtain

PROPOSITION 8.5. I' = {aeR|lim|la + J|| =0 as J approaches I in
Prim’ R} and |la + I'|| = infy sup, |la + J||, J € W, W ranging through the
neighborhoods of I in Prim’ R.

ReMARK. It follows that I’ = I for all I e Prim R; whence there is a
morphism R/I’ - R/I. Let (n’, '), n: E' - Prim’ R be the canonical field
of C*-algebras associated with the family {I'|I € Prim R}. It is isomorphic
to the one obtained from the canonical field associated with the family
Prim R by localization relative to the topology of Prim’ R, but also iso-
morphic to the one obtained from the canonical field associated with the
family I, I € Prim R by localization relative to the topology of Prim’ R.

The Gelfand representation R — I'() is injective since its kernel is
({I'l € Prim R} < (\Prim R = {0}. However, in this case we may apply
Corollary 7.10 with M = R/, since R’ £ I'(z’) has approximate bounded
partitions of unity as DAUNS and the author have shown [20,p. 96] (and
this is not entirely trivial). We finally obtain

THEOREM 8.6 (The noncommutative Gelfand Naimark theorem). Let R be a
C*-algebra with identity and let Prim’ R the space of its primitive ideals
with the coarsest topology making the functionI + I N Z:Prim R — Spec Z
with the centrum Z of R continuous. Then there is a field of C*-algebras over
Prim’ R with stalks R/I', I' = {a € R|lim |la + J|| = 0 as J approaches I in
Prim’ R} such that the Gelfand isomorphism of R into the C*-algebra of
global sections in this field is an isomorphism.

It should be pointed out that an equivalent field representation can be
given over the space Spec Z in place of Prim’ R and this is in fact what was
done by DAUNs and HorMANN. Indeed the field #’ is constant over the sets
{IePrimR|I " Z = M}, MeSpecZ = Max Z. Moreover, it can be
shown that I' = ("{J e Prim R|J N Z = I n Z}; this is due to the fact that
the function M — |a + () {J € Prim Ry n Z = M} :Spec Z — R is upper
semicontinuous [20, p. 100]. Also, I’ is the ideal generated in Rby I n Z.
We thus obtain the following

COROLLARY 8.7. If R is a C*-algebra with identity and Z its center, then
there is a uniform field of C*-algebras over Spec Z such that the stalks are
of the form R/M' with M’ = (\{J e PrimR|J n Z = M}, M e Spec Z, and
the Gelfand morphism maps R isomorphically onto the C*-algebra of global
sections. Moreover, the field is the canonical field associated with the family
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of the M', M € Spec Z, and M’ is the ideal generated in R by M y.

There are more special classes of C*-algebras which allow particularly
satisfactory representation theorems. Indeed, let R be a C*-algebra with
identity and Max R its maximal ideal space. If Max R is Hausdorff (and
thus Hausdorff compact), then the function I + |ja + I||:MaxR - R is
known to be continuous. This means that for Max R as base space, the
ideals T equal I for all I € Max R. Hence we obtain, by the methods out-
lined, a uniform field (7, U), n:E - Max R of simple C*-algebras with
identity, such that the Gelfand representation is surjective. We thus have
the following

COROLLARY 8.8. Let R be a C*-algebra with identity and with Hausdorff
maximal spectrum Max R. Then there is a field of simple C*-algebras with
identity over Max R with stalks R/I, I e Max R, such that the sequence

0- (\MaxR—->R-T(n)—>0
is an exact sequence of C*-algebras; in particular, R/ﬂMax R = I'(m).

This applies in particular to von Neumann algebras (W *-algebras)
which are strongly semisimple and whose maximal ideal space is iso-
morphic to the maximal ideal space of the center under I » 1N Z; we
thus obtain the following result:

COROLLARY 8.9. Any W*-algebra is isomorphic as a C*-algebra to the
C*-algebra of all global sections in a field of simple C*-algebras with identity
over the space Max R of maximal ideals of R; the stalk of the field over I is
R/I.

Note that Max R =~ Max Z is a hyper-Stonean space. A W*-algebra is
strongly harmonic in the sense of KoH (see 1.28 and preceding discussion);
thus there is a discrete version of the above representation theorem: The
sheaf # = #' associated with R according to §1 is a soft sheaf over a hyper-
Stonean space, and its ring of global sections is isomorphic to the (discrete)
ring underlying R. This has been exploited extensively by TELEMAN in his
algebraic reduction theory of von Neumann algebras ([90], [91], and [92)).

It is possible to associate with each uniform field a sheaf over the same
base space, namely, the sheaf of germs of local sections, and there is a
bijection between the set of global sections in the field and the sheaf. If we
start with a field of C*-algebras, then we will obtain a sheaf of involutive
algebras, and as involutive discrete algebras, the algebras of global sections
are isomorphic of the field and the sheaf. However, this approach has not
yet been systematically investigated; it certainly should be, since, at least
for C*-algebras one has a reasonably good field theory, and for arbitrary
discrete rings, one has a better sheaf theory which, when specified to
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operator algebras such as W*-algebras, has been shown by TELEMAN to
be of functional analytic interest. We should note, however, that the
canonical sheaves associated with a C*- or W*-algebra (as a discrete ring)
carry less information as the associated fields.

In the case of the absence of an identity, appropriate modifications of
these results are available; the image of the Gelfand representation, how-
ever, consists then of all global sections which are small outside members
of a certain family of compact sets of Prim’ R, respectively the complete
regularization space of Prim R. The better process, however, in this case
is to embed R into a C*-algebra with identity by taking the centroid Z of R
and forming the split extension R x Z which is then reduced modulo the
ideal D = {(a,z) € R x Zla = —z} where the center of R is identified with
those elements ¢ of the centroid Z for which there is a central z e R with
¢(a) = zaforalla e R. (Recall that the centroid of R is the set of all additive
continuous linear maps ¢:R — R with ¢(ab) = ¢(a)b = a¢p(b).) It can be
shown that the R = (R x Z)/D contains an isomorphic copy of R as an
ideal, has center isomorphic to Z, and that its primitive spectrum Prim R
is a quasi-compactification of Prim R whose Hausdorffization Spec Z is
the Cech compactification of Prim R. Over the latter we have a field accord-
ing to 8.7 whose C*-algebra of global sections is isomorphic to R, and the
image of R is then given by all sections vanishing in a suitable fashion on
the outside of the image of Prim R in Spec Z. For the details see [20] and
[21].

Fields of Hilbert spaces. Continuous fields of Hilbert spaces have been
studied by Dixmier and Douady ([24], [26]); their definition deviates
somewhat from ours. More recently, Takahashi resumed this topic [79]
and used it, continuing earlier work by Kaplansky, to describe the structure
of so-called Hilbert modules. A Hilbert module H is a Banach space and a
topological module over a C*-algebra R with identity together with a
sesquilinear map (| ): H x H — R satisfying the axioms of an inner product
on a Hilbert space, appropriately adjusted to the fact that it takes its values
in R instead of the complex field. The norm in H is given by |x| = ||(x|x)||*/2.
Note that every C*-algebra is a Hilbert module over itself relative to the
inner product (alb) = ab*. As an analytic analogue of some of the module
representation theorems in §1 and §5 one obtains the following result:

THEOREM 8.10 (TAKAHASHI). Let R be a C*-algebra with identity and H a
Hilbert-module over R. Let Z be the center of R and (p, B), p:F — Spec Z
the canonical field of C*-algebras constructed in 8.7. Then there is a uniform
field (n,0), n: E — Spec Z of Hilbert modules over R and a bilinear map of
uniform fields F v E — Spec Z making n into a p-module (see 7.1) in such a
way that each E,; becomes an F\;, = R/M’'-module (see 8.7 for a definition
of M'). The Gelfand morphisms R — I'(p) and H — T'(n) induce isomorphisms
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such that the diagram
Rx H——H

! |
[(p) x I'(m) - I'(n)

commutes. If, in particular, R is abelian, then 7 is a uniform field of Hilbert
spaces, and upon identifying R with C(Spec R), the scalar multiplication of R
on I'(rn) is given by (f - 6)(M) = f(M) - a(M).

In fact, TAKAHASHI shows in a very precise categorical fashion that the
study of Hilbert modules over commutative C*-algebras with identity is
the same as the study of fields of Hilbert spaces over compact Hausdorff
spaces. More accurately, consider the category Mod whose objects are
Hilbert modules M over commutative C*-algebras R with identity; since R
varies, we write (R, M) for these objects. A morphism (R, M) = (R, M) is
a pair (f, ¢) consisting of an identity-preserving of C*-morphism f:R — R’
and a Banach space morphism ¢:M — M’ such that ¢(r- m) = f(r) - ¢(m)
for re R and M € M. Then Mod will be called the category of Hilbert
modules. Let Mod be the category whose objects are uniform fields of
Hilbert spaces n: E — B over compact Hausdorff spaces B. A morphism
from = to a field p: F — C consists of a pair (f, ¢), where f:C — B is con-
tinuous and ¢ is a continuous field map from the pullback field E; — C of
7 over C into the field p; we thus have a commuting diagram

SN

in which the left square is a pullback. The morphisms compose in a fashion
known to the sheaf and category theoretician: (f, ¢)(f', ¢") = (f'f, (¢)9"),
with ¢ . defined via the pullback property in Figure 3 below

The category Mod is called the category of fields of Hilbert spaces.

THEOREM 8.11 (TAKAHASHI). There is a functor L:Mod — Mod which
associates with each Hilbert module (R, M) a field of Hilbert spaces over
SpecR and a functor T':Mod — Mod which associates with each field
n:E — B of Hilbert spaces the Hilbert module (C(B), I'(n)) of global sections
and the pair (L, T) is an equivalence between Mod and Mod.

This is an analogue of a theorem in commutative discrete ring theory
which says that the category of R-modules for commutative rings with
identity is equivalent to the category of sheaves of commutative local rings
(with certain restrictions); if one considers the subcategory R-Mod of Mod



366 K. H. HOFMANN [May

/

—ff'
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FIGURE 3

obtained by fixing R and the subcategory C(B)-Mod of Mod obtained by
fixing B, then one obtains an equivalence between R-Mod and C(Spec R)-
Mod and we encounter here an analytical analogue of Mulvey’s equiva-
lences (see 5.23 ff.).

Topological f-algebras. We have seen that the representation of topo-
logical rings by global sections in fields is particularly manageable in the
case of C*-algebras. In [20] DAuNs and the author have introduced the
class of C-algebras which satisfies enough conditions to make the whole
theory work. Nevertheless, the field theory has not been very systematically
tested for many other familiar categories of topological rings.

However, one class of rings which can be given a natural topology has
been considered by DAUNs, namely, the class of topological f-rings whose
sectional representation as discrete lattice ordered rings has been so care-
fully investigated by K EIMEL (see §4). The treatment of f-rings discussed by
DAuNs in terms of field representation is, in some sense, a counterpart over
the reals of the C*-algebra case.

Firstly, we recall that, by 4.16, the space B = Max Irr R of maximal
irreducible ideals is Hausdorff (and in fact is Hausdorff embedded into
Irr A). In any l-ring R one writes a* =0va,a” =0v —a, | =a*
+ a~. We say that a topological ring with identity is a topological rational
J-algebra if the sets {ae A| |a| < (1/n)-1},n=1,2,3,...,form a basis for
the zero neighborhoods. This topology will also be called the natural one.

By a result of ISBELL, every l-ring can be embedded into a rational
l-algebra. DAUNS constructs the canonical uniform field of topological
f-algebras (n,U), n:E — B associated with R and B = MaxIrrR and
shows that the field star topology on B = Max Irr R agrees with the hull-
kernel topology [18, p. 645]. This means that the localization of R =~ I'(n)
w.r. to the hull-kernel topology is not needed or, to put it in an equivalent
fashion, that [ = I for all I€B where I is constructed relative to this
family of ideals. Thus we have a Gelfand representation R — I'(n) of
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topological f-algebras with kernel Max Irr R. Note that all stalks R/I are
totally ordered by 4.14. DAUNS shows that the image of the Gelfand iso-
morphism ¢ is actually isomorphic to R/ker ¢ as topological f-rings
(18, pp. 640—641]. In order to see how large the image R is in I'() we employ
a partition of unity argument along KEIMEL’S lines (see 4.7): If ¢ is a non-
negative section in I'(n), and ¢ is a positive rational number, we find for
each point I € B = Max Irr R a neighborhood U of I and an element a € R
such that |a(J) — a(J)| < &- 1(J) for J € U; we may replace a by a* without
violating this estimate, hence we can assume that 0 < a. By the usual com-
pactness argument we cover B by neighborhoods U,,..., U, and find
elements a,...,a, such that ¢, 20 and |6 — 4, < ¢-1 on U,. We form
the ideals I, = ﬂ(B\U,,), k=1,...,n,and concludeR =1, + --- + I, as
usual. The element b =a, v --- v a,, as any element in I, +--- + I,
may then be represented in the form b = b, v --- v b, with 0 £ b, eI,,
k=1,...,n. We let a=(a; Aby)Vv -V (a, A b,) We now take an
arbitrary index j with 1 < j < n, and pick an arbitrary I € U;.

As an intermediate lemma we observe that in an [-group the relation
lu — v| < eimplies |(u A w) — (v A w)] <efor0 = u,v,w: Indeed [u — 0|
<eisequivalenttou —v<eandv—-u<eietou—e<vandv —e
<uThen(urw)y—e=@u—-eAw—e)<u—e Aw<vAwand
similarly (v A w) — e < u A w. These two inequalities imply the assertion
(uAnw—(@AaAw)<e.

Thus, continuing our argument, we may conclude that for any k with
I'e U, we have

() @ A by) — (@ A b)) < 2¢-1(I).

If k is such that 1¢ U,, then b, €I, and thus (@, A b)(I) = (& A b))
= O(I). Thus (i) holds in fact for all k = 1, ..., n. By the distributivity of R
as a lattice we have a; = a; A b =a; A vy b=~ (g A by). We now
compute a;I)= vk(a A Bk)(I)< “k (ak A b))+ 2-1(I)=a(I) + 2¢-1(1)
and similarly a(l) < a(I) + 2e- 1.

Hence

(i) laI) — a/I)| < 2e- i(n) for I€ U;. Thus, by the choice of the g;, for
Ie U; we have lall) — o)l |a(I) = a(Dl + laI) — o] < 28 i
+ ¢ 1(1) = 3¢-1(I). Hence |a — o‘| <3e-1.

This shows that indeed the image R of R under the Gelfand morphism
is dense in I'(%). If, in particular, R happens to be complete in its topology
then, due to the fact that R is isomorphic to R/(B, we may conclude that
R = I'(n).

We therefore arrived at the following result which is a slight improvement
of a theorem of DAUNS.

THEOREM 8.12. Let R be a topological rational f-algebra with identity
(endowed with its natural topology). Then there is a uniform field (m, ),
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n:E - Max Irr R of totally ordered f-algebras with their natural topology
with stalks E; = R/I over the compact Hausdorff space of all maximal
irreducible ideals such that the Gelfand representation (i) maps R into I'(r)
with kernel ﬂMax Irr R, (ii) is a quotient map onto its image, and (iii) has
dense image in I'(n); in particular, if R is complete relative to its natural
topology, then R/(\Max Irr R = I'(n) as topological f-rings. In this case R
is a C(Max Irr R, R)-module in an obvious fashion.

This is presumably not the best theorem in this direction yet; if one
associates with R the canonical field over Irr R with the stalks R/T as con-
structed in 6.7, then the Gelfand morphism associated with this fiela is in
fact an injection of R into the ring of its global sections since (\Irr R = (0)
by 4.4. Is it surjective? After 4.16 and remarks following 1.27 there is a
continuous retraction pu:Irr R - Max Irr R which associates with each I a
unique maximal irreducible ideal u(I) containing I, and u is, in fact the
Hausdorffization map. If one considers the field which one obtains from
localization according to 6.6 relative to the coarser topology on Irr R
defined as the coarsest making u continuous, one seems to be in a situation
analogous to the one for C*-algebras which resulted in the general Gelfand
Naimark Theorems 8.6 and 8.7. It is not unreasonable to expect that these
results carry over to the case of topological f-rings, perhaps to some extent
even to topological /-rings.

It is, nevertheless, instructive to compare the field representation
theorem of a topological, strongly semisimple topological rational f-
algebra in 8.11 with the corresponding sheaf representation over Max Irr R
according to 4.8. By a remark following 4.16 the sheaf representation
yields an isomorphism of the discrete f~algebra R onto the f-algebra of
global sections in a sheaf of local f-algebras over the compact Hausdorff
space Max Irr R. In the field representation the advantage is two-fold:
Firstly, the stalks are totally ordered simple f-algebras; secondly, the
topological structure of the given algebra is fully represented. Just as in
the case of C*-algebras, the best-known example illustrating the situation
is an algebra of the form R = C(X, R) for a compact Hausdorff space X
(the complex version illustrating the C*-algebra situation).

INDEX
References in the index are to section numbers whenever a term is
introduced in a specified section; otherwise it is indicated that a term is
introduced preceding or following a numbered section by ““ < ”’, resp., ‘> "".
Example: “l-ideal > 4.1” means that the term I-ideal occurs for the first
time in the discussion following §4.1.

approximate bounded partition Baer extension >3.10
of unity (identity) 7.6  Baer rings <37



1972) REPRESENTATIONS OF ALGEBRAS BY CONTINUOUS SECTIONS 369

biregular >1.31, 3.1
Boolean decomposition 33
bounded; locally bounded >172
bounded section <5.19
canonical field 5.15
centroid >3.1, >89
compatible (with a bilinear map) >72
dimension <17
field by localization 6.5
fields of Hilbert spaces 8.10, 8.11

field *-topology; field star topology >5.14

field uniform structure >5.1
Gelfand morphism (representation) >1.7,

>5.10, <5.20
Grothendieck sheaf <21
harmonic ring <128
Hausdorff embedding 1.26
hereditary (etc.) <35
Hilbert modules <8.10
homogeneous uniform field 5.12
hull-kernel topology <19
irreducible l-ideal 43
Keimel’s decomposition, sheaf 4.12
l-ideal >4.1
l-ring 4.1
locally convex field 7.8
local ring <1.26
local I-ring <4.10
locally bounded >17.2
locally zero (section) >1.5
partition of identity <110

LIST OF SYMBOLS

oy, Pu >57
A3, ap >1.14, >4.6
At at <1.22
a 1.4
2 <39
D, 1.1
E, 1.2
E >6.1
®(R) 1.1
F <39
9 <21
r 1.1
y:IT = I'(n,B) 1.3
Ty(m, B) 1.1
Cow)Hs B) 1.12

Colo, B) 47

patch topology >38
Pierce decomposition; Pierce sheaf 34
presheaf 1.1
quasi-compact <19
quasi-completely regular <79
quasi-support >1.23
Rad E: radical (of a standard sheaf) <1.8
regular (maximal ideals) >1.27
relative identity >1.10
ringed space 1.2
section 52
semiconnected 5.8
serration 52
sheaf 1.1
SIN-group >5.14
¢-soft 1.11,4.8
smooth 5.10
stalk 1.1
Stone-Cech compactification > 1.27, >3.1

>89
strongly harmonic ring <1.28
structure group 512
support system 1.5, <4.7
U-close >6.1
uniform field <54
uniform field of rings 7.1
uniformly homogeneous 5.12
von Neumann algebras >3.2
von Neumann regular  >1.28, <1.31, 3.9
weakly biregular <32
zero dimensional >1.29
G, 6.6
Irr R 43
N 4.12
R,,R(U) 14
Im <122
K, K(U) 1.4
A, Awy 1.3
M 1.19
u >1.10
O(B) 1.1
iadd 1.1
P <34
) 1.11, <4.7
7t <6.1
(m, ) 53
Rad E <18
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R-Mod, %-Mod >522 [ >5.1
Spec R <19 i, uc U§ 6.1
S(a) <19  Uug >6.5
S(A) >114 U >5.13
(X.e) > 1.10
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