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1. Introduction. Let @ be a bounded domain with infinitely
differentiable boundary 9Q in n-dimensional real space R,. Let k be
a positive integer, and let us define the functions a;(x, £) for multi-
indices I'Ll =4+42+ - - - +4. =<k, continuous in & XR,, where « is
the number of indices of length =<k. By W®(Q), we denote the
Sobolev space of L,-functions whose derivatives up to the order &
are also L,-functions, with the norm

s = ([ 3 1 Dulraz)

where the usual notation

olil
Di=———
i [
axll “ e axﬂn

is introduced. The functions ai(x, £) are supposed to satisfy the
growth-conditions:

(1.1) |aix, §)] Sc1+|£]).

Let functions o€ WP (Q) and f;ELa(Q), |i| Sk, be given. Let
W}f’(ﬂ) be the closure of D(Q), the space of infinitely differentiable
functions with compact support, in the space W (Q).

A function % from WP (Q) is called a weak solution of the Dirichlet
problem: 8% /dnt=08%./dn* on 42, =0, 1, - - - , k—1, (where 4/0n
is the derivative with respect to the outer normal),

> (=11 Di(ai(x, )= 2, (—1)11Dif; inQ
131k 1l sk

(where the components of £(u) are D) if
(1.2) u—uE Wé"’(ﬂ):
(1.3) for every v in WP(Q):

f 2. Divai(x, £(u))dx =f Y. Divfidx.
2 lilsk Q 14l sk
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We will suppose the following:
(1.4) T alr DEz o X -

1%l sk lilsk

For the sake of simplicity, we suppose the differentiability of a:(x, £)
with respect to &; and

1.5) < > iz c D, i

lilLl71sk OF; =

da; da;
9&;

The following condition for asymptotic behaviour of a;(x, £) is
required: there exists continuous a;;(x) in &, ||, |j| =%, such that

(1.6) Y @iz X &
151,141 sk il =k
and such that for £>0:
ai(¥, t£)
1.7) (t - l;k a(®)E| < (O + | £]),
Jls

where ¢(f)—0 for t— .
The main result is:

THEOREM. Let 25p< o and ueEWP(Q), fi€L,(Q). Let the con-
ditions (1.1), (1.4)—(1.7) be satisfied. Then there exists a unique weak
solution of the Dirichlet problem belonging to the space WP (Q). It
satisfies the inequality:

09 e 5 (14 T Il ol ):

It is well known that the regularity problem consists of proving
that the weak solution belongs to the class C®#, the class of func-
tions whose derivatives up to order %k are u-Hélder continuous (in €
or ). The solution of this problem is not known in general. Under
certain conditions, given more general growth of the functions
ai(x, £): la,-(x, E)I Sc(1+] El m—1) 1 <m < «, the answer is affirmative
for the case of one second-order equation; see, for example, O. A.
LadyZenskaja-N. N. Uralceva [5], Ch. B. Morrey [7], and for n=2,
k=1, see J. Netas [9]. For higher dimensions and order, or for sys-
tems of second or higher order, this problem is still open. There is a
counterexample under a slightly different hypothesis for the second-
order systems of E. Giusti and M. Miranda [4], where the solution
is bounded, but not continuous. This situation implies the definition
of partial regularity: there exists a set F closed in @ with mes(F) =0,
such that the weak solution belongs to C®#(Q\ F).


file:///i/sk
file:///i/sk

1971) WEAK SOLUTIONS OF NONLINEAR ELLIPTIC EQUATIONS 153

Partial regularity was proved in the papers of Ch. B. Morrey [8],
E. Giusti-M. Miranda [3], E. Giusti [2]. If we look to the scale
WP, 2Sp< », and if we extend it further to C®# for 0<u<1, we
see that the cut between weak and regular solutions is the space
W®. Hence, a weak solution is called demiregular if # €,z WP (Q),
and this is an immediate consequence of our theorem, provided
w,EWP(Q) and fiE L. (Q).

2. Proof of the Theorem. We use the following nontrivial lemma
from the theory of linear elliptic equations, see, for example, J. L.
Lions, E. Magenes [6].

LEMMA 1. Let w be a weak solution of

2 (=1D)VDi(ay(x) Diw) = 2. (—D1HDY;

lellilsk Iilsk

in @, with fi€L,Q), ©>p>1, w—u,EWPQ), ueCEWPQ) and
with ai; satisfying (1.6). Then there exisis a unique solution and

@ e 3 ( 3 Willos + o).

As an immediate consequence of Lemma 1, we obtain:

LEMMA 2. For wEWP(Q), © >p22,

> ai@DsD'w dx = o(p)]|]ls.p

sup
Iolkprs 1oeW i @ ¥ a lilsl3isk
where 1/p’'+1/p=1.
Using well-known results about monotone operators, their appli-
cations to nonlinear boundary value problems, compare F. E. Brow-
der [1], we have:

LEMMA 3. Under the conditions (1.1), (1.4), (1.5), there exists a
unique solution of (1.2), (1.3) and

@) o 5 (24 3 o + o)

Proof of the theorem. Let 0=7=1, and let us consider the family of
differential operators defined as
(23) (1—7 2 (=1)'D¥(ai(%) Diu) +7 2(—1)1 Di(a(x, &w))).
Ll lilsk 115k

We can easily see that the conditions (1.1), (1.4), (1.5) and (1.7)
are valid with constants independent of r. Hence, for 05751, there
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exists a unique solution of our problem in W¥(Q). For 7=0, we
have, in virtue of Lemma 1, the assertion of the theorem.

(i) Let the assertion be valid for some 7,. Then it is true for
T0=7<7o+€=1 with some ¢>0.

Let vEWP(Q) be such that v—u,E W®(Q) and let us define the
operator A :v—Av such that Av is the solution of the problem with
the functions

fit (0 =10 2 ay(x)Div + (0 — Tai(x, £(v))
lilsk
substituted for f;.

For r=7,, we obtain from (1.8) that the solution belongs to the

ball ||#|s,»< R where

&= )+ 0 (1+ 3 [dlos + o).

Let us take first v in the ball ||2||+,, <2R and then € small enough
such that || 4v|s,,<2R. It follows from (1.5):

2 (ai(, £(w1)) — ai(x, E(u2))) Di(ur — us)dw

2 lilsk
=c ”D"(m - uz)“:.a-

Iilsk
Hence, with ¢ small enough
(2.9 “A(ih) — A('vz)”k,z < of|o1 — vo|k.e, 0=sa<l.

If we introduce into the set ||o]|x,» S2R, v —u,E WP (Q), the metric
induced by the norm ||o]|s.2, we obtain a complete metric space and
the operator 4 is a contraction. This implies the existence of a fixed
point, which is a solution of (1.2), (1.3) belonging to W¥(Q). From
(1.8), this estimation for 70=<7<7-+e€ with ¢ small enough follows.

(ii) For 0=7=<1 and «EW> the solution of the problem, an
estimation (1.8) holds with ¢(p) independent of 7. Let us suppose
the contrary. Then for # integers, there exists 7, and ff € L,, ugE WP,
with 4, € W the solutions of the problem, such that

ol 2 (14 2 [70os + 3]s

Let
tn=”un“k,p, v,.=u,./t,..

If we put gi =(1/t.)ff and v =1p/tn, We obtain that gi—0 in L, and
vg—0 in WP®. We have for oS WP:


file:///j/ak
file:///i/sk

1971} WEAK SOLUTIONS OF NONLINEAR ELLIPTIC EQUATIONS 155

1
(1 — ) Y. 6ii(#) DipDivadx + 1 | D, — ai(%, tat(va)) Digda

Il lilsk Q |ilsk ‘n

=f2 D‘qag:dx
2

lilsk

= Y. aij(x) DipDiv,dx

@ lsl,lilsk
1
+ 7a Z (—‘ a:i(x, tak(vn)) — Z a.'j(x)D"v,,) Dipdx.
2 lilsk \n 1715k

In virtue of Lemma 2, we can choose ¢, such that ||@a||s,,'=1 and
> a"i(x)D‘sonDi (va — 9)dx = ¢ > 0 for n = n,,
Q )il il sk
which implies for # = ny:
(2.5) > aij(x) DigyDivadx = ¢; > 0.
2 13l 1jl sk
Because of (1.7), we obtain

lim

n—®

1
Z ("— ai(x’ tng(vn)) - Z aij(x)Djvn>'Di¢ndx

Q|ilsk \in 1il sk

< o(t)([enllea + llealleslloalli.z) =0

which gives, together with (2.5) and because gf—0 in L,, the con-
tradiction.

(iii) By standard argument, the set S of 7 where the theorem is
valid, is closed; this follows from the fact that if 7,&S and u, are
solutions, then as above, u,—u in W where « is the solution for
7=lim,.,, Ts. But, since

ol (2 3 o+ ),

the same is true for #. As in (ii), the set S is open; so it is the whole
interval {0, 1). q.e.d.
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