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Let K be an algebraic number field with ring of integers R. For an
R-order A in the semisimple K-algebra 4 it seems to be one of the
most important problems—{rom the viewpoint of integral representa-
tions—to characterize those orders A, for which the number #(A) of
nonisomorphic indecomposable A-lattices is finite. This problem is far
from having a satisfying solution. However, a breakthrough came at
the end of 1967, when Drozd-Roiter [3] and Jakobinski [5] gave,
independently of each other, a necessary and sufficient condition
for the finiteness of #(A), in case A is commutative. Whereas Jakobin-
ski’'s methods seem to be restricted to the commutative case, the
methods of Drozd-Roiter bear the possibilities of a generalization to
the noncommutative case. This note shall be a small contribution in
that direction: We shall give here a necessary and sufficient condition
for the finiteness of #(A) in case A is an order in a direct sum of skew-
fields over a ®-adic number field. We shall first fix the notation and
then sketch the proof of our theorem; a more explicit version is going
to be published later (cf. [6], [7]).

R: a complete discrete rank one valuation ring with finite residue
class field,

K : the quotient field of R,

D;: 1=i=<n: finite dimensional separable skewfields over K,
A=237 @D,

T': the unique maximal R-order in 4,

A:an R-order in 4,

N =rad (A): the Jacobson radical of A,

AN : the category of finitely generated unitary left A-modules,

A0’ : the category of the projective modules in 291/,

AMO: the category of A-lattices; i.e., M E \ I/ with M &6,

n(A): the number of nonisomorphic indecomposable A-lattices,

ma(X): the minimal number of generators of X &M/,

rada(X): the intersection of the maximal left A-submodules of
XE .
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Homomorphisms are written opposite to the scalars.

(1) THEOREM. n(A) is finite if and only if
(i) pua(T/A)=2 and
(i) pa(rad 2(T'/A)) =1.

SKETCH OF THE PROOF. The theorem is easily reduced to the case
where A is indecomposable as left A-module. For the proof of the
necessity, a technique of Dade [1] is used, which allows us to con-
struct an infinite number of nonisomorphic indecomposable A-lattices
in case one of the conditions in (1) is violated:

(2) LemMMA. Let Ay be an R-order in A containing A such that N A,
is a two-sided Aj-ideal, and put G=Ai/N Ay, X=A/N. If for each
nE&EN, there exists a left K-submodule v, of @™, the direct sum of n
copies of @, such that

(i) avn=a(")y

(ii) for an idempotent m CEnde(@™) with w|.,:0,—v., we have
T=0o0rmT=1,
then n(A) = .

For the necessity of the proof of (1) we set up v, in the following
form:

(3) va = {21+ y1a, 2 + Vo + 918, %5 + Yz + Y28, - - -, %n
+yn01+yn—1.3}7

where o and B are fixed elements in @ and x;, y;, 1 S7=<#, are arbitrary
elements in X. Then v, is a left X-module (we remark, that the ele-
ments in X do not necessarily commute with & or §8). If 1, &, B are
linearly independent (from the left) over X, then a X-basis of v, is
given bY {ei}lsiSm ei=(01 I 01 11': Ov ] 0)) and {fi}lsism
fi=ae;+Beip1, eni1=0. Then v, satisfies (i) of (2).

¢ EEndg(@™) can be represented by an (nXn)-matrix (¢;;) with
entries in @. The condition ¢|,,: .—v, implies

d’ij(e'i) = Xij + Yijo + ¥4,i-10; 7:,_7 =1, -, 0, Y0 = 0, Xijy Vij € X,

and from the requirement ¢ (f;) Ev, we obtain the following system of
linear equations:

axitayijetay,i18-+6%iy1,j+BYir1, 0t BYir1,i—18= a::+ b;a+b;—1l3,
4)

05,0, € K3i, =1, + + , %, Ya41,;=0, %ny1,;=0.

Now it is clear, how we proceed in the proof of the necessity of (1).
One shows first, that only the two cases
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(i) pa(T/A)=3 and

(i) paT/A) =2, pa(rada(T'/A)) =2 can occur.

For (i) we choose, for the application of (2), A;=T";i.e., @=T/NT,
and in (ii) we take Ay=Ao=A+NT'; i.e., @=Ao/NAo. The goal is to
show that in @ there exist o and 8 such that the solutions of (4) imply
¢=1 or ¢ =0, if EEnds(@*) is idempotent. To do so, we have to
know the products ax, axa, axB, fxa, BxB, for xE XK, in terms of the
left &K-basis {e;}ls;sn, { f;};s;s,, of v,. The computational treatment
of the 16 different cases shows that (2) can be applied.

The proof of the sufficiency of (1) is even more computational than
the previous part. The central role in this part of the proof is played
by so-called “Bass-orders”; an R-order A’ in 4 is called a Bass-order
if every R-order A in A, containing A’ is a Gorenstein-order; i.e.,
Homg(Aj, R) is a generator in 91/. The importance of Bass-orders A’
for the proof of (1) originates from the fact, that for every M &, IM°
we have ME;6/ for an R-order ADA’; in particular, n(A’) < «.

The conditions (i) and (ii) of (1) imply immediately, that 4 is the
direct sum of at most three skewfields (always under the condition,
that A is indecomposable as left A-module). Thus we have to dis-
tinguish the following three cases:

(5) (i) 4 is a skewfield,

(ii) A is the direct sum of two skewfields,

(iii) 4 is the direct sum of three skewfields.

The crucial point in the proof of the sufficiency of (1) is, that we
may assume:

N-'={a€ A|NaC A}, N =rad(h),

is a Bass-order and u,(T'/A) =2.
The cases in (5) have to be treated separately:
In (5, 1) we associate with M & ,9° the exact sequence

0—->NM—->M-—>M/NM — 0;

here NM & y—19N° is a lattice over the Bass-order N1
Since A/N=X is a field, we have M/ NM=X™ for some m&N.
In (5, ii) we associate with M & ,IM° the exact sequence

0—-MNAeeM—M—-M/(MNAe, M)—0,

where ¢, is a primitive idempotent in 4, such that A(1—e) is a
maximal R-order and Ae, is a Bass-order. Thus MM AerM € 4, M0 and
M/(MNAeyM)=A(1—e;)™ for some mEN.

In (5, iii) we associate with M & ,9M° the exact sequence
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0->MNA(Q —es) M>M—M/(MNA1 —e) M)—0,

where ¢; is a primitive idempotent in 4, such that Ae; is a maximal
order and A(1 —e;) is a Bass-order. Thus MNA (1 —e) M E 4q—ep MO
and M/(MNA(1—es) M)=Ael™ for some mEN.

This indicates the direction for a possible proof of the sufficiency
of (1): In each of the above cases, we can associate with M &, M° an
exact sequence

E:0-M —>M-—M'"—0,

where M’ is a lattice over some Bass-order A;. Thus

M =~ i o M! (“),
=1
where M,#M, for <57, and M,GA ¢’ for an R-order A,DA;. In
addition, M’ is a characteristic submodule of M and HomA(M” M)
=0. Moreover, M""=2S™ where SE,IM/ is a ring such that the
Krull-Schmidt theorem is valid for A-direct summands of M".
Thus, the equivalence class [E] of the exact sequence E lies in

Ex tA(S( ) Z @ M:(a.) Z ® Ex tA(S(m) I(‘t) N

t=1

8
1
E @ (EXtA(S: Mli))mxan
feal
and we may associate, in a unique fashion, with the isomorphism class
of M an (mX D 5, s;)-matrix

X = (Xi, - -+, X)), Xi € (Exta(S, M)mxes.

But Extj(M"”, M’) is an [Ends(M'""), Ends(M’)]-bimodule; ob-
serve, that homomorphisms are written opposite to the scalars, and
the elements in Enda(M’’) may be represented as (m Xm)-matrices
Z, and the elements in Endx(M’) may be represented as ( D iy si,
¢, s;)-matrices Y. Hence we can form the extensions ZXyY.
Under the above hypotheses, we may apply a lemma of Heller-
Reiner [4], which reduces the decomposition of M to the decomposi-
tion of matrices:

(6) M is decomposable if and only if ZX ¥ decomposes as matrix,
where ZEEnd (M) and YEEnd,(M’) are invertible matrices.

These ideas lead the way for the computational part of the proof
of (1); the following steps have to be taken:

1. Find all R-orders A,, that contain the Bass-order A; (there are
only finitely many).
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2. For every p find all nonisomorphic indecomposable projective
A,-lattices M;, (there are only finitely many).

3. Compute Ext;(S, M,,) explicitly.

4. Compute Homa(M;,, M;,) explicitly.

5. Compute how Hom(M,,, M;,) acts on

Exti(S, M,;,)—Exti(S, M;,),

and how Ends(S) acts on Exti(S, M,,).

6. Characterize the matrices X&E > 5_,® (Exti(S, M7))mys;, which
actually do correspond to exact sequences of the type E.

7. Decompose these matrices under ZXY, where Z and Y are
invertible.

8. Show, that the number of nonequivalent indecomposable ones
among these matrices is finite.
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