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1. Introduction. In recent years much of the progress which has 
been made in geometric measure theory has depended on knowledge 
of the geometric structure of subsets of n dimensional Euclidean 
space JRn relative to some measure such as the k dimensional Haus-
dorff measure Hk, 0<k<n. For example, the proof in [5] of the exis­
tence of solutions for the least area problem (Plateau's problem) and 
the minimal surface problem depends essentially on this structure 
theory. 

Central to the structure theory is the characterization of rectifiable 
subsets in terms of their projection properties. Such results were 
obtained first by Besicovitch in [l ] for Hl in R2, then by Fédérer in 
[4] for general measures on Rn. In the present paper we give global 
generalizations of these theorems to measures on a separable manifold 
X with a transitive group of diffeomorphisms G. The proofs will 
appear in [3]. 

Turning to integralgeometric (Favard) measure, we recall that it 
is easy to determine the relationship between Hk and the classical 
integralgeometric measure on Rn once the projection properties of 
sets of finite Hk measure are known and Crofton's formula is verified 
for k rectifiable sets. We define generalized integralgeometric mea­
sures in a manifold of constant curvature and apply our structure 
theory, together with the integralgeometric formulas of [2], to deter­
mine the relationship between Hk and these measures. 

2. Preliminaries. Recall that in a separable Riemannian manifold 
the statements uHk(A) =0W and "A is Hk sigma finite" are indepen­
dent of the metric; hence are meaningful for A Q.X. 

Let dim X = n. 
Denote a(n)=Hn(Rnr\{x: \x\ < l } ) and 

0(n9 k) = ( U J ûW^fflaf» - *). 

Let 0 be a nonnegative measure on X such that closed sets are <j> 
measurable. 
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RQX is k rectifiable if there exists a Lipschitzian function mapping 
some bounded subset of Rk onto R. 

RQX is countably k rectifiable if R is the union of a countable family 
of k rectifiable sets. 

EQX is countably (<£, k) rectifiable if there exists a countably k 
rectifiable set R with <f>(E~R) = 0. 

EQX is (#, fe) rectifiable if £ is countably (0, fe) rectifiable and 
<K£)<oo. 

EQX is purely (<£, fe) unrectifiable if £ contains no fe rectifiable set 
Rwith<t>(R)>0. 

Let 5 b e a proper n — k dimensional submanifold of class 1 of X. 

3. The structure theorems. Suppose one of the following two 
conditions is satisfied. 

(i) X is a Riemannian manifold with isometry group G\ dim G 
= J*(n+l). 

(ii) X has a G invariant linear connection, B is totally geodesic, 
and for oQX 

GC\{g:g{o) = o} 

acts transitively on the n — k dimensional linear subspaces of the 
tangent space of X a t o. 

Let ^ be a Haar measure on G. 

THEOREM 1. If EQX is Hk sigma finite, then there exists a countably 
k rectifiable Borel subset Rof X such that E~R is purely (Hk, k) unrecti-
fiable and 

(E~R)r\g(B) = 0 

for ^ almost all gQG. Furthermore, if Hk(EnR)>0 and E is IP 
measurable, then 

H = GH {g\E(^Rr\g{B)^0} 

is ty measurable and ty(H)>0. 

UWQXa,ndxQX,then 

©**(#, W, x) = lim supa(k)-lr-k<t>(WC\ {y:dist (a, y) < r}) 
r-»0+ 

is the k dimensional upper <f> density of W at x. 

COROLLARY. Suppose WQXf <t>(W)<°ot <l>(S)=0 whenever SQW 
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andIP(S)=Otand 

©**(<£, W, x) > 0 for <f> almost all * £ W. 

Then there exists a countably (#, k) rectifiable and <j> measurable set Q 
such that W~Q is purely (#, k) unrectifiable and 

(W~Q)ng(B) = 0 

for SF almost all g£G. Furthermore, if <j>(WC\Q) > 0 and W is a Borel 
set, then there exists a & measurable subset H of G such that ty(H)>0 
and 

Wr\Qr\g(B)j*0 

whenever gÇzH. 

4. Integralgeometric measures. Assume that condition (i) of §3 
holds. Choose o(EX and define 7r:G—>X by Tr(g)=g(o). There is a 
Haar measure * o n G such that for SC.X, 

*[T-1(S)] = H»(S). 

Since G is unimodular, ^ is independent of choice of o. 

THEOREM 2. Assume Hn~k(B)<<x>. There exists a Borel regular 
measure $B on X, the integralgeometric measure corresponding to Bt 

such that if A is a Borel subset of X, then 

*B(A) = 0(», k)~lH"-*(B)-1 f H»[A H g(B)]d¥g. 
J o 

Furthermore, 0B(W) = 0 whenever Hk(W) = 0. 

THEOREM 3. Suppose Hn~k(B) <«>,ACX and Hk(A)<«>. 
(i) If A is purely (Hk, k) unrectifiable, then $B(A) = 0. 
(ii) Hk(A) ZZ0B(A), with equality if and only if A is (Hk, k) rectifi­

able. 

This is an immediate consequence of Theorems 1 and 2 and 
[2,5.15]. 

Let 8 be a set of closed w — k dimensional submanifolds of X such 
thatGactstransitivelyonSandsuchthatif E£&,thenGH \g:g(E) = £ } 
is transitive on E. Also assume that 8 has a G invariant Haar measure. 

If X is connected, then X is isometric to either an Euclidean space, 
a sphere, a real projective space or a simply connected hyperbolic 
space. For each of these spaces 8 can be taken to be the set of totally 
geodesic submanifolds of dimension »—fe. 
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THEOREM 4. There exists a Haar measure $ on 8 and a Borel regular 
measure ô& on X, the integralgeometric measure corresponding to 8, such 
that if A is a Borel subset of X, then 

ë%(A) = j8(», k)~l fn°(A H E)d$E. 

If E £ 8 , then there is an open subset 0 of E such that $z = ^ . 

If X = Rn and 8 is the set of n — k planes, then && is the k dimen­
sional integralgeometric measure defined in [4]. 

THEOREM 5. Assume AC.X with Hk(A)<«>. 
(i) If A is purely (Hk, k) unrectifiable, then 3Z(A) = 0. 
(ii) Hk(A)^ó&(A), with equality if and only if A is (Hk

t k) rectifi­
able. 

This is an immediate consequence of Theorems 3 and 4. 
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