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1. Introduction. We consider another axiomatization of set theory.
It is a first-order theory with equality, the membership relation, a
new binary relation called predication and denoted by backwards
epsilon, and a constant V denoting the universe of sets. Sets are de-
fined to be elements of V. Classes are defined to be collections of sets.
The variables P, Q, R are defined to range over classes. Thus,
VP ®(P) is short for

Ve(Vy(y Ex—>y € V) — ().

We only consider classes on the left of predication. The axioms are
the universal closures of

(A) xEyEV—xEV,

(B) VxE V(PowexEP),

(C) ¥VxEV(PDxe>QDx)—P =0Q,

(D) Vi, » -0, %€V EQVy(QSqu)(Pl» vy Payxy, -0, yl))'
where ® is a formula such that

(i) all its free variables are displayed,

(ii) the P’s are the only variables occurring on the left in predica-
tion,

(iii) the P’s occur only on the left in predication, and

(iv) V does not occur.
We also add as axioms that

(E) V satisfies the axiom of choice and

(F) V satisfies the axiom of regularity.

This theory was first considered by the second author and will be
presented in his thesis along with the proofs of the following theorems
in the theory.
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l_vxl,"',x"EV((Vt(I)(Pl,'",Pm;xl,""xn))(_)
‘I’(Ply co oy Puym, - ’xu))
where ® is a formula satisfying (i)-(iv) of axiom (D), and Vi=® is the

relativization of ® to V. In a strong sense (1.0) says V is an elemen-
tary submodel of the universe of discourse.

(1.1)  ZFC.

(1.0)

That is, all the axioms of Zermelo-Fraenkel set theory plus the axiom
of choice are derivable. Actually the proofs of the axioms of ZFC
yield slightly stronger results. For example,

(1.2) FWVicEyo3E L AB(Py, -+, Pujywy, - -+, W 3)),

where ® is a formula satisfying (i)—(iv) of axiom (D), is the version of
the comprehension principle that is derived. Since V is the class of
all sets, it should be noted that by (1.0) and (1.1) that we also have

(1.3) +V E ZFC.
We also have the following reflection principle for classes
(1.4) FODP—-3axEVQED PNx).

In this paper we will show first that the existence of large cardinals
is derivable in the theory. Although (1.4) essentially is a large cardinal
property, it is formulated in terms of predication. We will deduce
two large cardinal properties formulated only in terms of €. If « is
the class of ordinals in V, then

THEOREM 1. -« is indescribable.
THEOREM 2. |-« is ineffable.

Both of these properties imply the existence of weakly compact
cardinals.

Secondly we will give a necessary and sufficient condition for stan-
dard models of the theory to exist.

THEOREM 3. There exists a standard model of the theory (A)—(F) if
and only if there exists a standard model M of ZFC and an M-ultrafiller
U on some ordinal x in M such that Ult(x, U) is wellfounded.

This condition follows from the existence of measurable cardinals.
It even follows from some weaker properties. R. Solovay pointed out
that it follows from J. Silver’s work [3] that 3k k—(w)<e implies the
condition.
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2. Large cardinals.

DEFINITION. A cardinal « is said to be indescribable if for any
UCR,, any n, mEw, and any II}, sentence ¢ holding in (R,, €, U),
there exists an ordinal a <« such that ¢ holds in (R,, €, UNR,).

THEOREM 1. -« s tndescribable.

PRrOOF. Suppose UCS R, and ¢ is a IIj, sentence holding in(R,, €, U).

By axiom (D) there exists Q such that Q=2 y if and only if dom y is an
ordinal,

VZ(UBx/\xERdomnyergy)’

and o holds in (Raom 4, €, rgy). If we let P=xkX U, then we have
Q> P. Hence by (1.4), there exists some x & V such that Q2 PNx.
Hence, by axiom (B), a =dom(PMx) is an ordinal, rg(PNx) = UNR,,
and ¢ holds in (R., €, UNR.,).

Now we introduce some suggestive, though unnecessary, notation.
Instead of writing P2Dx we will write xEj(P). Although formally
“c j( )” is an indivisible relation symbol it is useful to think of
“j(P)” as the extension {x:P3x} of P. In general the extension of a
class will not exist in the universe of discourse. {x:PDx} exists if
and only if P is a set. And if P is a set, P =j(P).

If fC V is a function from P to Q, then j(f) can be thought of as a
function from j(P) to j7(Q). This situation is precisely expressed by
the equivalence of the following formulas:

Vx E P yEeQ (x, y) €,
VEVzEHP) 3IWEiQ (% Eilf),
VveEj(P) Ay EiQ) (%) €.

We will denote the unique y in the last formula by j(f)(x).

DEFINITION. 4 is a closed subset of « if Ya<k VxCA4 U(aNx)EA.
A is an unbounded subset of k if UA =«. SCk is said to be stationary if
Sintersects every closed unbounded subset of .

The following notion is due to R. Jensen [1].

DEFINITION. k is ineffable if for every f:k—P(x) such that Va<k
fla)Ca, there exists X, SCk such that S is stationary and Va&S
fle) =XNa.

THEOREM 2. « is ineffable.

PROOF. Suppose f is a function on k such that Ya<k f(a) So. Then
since Ya<k f(a) €V, we have fC V. Since

Vx(k D x <> x is an ordinal),
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kEj(x). Hence, we may take X =3(f)(x). By (1.0), j(f)(k) Sk V.
Hence, by axiom (D), there exists .S such that

*) SDae B D{(N AVizE Yy i)k D2 N zE o).
Hence, by axiom (B), for a €k,
a €S e fla) =Nk Na.

Now to show that S is stationary, suppose 4 is a closed and un-
bounded subset of k. Then by axiom (B) and (1.0) we have

Va(Vy(y Ez2— 4 D y) — 4 D Us).

Hence, since Vy(yEA—A4A>y) and U4 =k, we have AD«. And since
by (*), Sk, we have

BES D2z N\ 4D 2).
Thus, by (1.0)
2EVESDz/N 4D2).

So by axiom (B), .S intersects 4.

Although we have not actually shown any sets are indescribable or
ineffable, it can be easily deduced from (1.0) that there are many sets
that are indescribable and ineffable.

3. Standard models. The only models we consider in this paper are
standard. Thus, a model of ZFC is a transitive model where the epsi-
lon symbol is interpreted as the usual membership relation. And a
model of (A)—(F) is a triple (M, V*, D*) where M is transitive, V*is
the interpretation of V, ©* is the interpretation of predication, and
the interpretation of the epsilon symbol is understood to be the usual
membership relation.

DerINITION. If M is a model of ZFC and « is an ordinal in M, then
U is an M-ultrafilter if and only if k>w and

(i) U is a proper subset of P(k)/M\M containing no singletons,

(i) Vx, yxSyEP)NMNAxE U—yEU),

(iii) VxEP)NMxEUVk—xE D),

(iv) if <k, (x:E<p)EM and VE<nx:E U, then N{x;:6 <y} ET,

(v) if (xs:6<k)EM, then {£:x,CEU}EM.

This notion and the definition of the ultrapower Ult(M, U) of M
with respect to an M-ultrafilter U is due to K. Kunen [2].

THEOREM 3. There exists a standard model of the theory (A)—(F) if
and only if there exists a standard model M of ZFC and an M-ultrafilter
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U on some ordinal k in M such that Ult(x, U) is wellfounded.

PROOF. Necessity. Suppose (M, V*, D*)= (A)—(F). Then it suffices
to show that M is a model of ZFC, U= {ng:xEj(P)} is an M-
ultrafilter on k, where k is the class of ordinals in V*, and Ult(x, U)
is wellfounded. By (1.1), M is a model of ZFC. We now show that U
is an M-ultrafilter. It is easily seen that x>w and (i)-(iii) hold.
(iv) follows from

Ve EV Vfix— P(V) Vy
(N{/@):2 € 2} Dy V2 € 2 (@) D 9).
To see (**) let P= {(y, 2)E V:yEF,}. Then, for all zEV,
Vy(P 2 (y, 2) < f(3) D ).
By axiom (D) we have some Q such that
VyQ@ Dy VzE x P D (y,3)).

**

Hence,
VY@ Dy o Vi E 2 f(z) D).
But Q=N{f(z):2€x} by axiom (B). To show (v) suppose x:k—P (k)
isin M. Then P = {(, 9):n€x;} is in M. Then for all £<x,
V(P D& ) 2 D 7).

Hence, by (1.2), {{€k:x:€E U} = {§€k:x, Dk} = {§Ex:PD(E, k) } is
in M.

To show that Ult(x, U) is wellfounded, it suffices to construct an
E-isomorphism k:Ult(k, U)—M, since M is wellfounded. Let % be

defined by k([f]) =7(f) (k) where f:k—x. k is well-defined and one-to-
one since

[7] = [l o (s € :f(®) = g®} E U ok Ej{t € x2f(®) = g®)}
(N x) = ().
k is an &-isomorphism since
[f1 € [g] & {t € /() € g(®} € Uk E4{t € w:f(8) € g®)}
< (N (k) € j(@ ).

Sufficiency. Now suppose M is a model of ZFC, U is an M-ultra-
filter on an ordinal in M, and Ult(x, U) is wellfounded. Since Ult(x, U)
is wellfounded, Ult(P¥(R,NM), U) is wellfounded, and hence
can be identified with some transitive class. Let 72: PY(R,NM)—
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Ult(P¥ (RN M), U) be the natural elementary embedding. Now let
N=i(RNM), V*=RNM, and D*= {(P, x): PEPM(V¥) AxEi(P)}.
We will show that (N, V*, S *) satisfies (A)-(F). Let us note that it
is known that VxEV* i(x)=x, VPEP¥(V*) P=i(P)NV*, and
PU(V*)=PN(V*). Clearly axioms (A), (E) and (F) hold. Axiom (B)
holds since, for x& V* and P& P¥(V*),

2 E Peoi(x) € i(P)e x €i(P) & P S*a.
Axiom (C) follows from the following equivalent formulas:
Vi € V¥(P D* x & Q D*a),
Vz € V*(x € i(P) & x € i(Q)),
i(P) N V* = i(Q) N\ V*,

P =0.
Towards showing (D), suppose %1, + « +, %, &EV* and ® satisfies
(i)—(@iv). Let ®’ be the result of replacing instances of “P>z” in ® by
“2&P.” Let Q= {ye V¥:V¥E®' (P, « + ¢y Pm; %1, * * *, Xn, y)}~

Hence

V*E Vy(ye QHQ,(PIV")Pm;xh-”’x"’y))r
1‘(V*) = Vy(y S 7’(Q) «> q”('i(Pl) R 7Pm);x1’ o ooy %ny :V));
NEVY QD ye ®(P1,...,Pu;%1,...,%, ).
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