
BULLETIN OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 77, Number 6, November 1971 

EXISTENCE OF POLYNOMIAL IDENTITIES IN A®FB 

BY A M I T A I R E G E V 1 

Communicated by M. H. Protter, April 28, 1971 

ABSTRACT. The following theorem is proved: If A, B are PI-
algebras over a field F, then A <8FB is also a PI-algebra. 

Let F be a field, A and B two Pi-algebras (i.e., algebras satisfying 
a polynomial identity) over F. The problem whether also A®FB 
satisfies a polynomial identity has been open for some time [l, p. 228]. 
We have proved that if A and B are Pi-algebras, then A®FB is in­
deed a PI-algebra. A very brief outline of the proof is given here, and 
the details of the proof will appear elsewhere. 

Let {x} be an infinite set of noncommutative indeterminates over 
F, and let F[x] be the free ring in {x} over F. Let {xi, x2, • • • } 
= \xv} £ {x} be a fixed countable sequence of indeterminates from 
{x}. Let Sn denote the group of all permutations of {1, • • • , n} and 
let 

Vn = S p a n j e • • • %9% \ a E Sn} 

be the nl dimensional vector space, spanned by the nl monomials 
i n X\y , Xfi» 

An ideal QQF[x] is a T-ideal if f(x%, • • • , xn)ÇzQ and gi, • • • , gn 

ÇzF[x\ implies that f(gi, • • • , gn)G<2- I t is well known [l, p. 234] 
that the set of all identities of a Pi-algebra is a T-ideal. Let Q be the 
jT-ideal of identities of a Pi-algebra A, For each integer 0<n, define 
dn — dimCVn/iQAVn))- We call {dv\ "the sequence of codimensions" 
of Q (or ^4). Codimensions play an important role in the proof that 
A ®FB is a PI-algebra. 

I t follows from the definition of dn that there exist dn monomials 
Mi(xu • • • > # ! » ) , • • • » Mdn(xu • • • , # » ) which span Vn modulo Q, 
i.e., for each c £ 5 n there exist coefficients <t>i(<r)ÇzF} 1 ^ ^ 4 , such 
that 

dn 

Ma{x) » ^ • • • * „ s £ ^(a)Mt(x) (mod Q). 
* - i 
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Since Q is the ideal of identities of A, it follows that for any substitu­
tion ai, • • • , an£;A we have 

dn 
aoX ' ' • affn = X) *,(<r)Af<(ÖI, • • • , an). 

W e now prove 

THEOREM 1. Let A and B be two Pi-algebras with {dv}, {hv) the 
corresponding sequences of codimensions. If there exists an integer 0<n 
such that dnhn<n\1 then A®FB satisfies a nontrivial identity of degree n. 

PROOF. Let Mi(x), • • • , Mdn(x), <t>i{cr)E:F, l£i£dn, <rESn, 
be monomials and coefficients such that for all #i, • • • , an£:A and 
crGSn, &*i ' * ' a*n=2%.i<l>i(<r)Mi(a). Let, similarly, Nj(x), ^y(<r), 
1 Sj<hn, aÇzSn, be monomials and coefficients such that for all crÇzSn 

and &i, • • • , bn(EBf 

K • • -b^ZM^Njib). 

Write 

(, y J\%ly ' ' ' 1 %n) ~ / / OLarX(Tl • ' * Xffn 

a<ESn 

with the a<r undetermined coefficients. Now 

f(ax ® bi, - • • , an ® 6n) = 2 a f fOn • • • a„J ® (6^ • • • 6 „J 

Since dnhn<n\, there exists a nontrivial solution {a<r}<re,sn for the 
hndn homogeneous linear equations ^cesn 0»(o')^i(o')ce(r = O in #! in-
determinates. Clearly the a9 yield (for (*)) a nontrivial identity 
ƒ(#!, • • • , xn) for A ®FB. 

The second and the difficult step in the proof that A ® J5 is a PI-
algebra is: 

THEOREM 2. Le/ {dn} be the sequence of codimensions of an arbitrary 
PI-algebra A. Then there exists a positive real number k such that for all 
nÇzN> dn^kn. (We actually prove if A satisfies an identity of degree d, 
then &^3-4*-3.) 

The proof of Theorem 2 is complicated and will be given elsewhere. 
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I t is a combinatorial proof, and has nothing to do with the structure 
of the algebra. 

Now, let A, B be two PI-algebras with {dv}, {hv} their correspond­
ing sequences of codimensions. Let k, I be such that for all n, dn^kn

f 

hn^ln. Let n be such that (k-l)n<nl Then, by Theorem 1, A®FB 
satisfies an identity of degree n. 
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