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Let X and Y be real Banach spaces, f a mapping of X into 2%, y, an ele-
ment of Y. It is our object in the present discussion to present a new
existence theory for solutions of the equation y, e f(x) which extends,
sharpens, and simplifies the corresponding theory for X = Y and f hyper-
maximal accretive. This new existence theory is founded in a very basic
way upon the fixed point theory of self-mappings of the Banach space Y
(for example, of mappings of nonexpansive or of condensive type) and
yields in its turn an interesting extension of these fixed point theories.

In its most general form, the class of mappings which we wish to treat
is given in the following form:

DEFINITION 1. Let X and Y be Banach spaces, K a mapping of X into Y,
F a class of mappings of Y into 2¥.

The mapping f of X into 2¥ is said to (F, K)-generative if the mapping
g = K(f + K) 'liesintheclass F.If X = Y and K is the identity mapping,
we say that f is F-generative. If, in addition, F is the class of nonexpansive
mappings of Y into Y, we say that f is generative.

We recall that a mapping f of Y into 2" is said to be hypermaximal
accretive (m-accretive) if for each & > 0, (I + ¢f) ™! isa nonexpansive map-
ping of Y [1]—[5]. In terms of Definition 1, f is hypermaximal accretive if
Ef is generative for each £ > 0. If Y is a Hilbert space and the range of
(I + f)is all of Y, then f is hypermaximal accretive whenever

(y=—w,x—-u=z=0

for all y in f(x), w in f(u), while f is generative if the following weaker
inequality is satisfied

(y—wx—u= -3y —wl

In our results, we impose several conditions upon the class of mappings
F which are described in detail in the following definition:

DEFINITION 2. F is said to be closed under translation if for each g in F and
each pair of elements wy and wy of Y, the mapping g, given by go(y) =
g(y + wg) + wy also lies in the class F.
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F is said to have the weak fixed point property on balls if for each Ry > 0
and each g in F such that, for each R = R,, g maps the ball Bg(0, Y) into
itself, there exists a fixed point wy of g in Bg(0, Y), i.e. wy € g(wo).

F is said to have the weak almost-fixed point property on balls if for each
Ry > 0and each g in F such that for all R = R, g maps Bg(0, Y) into itself,
then g has the almost-fixed point property on B (0, Y), i.e. 0 lies in the closure
of (I — g)(Bgy(0, Y)).

For stating our basic results, we also need the following generalization
of the concept of duality mapping and of coercivity.

DEFINITION 3. Let K be a mapping of X into Y. Then a mapping M of X
into Y* is said to be a duality mapping for K if, for each u in X,

(M(u), Kw) = IK@)II?, 1Ml = IK@).

The mapping f of X into 2Y is said to be coercive with respect to the map-
ping M if there exists a function ¢ from R* to R' such that lim,_, ., c(r)
= + 00 such that for each u in X and each y in f(u),

(v, M) Z c(lulIM ().
Our basic existence theorems are the following:

THEOREM 1. Let X and Y be Banach spaces, f amapping of X into2¥,y,a
point of Y. Let K be a bounded mapping of X into Y, M a mapping of X into
Y* which is a duality mapping for K, F a translation invariant class of map-
pings of Y into 2Y such that F has the weak fixed point property on balls. Sup-
pose that f is (F, K)-generative, and that there exists R, > 0 such that for
each u in X with |lull = R,, we have the inequality

(1) (y, M) 2 (yo, M(u))
for each y in f(u).
Then there exists ug in X such that y, € f(ug).

COROLLARY 1 TO THEOREM 1. If, in Theorem 1, we either have X =Y
with K the identity mapping or replace (1) by the strict inequality

) (3, M(w) > (yo, M(u))

for llull > Ry, y € f(u), then the solution u, of the equation y, € f(u,) can be
chosen in Bg (0, X).

COROLLARY 2 TO THEOREM 1. If, in Theorem 1, we replace the inequality
(1) by the hypothesis that f is coercive with respect to M, then the range of f is
all of Y.

THEOREM 2. Suppose that the hypotheses of Theorem 1 all hold except that
F satisfies the weak almost-fixed point property on balls rather than the weak
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fixed point property on balls. We then obtain the weaker conclusion that y,
lies in the closure of the range of f. If either X = Y with K the identity map
or the strict inequality (2) holds, then y, lies in the closure of f(Bg,(0, X)).

COROLLARY TO THEOREM 2. If F satisfies the weak almost-fixed point
property on balls, f is a mapping of X into 2¥ which is (F, K)-generative and
with f coercive with respect to M, then the range of f is dense in Y.

To give a particular application of Theorems 1 and 2, we apply them to
the special case of generative mappings.

THEOREM 3. Let Y be a Banach space, f a coercive generative mapping of
Y into 2¥ (and in particular, f may be hypermaximal accretive). Then the
range of fis dense in Y. If closed balls in Y have normal structure in the sense
of Brodski and Milman, the range of fis all of Y.

For the case in which both Y and Y* are uniformly convex, the result of
Theorem 3 was proved by the writer in [2], [3] for hypermaximal accretive
f- H. Brezis pointed out in a letter to the writer that a modification of the
argument in [3] yields the conclusion without assuming that Y* is uni-
formly convex (which was the stimulus to the study given in the present
paper). For general Y and f hypermaximal accretive and coercive, the
density of the range of f has been noted independently by Yen in a recent
note [8].

ProoF oF THEOREM 1. Let y, be the given point of Y. By hypothesis, if
g = K(f + K)™1, the mapping g lies in the class F. Let f, be the mapping
of X into 2¥ given by fo(y) = f(3) — Yo. A given element w of Y lies in
(fo + K)(x) for a point x in X if and only if (w +y,) € (f + K)(x), i.e.

(fo + K)7'w) = (f + K)"'(w + o).

Since g = K(f + K)™! is a member of the class F, and since
K(fo + K)™'(w) = g(w + yo), it follows from the assumption that F is
translation invariant that the mapping g, = K(f, + K)~! lies in the class
F.

Since K is assumed to be a bounded mapping (i.e. K maps bounded sets
of X into bounded subsets of Y), there exists R; > 0 such that K(Bg (0, X))
< Bg,(0,Y).(When X = Yand K is the identity mapping, we take R; = R,.)
We now assert that for each R = R, the mapping g, carries Bg(0, Y) into
itself. Indeed, let w be an element of Bg(0, Y) for such an R, and let y be a
point of go(w) such that ||yll = R. Then y = K(x) for a point x in X such
that x € (fo + K)™(w),i.e. w € fo(x) + K(x). Thus there exists an element v
of f(x) such that w = v — y, + K(x). Since y lies outside of Bg (0, Y), and
y = K(x), it follows that x lies outside of Bg (0, X). Hence the inequality (1)
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of the hypothesis of Theorem 1 implies that (M(x),v — y,) = 0. Since M
is a duality mapping for K, we have

(M(x), K(x)) = [IKx)II* = lIylI.
Hence
(M(x), w) = (M(x),v = yo) + (M(x), K(x)) Z I)ll%,
so that

IylZ < M- Nwll = K@) - Twll = 11l Tl

Finally, we see that |[yll < |lwll £ R.

By hypothesis, F has the weak fixed point property on balls. Hence g,
has a fixed point w, in By (0, Y) such that w, € go(w,). For such an element
wo, We have wy = K(x,) while wy € f(xo) — yo + K(xo). It follows that
Yo € f(x0) q.e.d.

PrROOF OF COROLLARY 1 TO THEOREM 1. If X = Y and K is the identity,
then w, = x4, and by our choice of R, R, = R,. Therefore, y, lies in
f(Bgy(0, X)). If the inequality (2) holds (with a strict inequality), it excludes
Yo € f(xo) if x, lies outside the ball Bg (0, X). q.e.d.

PrOOF OF COROLLARY 2 TO THEOREM 1. The coerciveness of f with respect
to M implies trivially that the inequality (1) holds for a given y, of Y outside
of some ball Bg (0, X) depending upon y,. Hence by Theorem 1, R(f)
=Y qed

PROOF OF THEOREM 2. We apply the proof of Theorem 1 and obtain the
conclusion that g, maps Bg(0, Y) into itself for each R = R,. If F has the
weak almost-fixed point property on balls, it follows that 0 lies in the closure
of (I — go)(Bg,(0, Y)). Thus, there must exist a sequence {w,} in B (0, Y)
and for each n, an element y, of gq(w,) such that w, — y, - 0 as n - oo.
Since y, € go(w,), there exists x, in X for each n such that y, = K(x,) while
x, € (fo + K)™'(w,). Hence, there exists v, in f(x,) such that

Wn=vn—y0+K(xn)=yn+vn_y0'

Hence, v, — yo = w, — y, = 0 as n —» oo, and y, lies in the closure of the
range of f. Under the appropriate additional hypotheses, y, lies in the
closure of f(Bg,(0, X)). q.e.d.

The proof of the Corollary to Theorem 2 follows like that of Corollary 2
to Theorem 1.

The proof of Theorem 3 follows directly from Theorems 1 and 2 applied
to the case of the class F,, of nonexpansive mappings of Y, since F,, has the
weak almost-fixed point property on balls for any Banach space Y and the
weak fixed point property if Y satisfies the condition that closed balls have
normal structure.
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THEOREM 4. The results of Theorems 1,2, and 3 as well as their Corollaries
all remain valid if the hypothesis that f is (F, K)-generative is replaced by the
hypothesis that there exists o > 0 such that of is (F, K)-generative.

We merely note that y, € (¢f)(x,) if and only if «~ 'y, € f(x,), while the
inequality (1) goes over from f to oaf in the appropriate way.

REMARK. An interesting specialization of the above results for X = Y
and K the identity mapping is that in which we take for the class F,
the class F, of condensing mappings in the sense of Sadovski [7] to which
Theorem 1 may be applied.

The construction of the class of (F, K)-generative mappings from a class
F of mappings such that solvability properties of the equation y, € f(x,) for
the generative mapping f follow from the fixed point properties of the map-
ping g = K(f + K)™' in F has an inverse process by which we generate
classes of mappings having the weak fixed point property on balls from
F-generative mappings.

THEOREM 5. Let Y be a Banach space, F a translation invariant class of
mappings of Y into 2¥. We generate two sequences of classes of mappings
{F,} and {G,} (n = 1) by the following recursive definition:

Forn=0,let Fy=F.Forn 2 1,G, = {f|f:Y > 2", there exists . > 0
suchthat (I + of)"'liesinF,_,}. Forn 2 1,F, = {glg:Y—>2",g=1 - f
for some f in G,}.

Then if F has the weak fixed point property on balls, so does each F,, and
each mapping f in G, satisfies the conditions of Theorem 1.

If F has the weak almost-fixed point property on balls, so does each F,,, and
each mapping f in any G, satisfies the condition of Theorem 2.

PrOOF OF THEOREM 5. It follows by a routine verification that each of the
classes F, and G, can be recursively proved to be translation invariant.
Suppose F,_; has been shown to have the weak fixed point property. Then
each mapping f in G, satisfies the conclusions of Theorem 1. We now show
that F, satisfies the weak fixed point property on balls. By definition, if g is
an element of F,, g = I — f for some f in G,. Suppose that there exists
R, > 0 such that for each R = R,,, g maps Bg(0, Y) into By(0, Y). Let u be
an element outside of B (0, Y), R = |lull, y € f(u). Then

(» M@W)) = (u, M) + (y — u, M)) 2 R* = lly — ullR 2 0
where M is a section of the duality mapping J, since u — y € g(u) implies
that |[lu — yll £ R. Hence by Theorem 1 and Corollary 1, there exists an
element u, of Bg (0, Y) such that 0 € f(u,), i.. u, € g(uo). Hence F, has the
weak fixed point property on balls.

A similar argument for the weak almost-fixed point property follows

from Theorem 2. The remainder of Theorem 5 then follows from Theorems
1 and 2.
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REMARK. In the special cases where F is either F,, the class of nonexpan-
sive self-mappings of Y into Y, or F,, the class of condensive self-mappings
of Y into Y, it is easy to verify that the corresponding classes F,, , and F, ,
increase with n and yield interesting classes of self-mappings of Y with the
weak fixed point and almost-fixed point properties under the appropriate
hypotheses.

REMARK. It follows from a recent result of R. H. Martin [6] that a map-
ping f of the Banach space Y into itself which is continuous and such that
(I + &f)~ ! is nonexpansive on R(I + &f) for each & > 0 has the property
that f is hypermaximal accretive. This provides an interesting class of
maps f for which the result of Theorem 3 applies.
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