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AssTrACT. The following theorem is proved: If 4, B are PI-
algebras over a field F, then A ® rB is also a Pl-algebra.

Let F be a field, 4 and B two Pl-algebras (i.e., algebras satisfying
a polynomial identity) over F. The problem whether also 4 ® B
satisfies a polynomial identity has been open for some time [1, p. 228].
We have proved that if A and B are Pl-algebras, then 4 ® ¢B is in-
deed a Pl-algebra. A very brief outline of the proof is given here, and
the details of the proof will appear elsewhere.

Let {x} be an infinite set of noncommutative indeterminates over
F, and let F[x] be the free ring in {x} over F. Let {1, s, - - - }
= Sx,} C{x} be a fixed countable sequence of indeterminates from
{x . Let S, denote the group of all permutations of {1, ce e, n} and
let

Va = spaniwz,, - - - %4, | ¢ € Sa}

be the n! dimensional vector space, spanned by the #! monomials
Xoy * * * Ko, (0ES,) inxq, - - -, Xn.

An ideal QC F[x] is a T-ideal if f(x;, - - -, 2,)EQand g1, - + -, gn
€ F[x] implies that f(gi, - - -, g.) €Q. It is well known [1, p. 234]
that the set of all identities of a PI-algebra is a 7-ideal. Let Q be the
T-ideal of identities of a PI-algebra 4. For each integer 0 <#, define
d,=dim(V,/(QAV,)). We call {d,} “the sequence of codimensions”
of Q (or 4). Codimensions play an important role in the proof that
A ®pB is a Pl-algebra.

It follows from the definition of d, that there exist d, monomials
My, * + ¢y %), » + =y Ma (%1, - -+, %) which span V, modulo Q,
i.e., for each ¢ &.S, there exist coefficients ¢;(¢) EF, 1 <1=d,, such
that

dn
Mo(x) = %4, * * * %oy = Z ¢,(0)M ,(x) (mod Q).

t=1
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Since Q is the ideal of identities of 4, it follows that for any substitu-
tion ay, * - -, ¢, EA we have

dn
Qgy * * * Qg = Z ¢.‘(0—)Mi(ala Tty a’n)'
1=l

We now prove

TuEOREM 1. Let A and B be two PI-algebras with {d,}, {h.} the
corresponding sequences of codimensions. If there exists an integer 0 <n
such that d,h, <n), then A @ p.B satisfies a nontrivial identity of degree n.

Proor. Let Mi(x), -+, Ma,(x), ¢i(0)EF, 15i=d,, 0ES,,
be monomials and coefficients such that for all a4, - - -, a,E4 and
CESn, Qo+ * G = 2 1, ¢i(0) Mi(a). Let, similarly, N;(x), ¥;(o),
1<j<hn,, 0E.S,, be monomials and coefficients such that for all e €S,
and b1, ctty, b,.EB,

b
by * + * boy= 2 ¥i(@)N;(b).

J=1

Write
(*) f(xl, Ty x”) = Z avx’l t x"u

€8,

with the a, undetermined coefficients. Now

f(al®b1, .. .’a“®bn) = Zav(aal “ . av») 034 (bal .. .bﬂn)

&S,
dp  hn
- 2 3( T #oitoran) o) © N0

Since d.h, <n!, there exists a nontrivial solution {e,}.es, for the
hud, homogeneous linear equations Y .es, ¢i(0)¥;(0)a,=0 in #! in-
determinates. Clearly the a, yield (for (*)) a nontrivial identity
f(x, + -+, x,) for AQFB.

The second and the difficult step in the proof that A ® B is a PI-
algebra is:

THEOREM 2. Let {d,.} be the sequence of codimensions of an arbitrary
PI-algebra A. Then there exists a positive real number k such that for all
nEN, d. k. (We actually prove if A satisfies an identity of degree d,
then E<3-4473)

The proof of Theorem 2 is complicated and will be given elsewhere.
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It is a combinatorial proof, and has nothing to do with the structure

of the algebra.

Now, let 4, B be two Pl-algebras with {d,}, {h,} their correspond-
ing sequences of codimensions. Let k, / be such that for all #, d. Zk»,
ko =1 Let n be such that (k-I)»<#!. Then, by Theorem 1, A ® B
satisfies an identity of degree .
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