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1. Introduction and statement of main result. For complex reductive Lie algebras the conjugacy of all the Cartan subalgebras by inner
automorphisms plays a fundamental role in the structure and classification theory. The conjugacy theorem does not hold for real reductive Lie algebras, but each such algebra has only finitely many conjugacy classes of Cartan subalgebras. A complete classification of the
conjugacy classes for all real simple Lie algebras was done by Kostant
in 1955. (See Kostant [4], and Sugiura [7].) The proof of conjugacy
of Cartan subalgebras in the complex case, requiring only the connectedness of the subset of regular semisimple elements [6, p. III-6,
Theorem 2], suggests a relationship, in the real case, between the
connected components of this subset and the conjugacy classes of
Cartan subalgebras. Our purpose here is to establish such a relationship, using the invariant polynomials on the Lie algebra. We also
show how this relates to the number of real zeros of polynomials.
Let gc be a complex reductive Lie algebra, and Gc any corresponding connected subgroup. We shall write a-x for the adjoint action of
a G G c on x£îôc- Let / be the ring of all polynomials on gc invariant
under the adjoint action of Gc. By a famous result of Chevalley, there
exist homogeneous polynomials ui, u^ • • -, Uu where / is the rank of
Be which are algebraically independent and generate J. (See Chevalley [ l ] and Helgason [2, pp. 429-434].)
# £ 0 c is called semisimple if ad x is a diagonalizable endomorphism,
where ad x is the endomorphism of Qc defined by ad x-y~ [x, y] for
any yÇzUc x is called regular if its orbit under the action of G has
maximal possible dimension. For any real form Q of gc let G(ZGC be
the connected subgroup corresponding to Q. G acts as a group of
automorphisms on Q, and two Cartan subalgebras of Q are said to
be conjugate if one is transformed into the other by some automorphism in G.
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T H E O R E M . Let w:gc—>C* be defined by u(x) = (ui(x), u^x), • • • ,
Ui(x)), and let gc Cgc be the subset of regular semisimple elements. For
any real form g of gc the restriction of u to g gives a 1-1 correspondence
between the conjugacy classes of Cartan subalgebras of g and the connected components of the image u($c P\g).
EXAMPLE. Let g = gl(2, R), the set of all 2X2 real matrices of
trace 0. g has two conjugacy classes of Cartan subalgebras, represented by the subalgebras
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The determinant function, det, generates the algebra of invariant
polynomials. Since any nonsingular #£ig is regular, det(gP\g c ) =R
— {o}, which is the union of the connected components R~
= det($i-{0}) and/e+ = det(^2-{0}).
2. Outline of the proof of the theorem. The main results needed
for the proof of the theorem are the following four lemmas. For a
Cartan subalgebra ï)Cg, we write §* for f)ngc*.
LEMMA

1. For any x, 3>(Egc, u{x) =u(y) iff x—a-y for some a £ G c .

For proof, see Helgason [2, p. 433] or Kostant [3, Proposition 10].
LEMMA 2. If x> ;y£g are semisimple and satisfy x—a-y for some
a(~Gc, then there exists a0ÇzG such that a0'X, y are both in some Cartan
subalgebra ï)Cg.

Lemma 2 is proved in Rothschild [SJ.
Lemmas 1 and 2 together imply that u(iji)r\u(i)2) ~0 for any
Cartan subalgebras f)i, ï)2 of g which are not conjugate. The following
result is needed to show that « f t i ) U « ( y consists of at least two
components.
LEMMA 3. The differentials dui, du^ • • • , dui are linearly independent at any regular semisimple x £ g c .

A proof may be found in Kostant [3, Theorem 9] or Varadarajan

[8].
Finally, a completely new result must be used to show that
w(&*)^wO&*) consists of at most two components.
LEMMA 4. There exists a connected subset CCÏ)* such that for any
x £ g * there exists yÇEC and a<E.Gc with a-x=y.
Lemmas 1 and 4 show that w(f)*) is connected.
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REMARK. In general the number of connected components of fl*
greatly exceeds the number of conjugacy classes of Cartan subalgebras of $. A formula for the exact number of such connected components will be given with the details of the proof of the theorem
above.

3. Relationship to real zeros of polynomials. T h e Lie algebra
Q = gl(w, R), all nXn matrices, has [n/2] distinct conjugacy classes
of Cartan subalgebras, where [n/2] is the greatest integer in n/2.
These classes correspond to the possible numbers of real roots of the
characteristic polynomial of a real matrix. T h e coefficients of the
characteristic polynomial may be taken for «i, u2, • • • , uni and the
regular semisimple elements in Q are those diagonalizable matrices
whose characteristic polynomial polynomials have no repeated roots.
Furthermore, u(§) =Rn; t h a t is, any monic polynomial of degree n
is the characteristic polynomial for some # £ g . Finally, any point
(a0, # ! , • • • , aw-i)£jR!w m a Y t>e identified with the monic polynomial
Xn+an-iXn~1+
• • • +a0. This allows application of the theorem t o
prove the following result on the roots of real polynomials, which can
also be proved directly.
Let VQRn be the points corresponding to polynomials
with repeated roots, and let C be any connected component of Rn— V.
Then any two points in C correspond to polynomials having the same
number of real roots. Conversely, two points in different components correspond to polynomials having different numbers of real roots.
COROLLARY.
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