ON POLYNOMIALS AND ALMOST-PRIMES
BY G. J. RIEGER!
Communicated by Ivan Niven, July 31, 1968

There exist infinitely many numbers #2—2 having at most 3 prime
factors [1], [3]. We prove here that there exist infinitely many num-
bers p2—2 (p prime) having at most 5 prime factors; a similar result
with the bound 7 instead of 5 can be found in [5] and, under the
Riemann hypothesis, with the bound 5. We use the sieve-method,
essentially in the version of Jurkat and Richert as given in [6], and
also ideas of Kuhn, de Bruijn, and Bombieri.

Let

w(u): = u! for1 S 4 =2,

(ww(u)) : = wlu — 1) for u = 2,

D(u): =u for0=su=1,

(w'D(w))': = — u*D(u — 1) for u = 1;

here we take the right-hand derivative for integers #=0; let w be

continuous at # =2 and D be continuous at « =1. Define
Mu): = eu (uw(u) — D' (u — 1)) = 1)
A(w): = e'u(uw(u) + D' (u — 1))

where v is the Euler constant.

Let P be the set of all primes p= +1 mod 8; po: =1; denote by p;
the jth number of P in natural order. Denote by u the Moebius
function and by ¢ the Euler function; let

Vim): =221, Q:={d:u(d) =O0A (p|d=pE P)},

»%In
f@):=27D¢d), g(d): = f(d) I‘g -7 @e),
P(p): = 111 ?i»  R(p): = H 1 =)™,

> gl

1sasz;al P(p)

S(x) P):

Using generating functions we find
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R()™ = aerlogp, + 0(1) (02 0),
> gd = alogx+ 0(1),

1sdsz;deQ
where
e (27
2€P p*(p —3)/ 2<per

After some calculations one arrives at (see also [6], (2.31))

log x log »
S(x, p) = e_"R(p)‘lD( ) + O<1 + ) (x>1,p=0).
log $, log p,

The number of elements of a finite set M of natural numbers is
denoted by | M|; let Mu:={m: mEMAa|m},

AMap): = | {m:m E Mu A\ (m, P()) = 1}] (0 2 0).
For p=0 and (a, P(p)) =1 we have

A(Ma; P) = IMa‘ - Z A(Mdpj’j_ 1)

1sjsp
Let
alw;d,n):=|{p:22p<aAp=rmodd}|,
iz
n(x, d): = max w(x;d, 1) — —=
127zd; (rd)=1 (d)

For M=M(x):={ 2-2: 2.§p§x} we have

| Ma| - f~(~) S2(z,d) (dE Q).

Application of the sieve method gives:
Forx=2, M=M(x), t>1,aEQ, p=0, (a, P(p)) =1 we have

AW p) S —F 4 00w, 0, ),
7@ 9)

where

7,(%, 6, v): = E SV @y (x, ad) (w=1).

1sdsv;d| P(p)

For 0=7=<p, (a, P(p)) =1 one finds easily

ff(xy a, 7)) + 2 7j-1 (x: apn p) é r,,(x, a, 7)).

<j<p
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After some calculations one arrives at (see also [7, (4.18)]):
For x=2, M=M(x), p>0, (e, P(p))=1, p, =12, y*:=1i x/f(a) we
have

A(Ma, p) S A (k’g t2> +0 (M) + 0((log log 30)7),

log p, ¥*R(p)
- <log t2> o (rp(x, a, t2)> 0((log log 3)-")
= - —_— ) = og 10 -).
log 5, YR () g8

Following Kuhn, define

Cla; oy )¢ =|{p’—2= 2 pSe AU SIS o= i1 (= 2)

ANp<jSo=pl@ —DA 1§1}|

2jl (@*—2);p<jso

for x=2, 1=p<o. For u:=log t2/log p,, v:=log t2/log p,>972, u?
+v71=<1 we get

C(x;Pi ‘7) >

re(x, 1, t2)>
lixR(p) ~—

A 1 f A — £Y))dE — 0
© =5 [ "aea - oy - (uxm
— O((loglog 31)~7).

For #2:=x'2(log x)~® with suitable >0 and for arbitrary ¢>0 we
have

r,(x, 17 tz) = O(x(log x)_a))

according to [2]. We choose 2, £, p,, p, by virtue of

logz: = ilog x1/2, log&: = }zlog x1/2
6 ’ 21 ’

P S 2< ppt1, Po S E< Pogy
and write C(x) instead of C(x; p, o). Since
1 6
A6) — — A(6(1 — ) 1dt > 0,
2Jam
by [4], we get
THEOREM. There exists a constant ¢>0 such that

C(x) > cx(log x)~2 (x =z 2).
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For any p, counted in C(x), the number p2—2 has
(1) mo prime factors =x'12,
(ii) at most one prime factor between x'/'2 and x17/42
(iii) prime factors larger than x*7*? otherwise;

since 5-17/42> 2, we have V(p2—2) <35.

These fractions can be improved upon, but we were unable to re-

place 5 by 4.
More details and related results will be contained in lecture notes.

Compare also [6].
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